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  (b) ( ) ( ) ( ) ( ) ( ) ( ) ( )y z z x x yg gP gN gM gP gN gMF i j k

g g g g g gP N M P N M
y y z z z z x x x x y yP g N g M g P g N g M gi j k

g g g g g gP N M P N M
y z y z z x z x x y x yP N g g M P g g N M g gi i j j k k

g gF F

 26. (a) Let 1 1 1 1 2 2 2 2andM N P M N PF i j k F i j k

1 2 1 2 1 2 1 2a b aM bM aN bN aP bPF F i j k

1 2 1 2 1 2
1 2( ) M M N N P P

x x y y z za b a b a b a bF F

1 1 1 2 2 2
1 2

M N P M N P
x y z x y za b a bF F

  (b) Define 1 2andF F  as in part a 

1 2 1 2 1 2 1 2
1 2

P P N N M M P P
y y z z z z x xa b a b a b a b a bF F i j

1 2 1 2N N M M
x x y ya b a b k

1 1 1 1 1 1 2 2 2 2 2 2P N M P N M P N M P N M
y z z x x y y z z x x ya bi j k i j k

1 2a bF F

  (c) 1 2 1 1 1 1 2 1 2 1 2 1 2 1 2 1 2

2 2 2

M N P N P P N M P P M M N N M
M N P

i j k
F F i j k

1 2 1 2 1 2 1 2 1 2 1 2 1 2N P P N M P P M M N N MF F i j k

1 2 1 2 1 2 1 2 1 2 1 2x y zN P P N M P P M M N N M

1 2 1 2 2 1 2 1
2 1 2 1 1 2 1 2

N P P N P M M P
x x x x y y y yP N N P M P P M

2 1 2 1
1 2 1 2

N M M N
z z z zM N N M

1 1 1 1 1 1 2 2 2 2 2 2
2 2 2 1 1 1

P N M P N M N P P M M N
y z z x x y z y x z y xM N P M N P

2 1 1 2F F F F

 27. Let 1 1 1 1M N PF i j k  and 2 2 2 2 .M N PF i j k
  (a) 1 2 1 2 1 2 1 2 1 2 1 2 1 2N P P N P M M P M N N MF F i j k

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2y z z xM N N M P M M P N P P N M N N MF F i j

1 2 1 2 1 2 1 2x yP M M P N P P N k

consider the i-component only: 1 2 1 2 1 2 1 2y zM N N M P M M P

1 2 1 2 1 2 1 2
2 1 2 1 2 1 2 1

M N N M P M M P
y y y y z z z zN M M N M P P M

1 1 2 2 2 2 1 1
2 2 1 1 1 2

M M M M N P N P
y z y z y z y zN P N P M M
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1 1 1 2 2 2 2 2 2 1 1 1
2 2 2 1 1 1 1 2

M M M M M M M N P M N P
x y z x y z x y z x y zM N P M N P M M

Now, i-comp of 1 1 1
2 1 2 2 2 1 2 2 2 ;M M M

x y z x y zM N P M M N PF F

likewise, i-comp of 2 2 2
1 2 1 1 1 ;M M M

x y zM N PF F

i comp of 2 2 2
2 1 1

M N P
x y z MF F  and i-comp of 1 1 1

1 2 2.M N P
x y z MF F

Similar results hold for the j and k components of 1 2 .F F  In summary, since the corresponding 

components are equal, we have the result 1 2 2 1 1 2 2 1 1 2F F F F F F F F F F

  (b) Here again we consider only the i-component of each expression. Thus, the i-comp of 1 2F F

2 1 2 1 2 1
1 2 1 2 1 2 1 2 1 2 1 2

M M N N P P
x x x x x x xM M N N P P M M N N P P

i-comp of 2 2 2
1 2 1 1 1 ,M M M

x y zM N PF F

i-comp of 1 1 1
2 1 2 2 2 ,M M M

x y zM N PF F

i-comp of 2 2 2 2
1 2 1 1 ,N M M P

x y z xN PF F  and  

i-comp of 1 1 1 1
2 1 2 2 .N M M P

x y z xN PF F

Since corresponding components are equal, we see that 
1 2 1 2 2 1 1 2 2 1 ,F F F F F F F F F F  as claimed. 

 28. (a) From the Divergence Theorem, 2 0 0
S D D D

f d f dV f dV dVn

  (b) From the Divergence Theorem, .
S D

f f d f f dVn  Now, 

2 2 2

2 2 2

2 2 2f f f f f f f f f
x y z x y xx y z

f f f f f f f f f fi j k

2 22 0f f f f  since f is harmonic 2 ,
S D

f f d f dVn  as claimed. 

 29. g g g
x y z

S D D
f g d f g dV f f f dVn i j k

2 2 2

2 2 2
g f g g f g g f g

x x y y z zx y z
D

f f f dV

2 2 2

2 2 2
2g g g f g f g f g

x x y y z zx y z
D D

f dV f g f g dV
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