8 & Towark Topology and Functional Analysis
Recall :
A Sequence 2t T R IS sad 4o converge t© xeR, lf
For all 250, there edsts k@ eN  such that -fw all nz2Ke) . we have [xn-xl<e
12, Xn€Vegtd

cr;: subset C’.ow\‘ai\/\"m% x
Let AsR . $:A-R and ceB . We say that § is conbinuous at c §
Given any €50, there exists £>0 such that f xeP with lx-cl<§ , then lfw-f@ki.
Ansther jDrW\IAld'(jon:
Gen any £>0 , there exists £>0 such that f(\ifl\lsic)J) s \it—(ji}

open_subset n A cantaining C___open subset i R containing 5

More exawtrles

kea issue
K: set (sPace.)
What we need o sPecﬁa s collection f open subsets cf X (with certzin ?mFerbes)

Q.1 Tchlojml S’Paces

Definrtion

A 'EoFo(ojca on a set X s a collection ] oj open Subsets of X such Hrat -

N ¢, X e

'2.)+Av“a waion cj? elemets 1 T & n T

3) Finte intersection ofe.lemevd:s m Tk n J.

A -(:qu(?jical Space s an ordered peir (X.) Ccmsisﬁvg a set X and a
-buFoloS.a"J on X. Ve s sad to be an open subset of X (with respeck €0 J).

T let T be an index set and each el comespords o a suset UneX.

Then we can d{fme JOMORE {fxeX i wely j’or Some. eI}

Finrte (cowntable) union means the mdex set T is 5M1'te_ (countable) .

Pma tunion mears there s no restriction on T.

Similar "EB‘W\'\V\[nSIS we can define for intersection cf subsets in K.

eq. Let Qu=@te) , Iole.d ORB, Hhen L) Uy = Co400) and O Os= Dtoo)




Exathle :

Let X ={a.b.c}

°J|={¢,X3

Ty={¢.1al, lakd, X3

Yo={.fal, {3, X3

DA N clejiv\es ‘o d\ﬁerewt 'tu[»(oj(es on X,

bt Jy does nst de.ﬁne a 'bul»lojca on X .
(since fal . fb} e . bk fa30fbi=f{a b3 &1 )

EXQ\"C:ISQ :

Canwe.d{fme_‘tc(»(ojes osther than I, and T on X 2

EXQ"\'F(Q:
Le‘tXBease:tcmdkbﬁbe‘ﬁ\ecdlecﬁmcfsubse‘kscfXSV\cL\"Hna(:
Ve lf and ovx\a f XAU s ethher K or a fin’rﬁe. set .

Exercise :

Check <3 de_?v\es a 'EcFoloj;é on K (hidh is called -Hhe fln’rée COmF‘emewb 'tOFeloj%)

However, 1 is u«su\allg hard +to describe the ewnfire. collection ] ojz open subsets.

_ﬂ'\erefure, we. 'bﬂa 4o deseribe  a smaller  collection cﬁe Subsets cf X and describe
T in terms f that Cclesmbivﬂ bmild‘wg blocks )



De\)elv\rtiom

Let X be a seb , a basis on X 15 a collection & of Subsets cf)(mda-tlna(:
D For dl xeX , there exists Be ® such that <eR .

2) lf *x€R,0B, ., then there exists Bye ® such that xeBycB.oOB..

B‘ 'Bl

Bs

Let B be a basis .

We define I o be the collection of Subsets cj OsX  such that
fov- all xeU ,there edsts BRe® such that <eBR<O.

Exercise :

Check <] dgﬁvxes a‘ﬁn‘»(oﬂ«a on X which s called he td[““ﬁ‘& Senera(:ed Ba%,
Remark : Be ] fm'all RBe® .

ExamF(esa
D Let ®:={@b :abeR wth a<bl.

The topoloqy  generted by ® s called the Standardtopology on R
2 et ®:{@b :abeR wth a<bl.

“The. topology gerested by ® is called -the lower limrk “topology on R

Exercise. :

dmk%ayd%’arebasescf?k.

Exercises :

) se that (X, s a 'Eorolos?cal space and AsX .
Let Tn={0nA:0ea}  prove that T defines a topology on A which s called
the induced “topolegy on A -fmm X.

2) S«Aﬂ»se that (X.7) ad O, Dy) are ‘toro(03ica\ Spaces. .
Let Thor={0%xV : Ve and VeT il , prove that Ty defines a topalogy on XY
which is called the Froducb “topolooyy -



Remarks :

O We have a stadard ‘bcrdajla on R. The 'Ffuducb f s 'Eal»loj‘a withh ‘r&elf is_called
“the standard 'bo‘FoloSca_ on R=RxR.

2) Let S'={(u,8>e1k‘=-x?+.3‘=l"§ sR® .

S isa +'°F°(°3im( Space wirth ‘toFolojaa induced from r.

Dejin’rbion H

Let X)) be a -én‘;o(ojical Space ad et &I XK be a Sequence .
%} is Said o converge to xeX, 'ff jur- al VeI witdh %xecV |, Hiere exists n=N
such that fb?‘ al n=2N , x,e0Q .

o R
*

However , consider K=fa.b.c},6 - {¢,{a3,{a.,|:;§ X3 and w.-b
Xawweyaes +o b («Fecﬁed) and xncweraes ‘o c as well waexFecEeA)

D‘né? rRovjNé SFeaH«a_ ,there are iV\S‘/ﬁd&H’E open subsets in X o d‘sﬁnju‘us\n -the
FD\V\-ES b O.v\tl C .

