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Each question worth 5 marks. Explain your answers.

(1) Let ϕ : R2 → R2 be the map defined by ϕ(x, y) = (x2+y, x−y2)
and let f : R2 → R be the function defined by f(x, y) = x.
Show that ϕ is one to one on [0, 1]2 and find

∫
ϕ([0,1]2)

f .

Solution: If x2 + y = x′2 + y′ and x− y2 = x′ − y′2, then

(x− x′)(x+ x′) = y′ − y
x− x′ = (y − y′)(y + y′).

(0.1)

By the second equation, x = x′ if y = y′. If y < y′, then
the second equation implies x − x′ < 0 and the first equation
implies that x− x′ > 0. So (x, y) = (x′, y′).

Dϕ =

(
2x 1
1 −2y

)
By change of variables formula and Fubini’s theorem,∫

ϕ([0,1]2)

f =

∫
[0,1]2

f(ϕ)| det(Dϕ)|

=

∫ 1

0

∫ 1

0

(x2 + y)(4xy + 1)dxdy

=

∫ 1

0

∫ 1

0

(4x3y + x2 + 4xy2 + y)dxdy

=

∫ 1

0

(
y +

1

3
+ 2y2 + y

)
dy

= 2

(2) Let U be the subset of R3 defined by

U = {(x, y, z)|x2 + y2 ≤ 1 + z and 0 ≤ z ≤ 4}.

Find the volume of U .
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Solution: Let ϕ : (0, 1) × (0, 2π) × (0, 4) → U be the map
defined by

ϕ(r, θ, z) = (r
√

1 + z cos θ, r
√

1 + z sin θ, z).

The derivative Dϕ is given by

Dϕ =


√

1 + z cos θ −r
√

1 + z sin θ r cos θ
2
√
1+z√

1 + z sin θ r
√

1 + z cos θ r cos θ
2
√
1+z

0 0 1

 .

Therefore, by the change of variable formula and Fubini’s the-
orem, the volume of U is given by∫ 1

0

∫ 2π

0

∫ 4

0

r(1 + z) dz dθ dr = 12π

(3) Recall that if z = x + iy is a complex number, then ez =
ex(cos(y) + i sin(y)). Let

M1 = {(z, ez + e−z) ∈ C2|z ∈ C}
and let

M2 = {(x+ iy, w) ∈ C2| − 1 ≤ x ≤ 1 and − 1 ≤ y ≤ 1}.
Find the 2-dimensional volume of the surface M1 ∩M2.

Solution: Let ϕ : (−1, 1)× (−1, 1)→M1 ∩M2 be defined by

ϕ(x, y) = (x, y, (ex + e−x) cos(y), (ex − e−x) sin(y)).

Its derivative is given by

Dϕ =


1 0
0 1

(ex − e−x) cos(y) −(ex + e−x) sin(y)
(ex + e−x) sin(y) (ex − e−x) cos(y)


It follows that

DϕTDϕ = (1 + (ex − e−x)2 cos2(y) + (ex + e−x)2 sin2(y))I

= (1 + e2x + e−2x − 2 cos(2y))I.

Therefore, the surface area of M1 ∩M2 is given by∫ 1

−1

∫ 1

−1
1 + e2x + e−2x − 2 cos(2y)dxdy

= 4 + 2

∫ 1

−1
e2x + e−2xdx− 4

∫ 1

−1
cos(2y)dy

= 4 + 2e2 − 2e−2 − 4 sin(2)
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(4) LetBn+1
R := {x ∈ Rn+1||x| ≤ R} be the n+1-dimensional ball of

radius R centered at the origin and let SnR := {x ∈ Rn+1||x| =
R} be the n-dimensional sphere of radius R centered at the
origin. Show that voln(SnR) = n+1

R
voln+1(B

n+1
R ), where volk

denotes the k-dimensional volume.
Solution: Let ϕ : Bn

1 × (0, R) → Bn+1
R ∩ {xn+1 ≥ 0} be the

map defined by

ϕ(x, r) = (rx, r
√

1− |x|2).
It follows that

Dϕ =

(
rI x

− rxT√
1−|x|2

√
1− |x|2

)
and

det(Dϕ) =
rn√

1− |x|2
det

(
I x
−xT 1− |x|2

)
=

rn√
1− |x|2

det

(
I x
0 1

)
=

rn√
1− |x|2

Then voln+1(B
n+1
R ) is given by

voln+1(B
n+1
R ) = 2

∫ R

0

∫
Bn

1

rn√
1− |x|2

dxdr = 2
Rn+1

n+ 1

∫
Bn

1

1√
1− |x|2

dx

Let ψ(x) = ϕ(x,R). Then

DψTDψ = R2I +
R2

1− |x|2
xxT .

It follows that

det(DψTDψ) = R2n det

(
I +

1

1− |x|2
xxT

)
=

R2n

1− |x|2
.

Therefore,

voln(SnR) = 2Rn

∫
Bn

1

1√
1− |x|2

=
n+ 1

R
voln+1(B

n+1
R )


