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ADVANCED CALCULUS II TERM TEST I SOLUTION

(1) Let f: R? — R be the function defined by f(z,y) = “Z. Find
the integral [ (fyﬂ f(z, y)dm) dy.

Solution: [ (f7r cos( dx) dy

Y

= Jy < mcolm dy)d:r:—fo cos(z)dz = 0.

(2) Let f : R® — R be the function defined by f(z,y,z) = 5z.
Find the integral fQ f, where € is the region bounded below by
2z = 2% — 3, above by z = x — 1, and on the side by y = 0 and
y=2.

Solution:

/f—5///x23zdzd:cdy

_5/(95—1) (22 — 3)2dz — —63

(3) Find the volume of the solid in R? bounded by z = 2 — 2% — ¢/
and z = 2?2 + 32
Solution:

2—x*—y
Volume of the solid = / / dzdxdy
{z?+y2<1} Ja24y?

= / 2 — 22% — 2ydxdy
{z2+y2<1}

1 /1292
/ 22dxdy = / / 22dxdy
{z2+y2<1} —1J—y/1-y?

) 1 2 w/2
:—/ (1—w2)3/2dy:§/ COS4¢9d€:§

1 —7/2

Therefore,

Volume of the solid = 7
1



(4) Let A be a rectangle in R” and let f,g : A — R be integrable
functions. Show that f + ¢ is integrable and

/A(f+g)=/Af+/Ag

Solution: L(f + g, P) = Y gcpinfres(f(z) + g(z))vol(S) >
Y sepinfoes f(2)vol(S) +> e pinfres g(z)vol(S) = L(f, P) +
L{g, P) Similatly, U(f + g. ') < U(f, P') + U(g, P')

Therefore, let P; and P, be two partitions and let P be their
common refinement. Then

sup L(f + g, P) > L(f + g, P)
P
Take the sup in P; and P,. Then

supo+g, /f—l—/
mef—l—g, /f+/

Finally, since infp U(f + g, P) > supp L(f + g, P), we must

have equality. So f+g¢is mtegrable and fA f+g) = fA f—i—fA qg.
s

Similarly,



