85  Continuous Functions

5.1  Continuous Functions

Recall : bn secondang schosl , we have

Definition : (Cortinuttiy)

B Fanction §: AR s continens at ceB § i Fo-Fo

Idea :

0 fo_edsts

2) fe) is me"-deﬁned;
2) Tlr\exa are +the same.

Tanslate. the above into  §-€ |anjwaje,:

Defintkion : (Cow(:inu?ba)

Let AsR . $:A=R and ceh. We say that § is continwous at ¢ i
gen any €>0 , there exists £>0 such that lf xeP with Ix-cl<§ |, then lj?co-j?c)ks_.
(Ve>o)(a §>0)VxeAn V) (feo e Vo))

lsz fails 4o be continuous at c ,then we say that f is_discontinuous at c .

Theorem - CS&TAE.VTB&( Criterion fbv‘ Cov(blm'rﬁa)

A fwsd:iov\ f=A—>'lR is corttinuous at cef |f and OV\‘% § for evena Sequence <A
that Converges o ¢, the Sequence {j(x»)} Covwe.\rjes © f(c).

Exe\fcises :
1) Prove the above -Hheorem.
2) @ Show that ft'lk—ﬂk defnecl b‘a f&x):x‘ IS continuous  at eveya ?e'm-(:.

< f xe®
oy Show that f‘k—’m def'ml b‘a fdﬁ{ o .f xR B
8 continuous at x=0.
| f xe®
2) Show that f"k—flk deﬁv‘ed b‘a fm={‘ o ',f * R\

is discontinuous e\/erawhere )



Remark :

%) Sec«:ndara school , we Compute vl\l!)an‘I-Tﬁ .

Lot ansd+ik . Df Course vlig\w4+,+\ =k=c

However, wlma vb—'ﬁamf van”xh A% =2 2

22

Since we assume -the covr(:inu'rea cf fwmﬁ. at x=4
by wsing the above theorem . lim Fex - Feor =l _xn)

ie. lm Ja+k =,/ lim 4+k = J& =2
N0 N0

D Let f:R-R beafmcbm dlefined by feo - {
xd be a sequence def'med ba A= 7

@ Find i % and hence ind f(&;n“xu).

0> Find o and hence find fim Foro .

@ Are the vesuhs obtained in @ and by the same ? wha?

V@ Let x>0 Prove the existence of 4. (Hint: Recall the pencf of edstence of &)

b Let f:mo—»na be a function deflne.d L’%} ﬁma

=t |x-cl )

) Prove f is_cortinuous at o.na c>o . (Hint: I.\Fi—JEl=R+E

Exercises :
‘-f %=0
bj

i) Prove fts cortinuous at o. (Hirk if Osx sl then x>x)

'Deflniﬁov\ :
A fwxction f= A—TR is said o be a continuous fwncﬂon |f
f is corttinmous at every ‘Peivft in A.

52 Cowmbination of Corbinuous  Functions
M‘em:
Let AsR , f,j=Ps—>1R . be'lR.Suﬂ»se favd q ae cortinuous at ceh .

@ Then fiﬂfﬂ bf are corblnuous at <.
lf g #o fv«- al xeh . +then -f/a is continueus at <.




Divect COnseiwences :
O A ‘Folanom'lal ‘fw\c{'ion s corbinuous on TR .
2) A rational -fmchon s conbinuous  at 'Polr\'(:s Yot t s deﬁned.

Theorem : CCow\‘Fosﬂ:ion of Continuous  Functions )
Let A.B SR and let f:A—>R and 3:B—>1R be functions such that A <B .
|f § is continuous at. ceA and 9 IS continuous at :ﬁc)e‘B,
then the comFQgH-Jor\ 3°f=Ps—>TR is_continuous at ceh.
Pproof
let €50, bla cow(:ivwi'(:a_ of 9 at i), there edists 8@>0 such that
|3(a>-3(f«;>)| <t for all yeB wirth |t6\-f<cs|<8'<z). — %)
Ba cow(:imi-ba of -f at ceP, there exsts 8@ =8E@)>0 such that
Heo-fol <8 For all xeh with Ix-cl< 8@
Then , for all xef with k-cl<s® ,
lfw-f@ks'@ D APF“a ) Lma (e‘U:ir\ﬂ %:f(‘l)
| gt - gefecn | < £

lwwmedlice c::vse%mev\c:e. X

Llet A.BR SR and let frh—-)'lk and j:B—ﬂR be corttinuous fancﬁons such that f(PDSB.
Then jo]ez A—R is a cortinuons fw»c":lon.

5.3 Cortinuous Functions on Intervals

Defin‘rtlon:
A f.mctlcm f-A—»‘IR is said to be bounded on A lf there exists a constart M>o
such hat |f(-z>|sH for all xeh .

Exercises :

) Prove that fﬂk\io?-ﬂk de‘fined ba ftz)=?'§ is nbounded .
2) lf f=A—v'lR 15 unbounded on A,Fvove that there exist a sequence Xl € A such that
vl\!g\“'fbt.o--i-co or -




Theovrem : (Roundedness Theorem )
Let TI:[a.bl be a closed interval and let f'-I—VlK be covtinuous on T .
Then f is bouwnded on I.

