éec,‘{'ura_1?~' Movs. OL()ovx'{' HoerL OF-QTO\‘\'DY
l:XavM‘)le’_’ S)mmejrv{c_ real wWoadyvix 1s norwial CATHA‘)

becanse : ATA = AT= AAT
A A AR
S’%&W—S\)mme{v(g veal vwatrix s Morwmal C/A\T:-—A)
because A*A = ATA = —-A = AA'= AA%
Observatim :  Let A= <C°-‘>9 mswe ) (Retation on IR
SimB  cos@ over [F=|R)

(den A dos not  Dave elae,m/e&w ;(5 o < B <7

A is normal. o Norwmal %@ existence of orthonormal
basis over [F=IR

Bu‘k we will prove Normol = ordthomomal bascs over
F=C.

eovewm Let V= inner procluct space - let T be a
I ormal OPe/m-h)r on V. [hen:

(o) 1TG0ll =0 T*cOl e al xeV.

(b) (T—c I) S poermal —Fbr Ye ef.

—

(@) I‘F ? = e_i‘jenvecjwv o'(‘ TJ -f en X 1S an eigenvecjcw 0’(,
— X

( Texy=2% = T = 2%) L

Cd) -L“F /\\ and ?\z Ove d\S‘hvxc,J(, e\f‘)e_r\vatlwes o—? _]— i

eigevx\/tc{ovs X, and XzJ +hen X‘ and X, ave

0 r{—&ogovm(,.




E\'—u—{—’ (2) For all ‘ie\/)
| Ty 5= < Ty, Ty » XX, T e
= <X, TT o>
=< T*Lx) T/ l\’mx)[\

(b (T-CL) (TecI) = (T*-2D(T-<1)

= TdT~C_ T -&o2T- el
TT
=(T- ¢ TY)( T-c)®

() Le'[/ TC—)é) = }\; ‘Fw Seme ie\/.
Then: 0= 1T-AL) |l = 1 (T- AT 0))
(T -21) 0l

. T %)= aXx.
(@) Lok AL and ?\7_ be two oistinck 2igenvalues it
e Lgruvectsrs x, and. 2o mgPedWQ, Them:
AR, Xy = <AX X =< TEY, Xo

= <X, T*&LD
<Xl, AeXa> = M<K, %D
(A =2 <7<"U5(Dz> =0 D <X, . R.>=o0.
"o
T.la.@_L' Lt T:V>V be linear oPem"ov on auw I nwnev
Proo&ud space V. (finde - dimevsional over F= ). Thew:
T i< normal AF T erthonermal basts o V

—

Covtsis'h‘na o'F C,lae,V\.\/Z.C('DYS o'{l (.

\



BL]E_’ Supyose T is normal, The  char P°l‘<"; s?uts
over [F=@€  ( fundamental FHhm of A—{ge,hxro\S BS Schar's
‘H\{Of:zw\) 3 orfonormal bagis = § Ul,vz, . ,'\J‘n} Such
Hhat [T]fs is  upper- Triangular . Thew: W is an
eigenvector of T

[ (D) e T )

—_

We'll prove Hat  all T\;l, --.,’T‘J‘q ave aduallé eijenvec-@ors 5;1
M. I
l:Or n=I S ‘{'Ywe.

—_

Assume. U-(,'U-zl,,_,rfk—l Gre €igenvectors of TJ we |l prove ot
’I’Tﬁ is also eigenvector of T.
For é<%/ [t A_é_ Ee Hhe eigenvalue ansociated +o 7\;;.
So) Tx(’?ré) = [N
Since A is (Awe\’—‘h’ianawlav)
Tivey = ARV + Ak T 4 - 4+ Ass Vg
Recal ot AJ&- <TLTJ‘&) W > Since p is  orthonormal.
Ayt = < Tl ¥ > = < g, T*(vd)> <y, %JV>
=A< ’U‘Jao_ ’U' > =0
for d<J?< o
Tva) = Awmre = Th is an eigenvector .
B» M.l./ a\l Veckors im o are eigeneclors .
|he  converse w tavial.

L Owwn [DQ-FDVQ )



ngw%u 'T\/\P_ above ‘['B\Wl RS oﬂ)g_ Avune '{:OT —'F—CAL)-CL@-
C .

d.lYVl'QV\g{owo\,(/ OVver “—‘ =

T\/\e_ovevw 1S nvalid —Qov MTinite eliwa \/

E_Xowvtglef Cows{oler }—l = C,(EO)ZK:()_
RCQKU e Tnner [’)Yodvt(‘:f o H S d&\c\'meai as -

<t 97 -z;xS 5&)5(’0 dt .

et S 0w =™ cosnt +isiand s ez,

Recall ot S is orthonormal

Let \/ = SPM Lg) which 15 an ierivﬁ‘e o imensional,

I Mney onclwc:% SPAC&

’Def\?w\& V>V and U-* V=V ag —l:ollows :
H:) = 'Fl"j and ML'F>:‘F—1’F

Thew: Teh) = $4, = """ = f v
W) =fdn = et = 5

SO) <T('Fw\), '§V\>:<_FM+\,¥V\>: %m‘“)“

- _ gm n—\
( [-F W= N 4
(gm,y\ - { o othevirise ) = <_¥V\/\) ‘Yv\—-\>
= <'PW\, u(¥n)>
ST = u
/3\\50) TTﬁ = = 1

(. TTH?)» HM¥ TH A =335 =0)



Simllwlb/ TxT =uT=1
S T*T=TT* 2 T is normal.

But _\_ fas  no ejjemleclws . SV\PPOS{, -F IS an
&f(jen\lf.c+0r of T . Leb T(’\:) = 9\'? and  Jet

}’:‘%_ Qi“"; (W}\QN« QW\:FO)
T

WEH\

_ ™ _ M
hen: A= > aaif = T(H = 2 a
>
=n

SMCQ Awm ?0} §m+l Can Le wr[“Hﬁn as o ﬂin@w

Comb}nwl'&:fm 0{ 'FY\, Jﬁm, -, ‘J:m -
Com%’rad(cﬁ@g tHhat S 1S ,aneo\rlg [-/V,ole,]pe,v\den‘t :

De_'lr:\‘n{-ffm : Let 1 be Linear OFevo&w OV AN 1 ner

PYOAMC{ S?Ac_e, \/ A T’BL'QM : T ;S qu\ed Sg_l?— adc\,n{V\L

. T (%QYM]“"”\V\)

fE T=T"

A Matvix A c Mnxn(n:) iS called Se_l'r— adioint I'F'F
A - A)ﬁ (“RQ.VMI'HGL\JV\)

('—(;ooulg- Sel“r—aobo{nt — RgaL (nner Producj sPace/
’B\&S ovHhonermal basis 010

e iﬁan\/ed 0rs .



