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Basis Pursuit

» Given a vector y which is obtained from a sparse vector x
through y = Ax. The original sparse recovery problem is

to recover x by solving

(PO) min ||z|[; subject to Az =y.

» The basis pursuit is to solve

(P1) min ||z||; subject to Az =y.

» Goal: To find equivalent condition on A so that solving
(P1) is equivalent to solving (P0).

I This is a note from S. Foucart and H. Rauhut, A Mathematical Introduction to

Compressive Sensing, Springer 2013.
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Outline

» Null space property: recovery condition characterized by

null space of A
» Stability

» Robustness
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Recovery condition in terms of NV(A)

Definition

1. A matrix A € C™¥ is said to satisfy the null space
property relative to S C [N] if

lvs|li < ||vgl|l1 for all v.e N(A)\ {0}.

2. It is said to satisfy the null space property of order s if it
satisfies the null space property relative to .S for all
S C [N] with |S] < s.
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Example

1. N=2m=1,5=/{2}.
A= (—1,2), —XI1 —|—2£L'2 = 2,

N(A)=<v>=<(2,1) >, |vg| < |vy]

2. N=3,m=1,

2 10
A= , N(A)=<(-1,2,2)" >.
2 01
lvi] < vl + |us|,  |va| < oi| + [vs],  |us| < |v1] + |v2]
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Null space property < Exact recovery

Theorem

Given an m x N matrix A, every N-vector x supported on S
is the unique solution of (P1) with y = Ax if and only if A
satisfies the null space property relative to S.

Proof. NSP = ExRy

1. Let z satisfy Az = Ax. We want to show ||x||; < ||z if
A satisfies NSP w.r.t. S := supp (x).

2. Let v:=x—2z. Then
1x[[1 < l[x —zslli + ||zs]l1 = [[vs]l + [|zs]s
<|[vsll + llzsll = llzsll1 + [|zs]ls = [|z]lx
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L
3 Uniqueness is followed by the strict inequality ||x|| < ||z]|;
for all Az = Ax and z # x.

Proof: ExRy = NSP

1. For any v € N(A) — {0}, vs is the unique solution
solving (P1) with Az = Avg.

2. But we have A(—vg) = Avg. From ExRy, we get

[vslli < [[vsll
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Stability

» The data vector may not be sparse, it may have defect, or
it may just be compressible.

» Compressibility of x is measured by o4(x); := ||x — x%||;,
where x* contains the largest s component (in
magnitude) of x.

Definition
A matrix A satisfied the stable null space property with
constant 0 < p < 1 relative to S C [N] if

Vsl < pllvsll for all v € N(A). (0.1)
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Stable CS

Theorem (Stable CS)

Suppose A satistfies the stable null space property of order s.
Then given any vector x, a soultion x* of (P1) with y = Ax

satisfies 21+ p)
Ix — x*||; < T;Mx)l. (0.2)

Remarks.
» If x is indeed s sparse, then x7 = x.

» No uniqueness is required here.
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Theorem
The matrix A € C™*N satisfies the stable null space property:
J0<p<lst

lvslly < pllvslly Vv e N(A)\{0},

if and only if

1+p
Hz—ﬂhéTj;ﬂhm—Hﬂh+ﬂkﬂﬂ (0.3)

for any z with Az = Ax.

Proof of Stable CS Theorem.
In (0.3), take z = x#, then from Ax# = Ax and
|x#[]1 < x|, (0.2) follows.
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Proof of Theorem 0.5

(0.3)=(0.1).
1. Given any v € N(A)\ {0}, since Avg = A(—vg), we
apply (0.3) with x = —vg and z = vg. It yields

1+p
vl < —(llvslli = llvsl1) -
1—p s

2. This is the same as

(1 =p) (Ivsll + lvsll) < (1 +p) (vl = [lvsl)

which gives
Ivslli < pllvslh.
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(0.1)=(0.3).
1. Suppose z satisfies Az = Ax. Let v:=z — x.
2. From (0.1)
Ivily = llvslli + lIvsllh < (1 + p)llvs]-
3. We claim

[vslly < flzfly = [1x[ls + [[vsll + 2[xsh
4. With this, use (0.1) again,
Ivslly < llzlly — %[l + pllvsll + 2[5l
[vsll < l%p (lzlls = 1l + 2[[xsl1)

5. (0.1) follows from 2 and 4.
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Proof of claim:
1.