Think :
a4 , tnbounded

/\/: = discontinuous at Some 'Fomt cela.bl.
]
]

-~

]
a c b

X

presf
Suﬂ»se f s unbouwnded on T .
B% the previous exerdise () . there exsts &}eT such that Jim $ecd = 400 or oo .
By B-W theorem, since 21 I:0abl , there edsts a conve@ew(: subsequence. B 3.
o We have lim tn. = L elabl but lim Fotued = oo or ~oo Chut NoT £ )

which contradicts to that § s comtinuous on I.

De:fivfrtlon :

Let A<sR and :f=P\—"R e Sa.a that f has an absolute  maximum (minimam ) on A lf
there exists Apue A (ameB) such that f(xn)zfm (-f(x...)af(-o) -fm— al <eh.

Think : lf f=[a,l>] — R s continuous .

4
/
T Cowbv\urég_ > Exstence of absolute
maximum and  minimum
c L. x
a e X

—n'\eorem :
et T-[abl and f=I—"[R be a cortinuous fmchon
Then f has an absoclute maximum and winimum on T .




Few = Fllimxnd

= IIM '?('1.‘ b}
Y0 J

=8 (= -f(ao "Jﬁ:r all xe1 as S:SM}S-JRI))

v :)e :Tab] —TR is continnous
\\ :‘)g(a)>o and J-E(b)<o
2\ b i




Theorem : (Itermediate. Value Theorem)

Let $:lakl =R be a continuous Function.

i fmf(b <o (f(a» ard £ are in oppostte sigps )

then there exdsts ce@b) such that f@'o-

oot

WLog . Suppese that ftn»o and f(b)<o.

Constrnct Taz=Lanbnl as desorbed above , then I. s a nested sequence cf closed wtenals .
Also, bn-an = g (b-a) Therefore iv\f {bn-an :neN}= 0.

" There edsts wique celakl such that celanbad For all neN.

Now L we c(aim j’(cho.
Nete - Ba construction, j-’(a.o>o and f(bn)<o fb\" all nem.

f(a..) >0 fm- al neN = o sv!kv\nf(an) =f(|!3_v:\“an) =-f©.
S’lwﬁlav-la , f(l>.0< (o) fDY‘ al neN = o Zvlknmf(can) =f(v|\i_v¥\“an) =f(c) .

f(cho.

Exevcises :
D Let fwn&-z.

Usivs the methed cf bisection to approximate the vale cf 3.
2) Prove BRolzano’s  Intermediate  Value Theovem :

Let $:lakl—R be a contiuous Function.

|ffm)<l<<fd» (ov* fm)>l<>fd>))

Hen there exdsts cet@b) such that f(c)-k.




Recall :

Let AR, $:A—>R and cch. We say that § is continmous at ¢ ®

Given any €>0 , there exists £>0 such Hhat lf xeB with |lx-cl<§ , then lfeo-f@kz.
(Ve>0)(a§>0)¥xeAn Vo) (fe Vo))

But. in fac(:-&\e choice 05 S deFev\cls on ceh as well.

3,
fRouah idea :
- | For the same €30, we have to cheose a
Ve {]
smaller 8 at c, com‘Fa.ﬁnﬁ o S at c..
V&)
>

'Ba'the above , we have

fﬂ%—ﬂk s o continwous f\mcbon lf

(Veceh , 2>0)X(3 8. )>0)(¥xe A and Ix-cls Sce.2) )(lf(ao-f(c)ki)

Quesblon :
Can we choose  § W‘D%"’"l% ,le. & deFemls on € onl«a (but. NOT ceh any move ) 2

beﬁn'r(:lon :

Let AsR and A =R . We that is wformly,  conbinuous on A i
e &

aivey\ any £>0 , there exists £>0 such hat 52 x.ceB with lx-cl<§ , then lfco-f@ki.

(Ve>0)38E>»0)(¥ x.ceA and [x-cl<8 )(lf&)-f(c)ki.)

Netural Consequence.:
Unfomla_ continuous  on A = continuous on A

But the converse is NOST +true .




Exercise :

Wrtte  down +the nﬁaﬁun of +he above deflnﬂ:\on.

Py - f IS NST  wni \8 corttinuous  on A Tf

(32>O)(VS>0)(3 x.ceh and Ix-cl<8)( (f(vo—j@lzz)

'RO\SL\ idea: No matter how small & is |, we can alwaas :ﬁv\d ‘o -Fo'urvbs %< and ¢
such that

[x-clcS Cie. x and ¢ are close)

but lfeo —f@l >€ Cie. fbo and f(c) are NST cloge ) .
Theorem :

Let AsR and $:A—R. § s NoT W\lfurmha_ continuous on A1 and only
there exists €.>0 o.nd'&«)ose%uences {2l and {uad in A such that
Jin_%n-Cazo bub lfec.o-fcc..ﬂzs. £or all nen.
procfs
(=): (Fg>0)VS>o)XIx.ceP and Ix—cl<8)(lfﬁo-j«:)l>i.,)

In 'Fartim[ar, take Sk , neN

there edsts xn.Caeh such Hhat bu-cls<S:ge and [ feols £

_ L -Ch =
Since. c"‘l<V\. far all nem |, v!l_;w“z.\ Can=0

(=) Ba ass(mflshon, there exists €.50 and two Sequences (%3 and {wd in A such that
ligs xa=Cazo bt He-Fealz e for all nen.
For that €50, let $>0, Hiere exists NeN suds Haat Jﬁ<8
Then , |xN-CN|<-'ﬁ<S and |fﬁ:ﬂ)-f(cu)|a€..