EXQYC\SQ:
X.73) s said to be a qusclovﬁ Space if -for- all x,éex Wb X #Fxa
there exist O, €] such Hrak ~eO , xae\/ ard UnV=¢.

lf fxal 5 a cowve_vjeﬂt SQZueme n a l—lq»\sdoﬁ Space. .
then show the v\niiuevxes of the limrt .

~+
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82 Continnous Functions

Definition -

Let (X)) and OF. ) be 'to‘)olOSTm\ Spaces and et :)2=><—>*r.

f is said to be continuous at xeX f

fcr all Ve, covd:aivﬁvS 6o, there edsts Ve cow(:aivﬁvS ~* such that f(o)g\/.
£ 1s sad o be continueus f Tt s continuors at every point_in X.

Defm‘r(:ion :
Let (X.7) and (Y,el() be. ‘Eorolosica.l S‘Faces and let f)(—»Y be a l:\i:)ection,
If beth fﬁ(—ﬁ’ and f-:‘(—n( are.coritinuous , then ja it Said o be a l’\omeomor?l'\’nsm.

Ge. X and Y have the same shbructve as -(:cFolojcal sFace D)

&uesﬁov\ :
Does tt exdst a homeomor‘rl'\'\sm bebween S and R 2 (PAuswer: No l)

'Re‘fe_r +o Alﬁebmic ToFo(ojta .

83 Metrie SFaces ord Normed SFac@

Dﬁw&-on:

A mebric on a seb X i o.-)ﬁmcaon d:XxX=>R such “that

D deuy >0 for all Ly eX cl(-x,&a)=o if ard _only ﬁ %y

2) ck-x.vahek«arx.) for all .y X

3) cl(-x,ca)+el(x3,z) > de2) fw all =.yzeX (-(:r-iansle_ ineiualiha)

Cldea : d:xx%=R gues sthe “distance” betueen any tio peinfs in X )

Then the set X with a mebric d:XxX>R s sad 4o be a metric space and t 1s
densted by (x.d)

et d:%xX>R be a mebric on X and let xeX . r>o ,

Define Byt = {yex: decwper . K is colled the ball centered at x with radius r.
Deflne ® be e collection of all balls Byer) , where xeX, r>o0.

Check ®& deﬁnes a basis on X and hence Se.v\embes a ‘tuFo‘Ojla on X which is called
tre wmebvic ’tdFologta



ExamFles-.
1) Define d:RxR->R bqa decag = byl
K 1s the stadad or Euclidean metric on R .
ln jeneml Rt 7‘(‘6"(3"""8"“#‘
defire L RAR—R by dRP =[5 G-yl 1
K s the standad or Euclidean metric on K.
D More qeremlly., 1 pai. define I RxR =R by d(?,?ﬁ[élx—.-%ﬂﬁ%
e defines a metric on ®'. (Check 1)
(R d) re (R.d) Y
.~ [ \\—%)(S\") L T“\Bdfs"')
>
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3) let X={ca.a.- a0 : aiefo.l}
'Define d: XxX >R baé the rumber of comFonevfﬁs that are not Hre same.

Ool olttl

distance betiveen buo 'FO'(KES
! ookl o1 = numboer cf ecljes betueen -them

(oo 10

Exercise :

Prove Hat X d) s a Havs:lorﬁ space..

Theorem :  (Nst sw‘msmj)

B Xd) s a mebnic Space eiurrreql with the CowesFondiV\S metric t"l»l‘ﬂ'é LBl eXos
a sequence . {xd convernes +o ceX 'If

fo«- all >0, there odsts NeN such that for all 2N, we hae dano<e.

Theorem : (Nt SwrFr‘lSIV\j)
lf X.d) and (Y.dy) are mebric Spoces eiuﬁ'FFecl wrth -the CorVESPondinS metric -tuFe,loates
and De:X—ﬂ’. f s continuous ot ceX f

for- all €50, there exists §>0 such that fmr al xeX with dex.o<§,
we. have clY(f’eo,fae?ke :




-Deivﬂ'ﬂov\-.

et X be a vector space_over a Fied F (usually F2R or €.

A nom s a fwr\C'tlon (1 : X >R such Bat

O (Rl=o0 for all XeX ; IRN=0 lf and onl(a :ﬁ’ R=3.

2) [loRI = (1 IR ‘jbr‘ al XeX and oeF | where (-1 is the norm on F .

3 R+l < (RU+ 1yl fw all R . yeX C_rﬁanjle Inei«alr&a)

Cldea : [l-1l: X=>R gves the “length : of a vector.)

Then -the vector space X with noom (1 : X >R i sad to be a normed space and € is
densted by CX.0-10.

Remark :
The vector Space X s NoT necessary to be -flv\l'ﬁe. dimensional .
(f X is a 'flnl‘ba dimensional vector Space. over R . then X is 'iSomov‘FNc. +t ®.

Exanwmles :
p o
) Gren X =& Aa o x) €R deflne. (l?ll=(1§_'.(|-x§) )
t is called “he standard or Euclidean novm on R
2) Lebt €@a.bl) be the collection cf conrtinuous :)E\MC'EOV\S f'{a,b".l >R
Check €(ta.kl) 15 a vector Space.. XL : "
Let P2l elefxne -1y TLa kD =R bg 1§l = € L el o)
l't is said o be LP-hom on t(fa,l:»]).

Exercise.
kf CLILD 15 a noamed Space. ., clefme d: XxX >R l;% qlcsz,y)=||<z-7u.

Show Hzt d:XxX >R def!nes a metric on X.

'Refer ‘o Functional Avultasls.



