Leckure LT° Aokéo(ﬂ/’* of o linear UF%’M—lW
_[.me ‘I‘iwne’ [Ne ConSiden \lx;: §]E:V—>[F : -(: LS X}y\_ea-(}
V¥ s oftesr, called Hie cdual Space of /.

Tﬁe""m [+ et \/"'Pm'o{im ey P'Y\)dud' gPo\cc. T= \/’>n: he
/il/lear. ]_ﬁew, =| Uwfgue '(\und-iom T* *\/>V <uch Hat
<T(—>‘<3,§) =<—>Z/T*lg)> and 1% is Jinear.
[ T* is called ‘Hie ocfd'o'm% a{ T)

orf: Let eV - Define q:VF by o =< TR,y > for YseV

3 s ijewr-. 3((:?\"’—;2) = <T(C§‘i—ﬁ)/—§>=<c-n§‘)+ .T(—)-Z,))—g>
= c<Tix), Y> +< TR, Yy>=cq(,)+gth)

= unigue Tj’e\/ Such that %(—)A():< T(X), Y >=<2,y>
De'ﬁne_ : T*/g)’;—g/.
Now, wa (fow T% ic [inear. Let 'g,fgze\/} celf. Fur on '_f(—\//
We flave <32, T"( C—g, -l-l_},) >=<T(§), C,g, +—g7>=E<T(T(’§,9D,>+(W)/g>
= TR, TS <X, THEG)> ?
= <%, CTHY >+ <X, TG
. = i\ibCTﬁ{Fl)'*' T*(gz)> —
X is acbiay = —[*(Ctd,"ryz): CIT*(E)"'T*(}/?)
To show TXis Unigue, Suppe U:V>V is Linear and
<TELYD> =<K, UG for VX, eV

= <UD =<x, THTD X GeV
s s It (3



Bemvﬁ-‘ + T* i< called dhe 03_’30_“11, o] T.
* Not only <Tx,y> =< x, T'y>

<X/T‘j> = <T'd/)(> = <\j/—T*x> — <—T)€x, %7
(hen g fesiion of T, 0ud ")

T’ﬁfommz‘ let V= {\in-d?w 1N vier PVUofuc/’f Space .
/};— ov-}lnonvr*ma[ hbass ’F” \/ Lt IE \/—BI/,Un,
Then: [T7%7], —-([T-X{% ((Adjvict of fronstormation veloded
to atdjoiat of wedvix)
Proof: Lef A= [T]a. B- CT* s phee. =3, . DnJ=0n bociy
Then: Bij =<T*(%), Vi >= 0, TS = < T f’\?;),i?ﬁ
= Aji = AN

Henea , R*=A .
C"f°”‘"y': Le'f A € Mnxn(ﬂ:). Wen : LA* =(LA)%.
Re call : LA’H:”%H:Y) nhere LA('%) = AX.
Proof: A= tandard pn. basis for [F. P
Thhen- [(LA)"]/; :([LA]P)X =A% =L axls
) (LA)* = L,b,*.

@ml»le I (How o vawfu*e ao(&'oint of Jin OFCM-hr)
Le'l —I—: 63—3(} by T/ Qy, Qa, a\,)':- ( 12, +2a1}5Taz + 5Q4

., 0 7ia1+&i013)
Then : [T]P:<Ll) 30 5) -
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Pecall« I [T = o 305 T = (3 472 )
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T&uq/ _V(/an,az;a's) :(-l'al"7l aS/ 2a\ —310(7_ J Saa - L&_} )

RewoirR: Msfng Mortrix add'vfﬂjf (@Mg CDM{‘M“’D‘HD"’) h finol [in.
OFem—bf aof(}'l?;ﬂ‘l'.

