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ADVANCED CALCULUS II TERM TEST 1II

Time: 45 minutes Total Marks: 20
Each question worth 5 marks. Explain your answers.

(1) Let ¢ : R? — R? be the map defined by p(z,y) = (2> +y, z—y?)
and let f : R? — R be the function defined by f(z,y) = =z.
Show that ¢ is one to one on [0,1]* and find f«p([O 2y f

Solution: If 22 +y = 2 + 9/ and z — y? = 2’ — /2, then
(-2 )z +a) =y —y

(0'1) r / /

z—a'=y—y)y+y)

By the second equation, x = «’' if y = /. If y < ¢/, then
the second equation implies x — 2’ < 0 and the first equation
implies that z — 2’ > 0. So (z,y) = (2/,y').
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By change of variables formula and Fubini’s theorem,
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(2) Let U be the subset of R? defined by

U:{(a:,y,z)|x2+y2 <1l+4+zand0 <z <4},
Find the volume of U.



Solution: Let ¢ : (0,1) x (0,27) x (0,4) — U be the map
defined by

o(r,0,z) = (rv1+ zcosf,rv1+ zsin#, z).
The derivative Dy is given by
: r cos @
V1+zcosf —ry/1+ zsinf irs

Dp=1| V1+zsinf ry1+ zcosf ;\;%
0 0 1

Therefore, by the change of variable formula and Fubini’s the-
orem, the volume of U is given by
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/ / / r(1+2)dzdfdr = 127
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(3) Recall that if z = x + 4y is a complex number, then e¢* =
e”(cos(y) + isin(y)). Let

M, ={(z,e*+e%) € C*|z € C}

and let

My ={(x+iy,w) €C}—-1<z<land —1<y<1}.

Find the 2-dimensional volume of the surface M; N Ms.
Solution: Let ¢ : (—1,1) x (—1,1) — M; N My be defined by
p(r,y) = (2,9, (" + e %) cos(y), (" — e™") sin(y)).

Its derivative is given by

1 0
0 1
(e —e ") cos(y) —(e*+ e *)sin(y)
(e + e *)sin(y) (e* —e ™) cos(y)
It follows that
D" Dy = (1+ (" — )% cos® (y) + (" + ™) sin’(y)) ]
=(1+e*+e* —2cos(2y)) 1.

Dy =

Therefore, the surface area of M; N M is given by

1
/ / 1+ e* +e 2 — 2cos(2y)dwdy
—1J-1

1 1
=4+ 2/ X e dy — 4/ cos(2y)dy

1 -1
=4+ 2¢e? — 272 — 45in(2)
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(4) Let Byt! := {z € R"*!||z| < R} be the n+1-dimensional ball of
radius R centered at the origin and let S := {z € R""!||z| =
R} be the n-dimensional sphere of radius R centered at the
origin. Show that vol,(S}) = ”—FVOI,LH(BEH), where voly,
denotes the k-dimensional volume.
Solution: Let ¢ : B} x (0, R) — B! N {z,4; > 0} be the
map defined by

o(z,r) = (re,ry/1 — |z[?).

It follows that
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Then vol,, (B3 is given by

vol,, (Bt =2 /R Lalacal’r = 2Rn+1 / ! dx
B o Jop I TaP 1) 1= TP

Let ¢(x) = ¢(z, R). Then
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Dy"Dy = R*I +

It follows that

1 RQn
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det(Dy' DY) = R det( —1——1 — ’xanz ) P
Therefore,
1
vol,(Sg) = 2R" nt vol, .1 (B
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