,eciwe 20: More oabouk uwlijmvy ond ov—f'ﬂ\ogomw( OP{VOd‘ws
Corouo\vtg" [et T: V2V be a Linear O[)-eforl'or oWV &
Q’ml-‘e—o{lvvfl{ns(mnﬁ real (vner Produc{ space .

Then: V fas an on. bagis of e,i(jamvac{-ors of T with
CDYYe_SvpomoUr\g e,isgnvoulues of oabsdute value 1 if and ownly
S, Tis both aeW-adjoint and  orthrogount .

C"”““?} 2 Le,J( T:V>V be a /Qfmeo\r o\){,'ro&ov oun o %‘V\—‘”ﬁk

olimemsion& C,owv‘)\e_x wner /()voolwd quCo_.
T‘/\?-V\T \/ ‘&0\5 on 6.n, Ea,s{s o-(\ e,i(je_mve.d—ors O‘FT w
COYYe_Sv()omoling Q{SQ;’\UO\,[MQS OF alvo‘PvC['@ lewe 'f Z'F awvnd OVI,Ly
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Proof of Covollany 1-
Lé) Sprou \/ 'B\as an  o.w. basis {—'Gl,%L)_“)GV\%
Suck Hoat  TCT) = AiV: and (Asl= 1 Tov ol L.
Taen, by A, T is self-adjoint (T*=T)

Thws, CTTY) () = TLTw) = A" vy

oo TT =T et Ao TT*F=T"T= 1T (ovthogomdd)
(<) Swwo& T s Sbt{l-o.cb‘oivﬁ. Bb thm, 3 om. basis
10, Ve, o, Und guch ot TV = MU for all L
As T is orthogonal 1Tl = v

oo AL llif‘;ll = || A;T\DFIU = l\TCTS.‘}\\ “—Hifr\\

T EFo e s 1 P oAl L.



Rtvnow%’ Proof O'F CO‘l’ouowljl 1S 5{m;|ow.

[2e£iniiiog: A square madrix A € memul:) s calledd awn
Or‘\’\l\ogond Modyix (\C ATA’-‘ AAT°1.

A s calld o mn'\‘laf} matrix  if A*A :AA*ZI-

Remard: + For veal wmatrix Ae Mnxn (R), an vmﬂ'ar\\j
matrix im?lies or{’ﬂwaomﬂ matrix  (sinee A*:AT)
Hence , we call A orthogonal rather Haan
Umﬂmb,
AN=1 & Rows of A -Forms o rHhonorvmiol

bmSFS l)e.cawse :

il
%QJ = Ly =( AA*);J = g}\ Aig @(*l&\)
= 2 Aix /Zs}e

=

\/—\/_\/

WHU PYOQLM(‘/'I o'f
CAGLJ Atz =5 Ain) ok
(Aél) /A\‘JL) ey A‘jy))

© Sivilely, AA=T S Cls of A forms an

o.n. |>0L3LS )
T

on G&n inner PYDDUAC,JY Spacr \V i< Uni'['ary

(orthogenal ) o

[:T}F) | S l,m?me_\j (or‘l&oﬁoml) for Some oum.
basts - for V.



E_X&_W“[& (Or'l'lflo‘ﬁonwl, operator * reflection )

De£ig'\-\—lowf et L be a l-dim sula.s?ac,e, O‘P IRZ. (l—:

Qine in o plane Horeugh Hhe originy. TTR>R” s called
o refleckio of [R® mbm L T =% Le Wxel
andd ()= =X uﬂr xeL

et Ve el ol Vaelt such Had 1V =Ml = 1

Then = T(W) = V0 and T(R)= - Uy |

s, f\—?, ,TJ‘Z are  eigenvecters of T with @1@{"‘\"\"«2
efgual te { or -1,

Mso, 1%, vl Borms an ortronormad besis of R
Hene , T must be AU'F-ao{)eiv\"Y amd  orthogonal.

unl'lo\rlly ( nr'H/lOgov/lu”\/) P%Mml{wf

Observatio - ¥ A s a C,om,?\ex normaj Ww(h'fx_) then

4 om. basis Consisting of e,'l(jem\/ec;l'or_s of A

Henee, D= QA Q $or some diagend  Wmatrix D.

Also . @ s a matrix whose  cfumns  Jorm an orthonormed

ned. Hena , @ is unilary (&*Q= Q&= T).

Henw , D= @*AQ.

S]m:lo\r[j ) 'l-f A s SVMYV\Q"'Y;Q (/)Q,\{wo\olcjo{nﬂ) ""Q\ew"
D'= @AQ® for  some diagoval wadvive D

Definition: Let A, B € Mpmn(C) ( Muwn [IR))

We Say Hat A and B are uniarily (r‘)r‘fﬁwqom}lv)

G_%M l/{r and onl}j —\/6 ‘Hr\efe st a umﬁ'o\ (OY“/B\OﬁoV\aL)
Motvix P such +hat P*BP (A =P'RP)