5<ercis§:

1) If f:(o,l)—ﬂk is defiv\ed bna fw:—{- . Show +that f s NoT wﬂfwmlua cortinuous on (o,1).

(Hint : consider st and Ca=il- )

2) lf f:‘lk*'—»TR [} defned ba fwrx.‘ . Show that f is NoT wﬂfwmlna continuous on K.
(Hixt : consider x“=V\+Ti\— ard Ca=zn)

(Nete : vl\g.nnx,. and vl\l_v,nwc.. do NST exisk but vLi_r’n“x.\—c“:o,)




Onformly - continityy o Continssy

However, the converse statement is frue fwsmcases,s.«d«as:

Theorem :

Le(:Ibeac(osedbowdedlvrbervalandletf:I—ﬂk bea.fmd:lon.

I:f f is cortinuous , “then f Is ung?ovm% covttinuons .
Suﬂ»se'(:l'\ecmbmra,ﬁvereadsfsiooav\d'boose%uencesfxn'iand{w}inﬁsw:k'ﬁr\dt
I'I\l!;/ée-ac.,\-C',.:o but lf(x.b-f(c..)'aio -fwall nel .

B-W Theorem = -there exists a C‘.ovweraeﬂb su\ose%warne Tt € T2l

Le€ Jim =& ba o:orf(:ivwl:a cff , ‘!_i_v’v\wf&hr)sfw.

Exercise : Show lim cn.= L.
(Hink : |cn-] < lCart |+ 3021 )

o lim ) =2 and so ‘[m-fa@-fcc..,)=fw-fw=o (Conbradiction ! )

.Deﬁnrhovu C LlFsd\d:z Function )
Let AsR and §=A—>R. |f there exists a constant k>0 such that
|‘f¢>0-f(u)|s Klx-ul for all x,ueh , Hen f s said to be a Li'Pscll\’r(:z fw\ on on D .

Ac(:ua((a , lf x=W, |f(z)-f(u)|= lx-ul=0 . (Ncsth'mﬁ lw‘:e.restinj 1)
lf'x.fu, L?Fsc}\i'(:z condrtion means l%_;fm' <K -fm- al x,ueA ,

3“ %=f®0/\ —|<$S|o]>esk
(x.fw)
(ul‘ﬁ“)) E
+ — > &
(VN x

Nste : A continuous fwcbon s NoT hecessary, a LiFsc]/\'rEz fwc(:iov\!

Exevcise. :

Let f=to,a—>1k be a fmcaom d{fmﬂ an_ fm& . Show Haat f s NST a L-rrsakr(z ‘ﬁ«v\cﬁon.




but how about &= 2

lin fac& we prove o even S‘brbnjer vresutt .

l he.orem d

lf-f=P;—->!R is a L.Fscly\i'& ﬁ/w\cﬂon on Ps,'ﬂ'\e.nf]s U«Vﬂfovmla_ corttinuous on A .
(e

Given e>0, take §:=F >0 , then for all x,ueA with [xul<8=F>0,
we have |f(':o-fm|s|<|x-ul<l<-%= .

Conc(usion :

LrPsdnr(:z S Unlfbrmlua Cowl:inul'ha = Con'(:ivu‘rba

‘e" is true when the domain
is a closed bouded trterval
B«amrle=

lf f=[0,+oo) is afmc‘(:ion dejlv\ed b'a fbo::h—c . Show that f(z) is mlfoml«a continuous on [o,+0) .

Think : Troubles () To,+ed) is NST bounded Ccanncst use @)

(D) f is NST L.iFs.an'rtz on [o,+x) , even NST on [o,11 . (cannct use @)

[dea : Combine. -them '(:oﬂeﬂmer

(GG IEN jZ s mifom(a continwous  on  [o,27 .

dary @O = f is tmiform(-a corttinmous  on [i,+0).
Resutt :

Let €50

Gy there exists §>0 such that :for al «.celoa]l wth [x-cl<§, , we have lfeo-fc)ki

(> there exists §p0 sudh Hat j?or adl x.celi4w) with [x-cl<§,, we have lfeo-f@ke
_rake 8 = min {8| ,81, @wh‘a e

!‘f <, € [o,+0) wtdh x-ul<§

k) => both %, u lie on 021 o both %, u lie on Ll 4o)
then etther ) ad (i) = I-feo-ff(mkz.