Il = lxsll + lxsll < lixsll + 1x = 2)sll + llzs]h

1(x = 2)5[l < [lxs[lx + [z

2. Adding these two gives the claim

Ix = 2)slls <zl = [[x[ls + |(x = 2)sl[1 + 2[x5]h
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Robustness

» Consider the case when there is measurement error:
ly — Ax|| <.

» We therefore consider thew minimization problem

(P1,) min ||z||; subject to [[Az —y| <7

Definition
A is said to satisfy the robust null space property with p and 7
w.rt. S C [N]if

Ivslly < pllvslh + 7llAv] ¥ v eC™.
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Robustness CS

Theorem

Suppose A satisfies robustness NSP for all S with |S| < s.
Then for any x, if x* is a solution of (P},) withy = Ax+ e
and |le|]| < n, then

2(1+p) 4T

# <
[x7 — x|[|x P os(x)1 + 1=,

=

n. (0.4)
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Theorem
The matrix A satisfies robustness NSP w.r.t S

Vsl < plivsll + TllAvV]] Vv eCh. (0.5)
if and only if
1+ 27
Iz —x][; < TZ (lzlls = llxlls + 2llxsll) + 7= pHA(Z—X)H
(0.6)

for any vectors x,z € CV.
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1. (0.6)= (0.5): For any v € CV, taking x = —vg, z = vg,

1+p 2T
v < ——=(Ivslh = llvsll1) + |Av||
IVl < 12 vl = vsl) +

Rearranging this get (0.5).
2. (0.5)= (0.6): Taking v =12z —x,

vl = lvsll + [lvsll < (1 + p)l[vsll + 7[|Av].
lvslle < flzfly = [/l + [lvsll +2[xs
< lzlly = lIxlls + pllvslly + 7l AV + 2[jx3]l

Combine these two, we get (0.6).
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Robust recovery in /5

Definition
A is said to satisfy the /5-robust null space property with
0<p<land7wrt SC|[N]if

[vslle < ||V5H1 +7||Av|, VveCh.
7

Remark. Please compare this with the robust NSP defined

earlier:
Ivslli < pllvslli + T|AV], Vv eCN.

Also, we have Hdlder inequality ||vs|li < v/s||vs]|2-
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Theorem

Suppose A satisfies {5-robust NSP with 0 < p < 1 and 7 for
all S with |S| < s. Then for any x, if x* is a solution of (Py,)
with y = Ax + e and |le|| <), then

Ixc* — x|y < Cou(x)s + DVan. (0.7)
Ixc* — xlls < oy + Dy (0.8)
e

where C'; D depend on p and 7.
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Theorem
The matrix A satisfies {5-robust NSP w.r.t S

| [vgli + 7||Av|, Vv eCV, (0.9)

Vsl < L]
Vs

then for 1 < p < 2,

C
lz=xll, < =75 (lzll = [l + 2[xsll)+Ds' P~ 2] A (z=x) 2
(0.10)

2
c=U+p” f_BHoT
1—p 1—p
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[
Proof.

1. By Holder inequality
Ivslly < /P 4|vs]q

In particular, ¢ = 2, together with ¢2-robust NSP, we get
Ivsllp < s'/P7 12| lvglla < s/P7 pllvglly + s/P7 27| Av]lo.

2. With p =1, apply (0.6), we get

2T
1-p

1+p
[z — x|l < 1=, (lzllr =[]l + 2[lx5/l1) + s'2||A(z - x)|

3. Take S the index set of s largest entries of v =z — x,

1
e = xllp < ll(z = %)sllp + (2 = )sllp < =575 llz =l + 1z = 2)sllp
S /p
1 - -
< oy lle =l 57l = x)slh + 5P Al = )
1+ —
< il = xl+ /77 27| A = )l
Cp,q
Recall |os(x)q < A/r-174 [1%|lp,
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