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Solution to Final

1. (a)
E[Xi] = (1)P (Xi = 1) + (−1)P (Xi = −1) = 0

E[X] =

n∑
i=1

E[Xi] = 0

(b) Since the Xi’s are independent,

E[X2] =
n∑
i=1

E[X2
i ] + 2

∑
i<j

E[Xi]E[Xj ] = n(1) + 2Cn2 (0) = n.

2. (a) Recall that P (X > t) = e−λt. Then

P (X > s+ t|X > t) =
P (X > s+ t)

P (X > t)
=
e−λ(s+t)

e−λt
= e−λs = P (X > s).

(b) Let Y = logX. Then for t ∈ R

P (Y ≤ t) = P (X ≤ et)
FY (t) = FX(e

t)

fY (t) = etfX(e
t) = λ exp(t− λet)

3. (a)

MZ(t) = E[etZ ]

=

∫ ∞
−∞

et
1√
2π
e−

x2

2 dx

= e
t2

2

∫ ∞
−∞

1√
2π
e−

(x+t)2

2 dx

= e
t2

2

(b)

MX(t) = E[etX ] = E[eµte(σt)Z ] = eµt+
(σt)2

2

(c) Since X1, X2 are independent,

MX(t) =MX1(t)MX2(t) = exp

(
(µ1 + µ2)t+

(σ21 + σ22)t
2

2

)
.

By comparing it with the moment generating function of s normal random variable
with parameters (µ1 + µ2, σ

2
1 + σ22) and recalling that moment generating functions

are 1-1 corresponding to the distributions, we get

X ∼ N (µ1 + µ2, σ
2
1 + σ22).

4. (a) We compute

P 2 =

1
2

1
3

1
6

3
8

1
2

1
8

3
4 0 1

4

 .

Hence, the required probabilities are(
P (X2 = 0) P (X2 = 1) P (X2 = 2)

)
=
(
1
3

1
3

1
3

)
P 2 =

(
13
24

5
18

13
72

)
.



MATH3280B, Introductory Probability 2

(b) We compute

P 3 =

 1
2

1
3

1
6

9
16

1
4

3
16

3
8

1
2

1
8

 .

Hence, the chain is ergodic.

(c) Since the chain is ergodic, the unique stationary probability π is given by the solution
to the linear system {

πP = π

π1 + π2 + π3 = 1
.

On solving,

π =

(
1

2

1

3

1

6

)
.

(d) Recall that we have

πj = lim
n→∞

P
(n)
ij

and hence

lim
n→∞

Pn =

1
2

1
3

1
6

1
2

1
3

1
6

1
2

1
3

1
6

 .

5. (a)

fX(x) =

∫ 1

0

6

5
(x+ y2)dy =

6

5

(
x+

1

3

)
, 0 ≤ x ≤ 1

fY (y) =

∫ 1

0

6

5
(x+ y2)dx =

6

5

(
1

2
+ y2

)
, 0 ≤ y ≤ 1

(b) Since
f(x, y) 6= fX(x)fY (y) for some 0 ≤ x, y ≤ 1,

X and Y are dependent.

(c)

P (X > Y ) =

∫∫
X>Y

f(x, y) dxdy

=

∫ 1

0

∫ x

0

6

5
(x+ y2)dydx

=

∫ 1

0

6

5

(
x2 +

1

3
x3
)
dx

=
1

2

(d)

E[|X − Y |] =
∫ 1

0

∫ 1

0
|x− y|f(x, y)dxdy

=

∫ 1

0

∫ x

0
(x− y)6

5
(x+ y2)dydx+

∫ 1

0

∫ y

0
(y − x)6

5
(x+ y2)dxdy

=

∫ 1

0

6

5

(
1

2
x3 +

1

12
x4
)
dx+

∫ 1

0

6

5

(
1

6
y3 +

1

2
y4
)
dy

=
17

50