T‘%eomm 37 [t \/= ivmer Produd Spoce. Let T) Uz V> \ be
[in. op. Tﬂmn‘-
(@) (TruY< = T*+u* 7 b (cTH=<T* ke YecF.
D (TWX=UrT* () T*=T @) I*-T.
Proof: For any I"de\/'
(@) < %, (T y > =<T+U00, y> =< Tex + U, Yo
= <T0,y> + KUKLY>=<x, Ty > + <X, UFg>

= <k, (TH4UX)y>
S (THU)Y = TH+ux

(8) <%, (eTheg> = <€ Thin, y> = <CTew, y> = eLTeo, y>
=<TM), ey 2= Ky, TAZy)>

= 4% (T Ty >
'\\ (CTY( = ET*

(¢) <%, (Tb()*y> = ‘<(Tlx{)(’<),kj> =< U, T*y>
=< Wy > L (TuY = U T*
() <%, Tiy> =L Tx,y> =<x, Ty > N T=T™




COY'O”ar%L: A, B E MunllF). Then:
(2) (A+B)* = A*4+B* () A¥=A
(b (cAY = A (e)' T*=T
(<) (ARY = BIAX
ol L =(Las) =(aLel = (LSLAY = Lot Lo Lorp
S (ARY = BAX

Nowal  ovd Sel-{‘—aogoiwt 0perators

Recall: | cffa?malﬁzalale &\ has bacic O‘F eigenvectors .

f \/ has bagis ot t)aenvw\ovs-f ov—}[nmoyma(} +hen
Comlwd(od-?om muel §l°mfxley,
M_’ Ovdhonormal  pacis O'F daen\le&b*’s-
Lewma T=V>V/ ’F{m—o(wn inver PVodacf SPace)

I‘F T ﬁas an eigenvec-l'or/ -Hlen T*ako ﬁa.{ Qgcnvec}or.

M N = eiacwvee}or o-r T w/ efaewVa}ue ).

Fr any xeV, 0=<D,x>=<(T-)1)tv), x>, (T2 Dy
A TS or-}h%owaf +H R[T*-3L) and So R(T"—il’)"‘#;’é‘}_
Thuc, R(T*-AL) #V. Hence, N(T*-2T)F 307}

Any vion-zero vecter NT*-AT) is an eigenvector of T w/
-Qja-ellvo-fe A

Treoym & : (Schur) let T= [in op. of fiv- olim V. Sufpoﬁ&

chav. Poly. o[ T S,Pli‘lg/ then = orthonoymal bacic /3 of V' suth that
ET]/-!. s Wppe v ‘}vn’angulav.




E}:ng% Bsa M.T. ov 4he olim n o]e V.
When =1, obviour siva [T]/;; x| atvix.
Suf])oie the thm is tvue for [in op. on (n-11-olim inner Pn)olud
Space whose Char . poly.  splids.
/513 lewma, we can assume T has unit esgenvechr z,(&,}, T’%:AZ)
LQ+ [/\)= Spav 127, e vavc, l/d"‘,’g T—- mvariant.
1 L g T-1 e a \
S Tty e ot 4 Tl gt
let yeW™ and x=CEEW.
Then s <Tuy), x> =<y TA x> =<y, TceP=<y, cA2>
= CAL Y, > =0
STy W and WS i T- invariant.
Now, olim(WY) =n-1. The char poly of Ty olivides char ply
of T. Hence , Char ]90(/ of T,W-L g,[)[i’k- By ino(uc"ion, =
orthonorwel bacis ¥ of WL suth thet [TMJ_]Y IS upper
’l’Vianaw’o‘r, Let l@r Yu§-2}_ Then ﬂ IS on Or-lldonzovvwcc(,

ic O y 3 ﬂT]Yf : 21l o
Potis £or V' sucy +hat [T]ﬁ (O ;\)IS uﬂuhvgu(.

Defimition + \/ = inner Prva{uof <pace. let T- V-V ,@inlrp on V.
INe. ga\a T s vawlolé ]J(\ TT’( ﬁT*T A malrix Ae Mnxn(ﬁ')

IS Novmod i{: Af\*’—'— ARA .




Motivation = (hr %oal is b findl orthwermal basic of eigenvects
pos.e Suth bacig /l exist.
Then: [T]g = diagorad. So, TTTp = LTF s alev diagon

Thus , LT “[Tlf’f = [ﬂlg aup

" - 1
TR B tTRETE s e AT
FTT, LT,
Hence, if such pacic exist then T vust be novwed .
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t‘— Koneple Az(&n@ cos @

8 o <Sinf
_Fﬁfvl 7(:: o -Siv (OOS —(' o
AA <ind cocB ~<ing coSh /(Lo |

Plse, A =(o 7)o AV = AXA <A is pormal,
Since A IS {he Watrix fQ,P DF rototon "’Yawc'Fovm-d—ion T )
Yotational ]L}’amﬁm«:&ion TR IR i< Normal. .



