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Solution to Final

(b) Since the X;’s are independent,
E[X?] =) E[X]]+2)  E[X]E[X;] = n(1) + 2C5(0) = n.
i=1 i<j
2. (a) Recall that P(X >t) = e *. Then

P(X>s+t At
1%X>s+ﬂX>ﬂ::g%Xiw>:€edt::eM:J%X>s)

(b) Let Y =log X. Then for t € R
P(Y <t)=P(X <¢)
Fy(t) = Fx(e")

et

fy(t) = e fx(e') = Aexp(t — \ef)
3. (a)
My(t) = E[e"”]
AR
—/Ooeme dx
2 [ 1 _@?
—62/_00 me 2 dx
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(b)

o2
Mx(t) = E[etX] _ E[e,ute(at)Z] _ 6@4.%

(c) Since X1, X9 are independent,

Mx (t) = Mx, (t)Mx,(t) = exp ((Ml + po)t + W) .

By comparing it with the moment generating function of s normal random variable
with parameters (u; + u2, 0% + 03) and recalling that moment generating functions
are 1-1 corresponding to the distributions, we get

X ~ N(p1 + pa, 0% + 03).

4. (a) We compute

P? =

O Nl
[ =00 [ =0 =

| Co00 | Lob| =

Hence, the required probabilities are

(P(X2=0) P(X2=1) P(X2=2))= (3 )PP=0G & B)
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(b) We compute

P? =

DO = | =00 =
ool |eecsli—

00l L5y conol—

Hence, the chain is ergodic.
(c) Since the chain is ergodic, the unique stationary probability 7 is given by the solution

TP =T
mAm Aty =1

_(r 11
™\2 3 §)-

m; = lim P'(n)

to the linear system

On solving,

(d) Recall that we have

n—oo Y
and hence
101 1
t f ¢
lim P"= (1 % &
n—300 t 3 g
2 3 6
5 (a)
lg 6 1
fx@) = [ feriPay=¢ (s+5), 0<a<
0 5 5 3
Le 6 /1
fy<y>=/ Serar=S(112), 0<y<t
0 5 5\ 2
(b) Since

f(z,y) # fx(x)fy(y) for some 0 < z,y <1,
X and Y are dependent.

(c)

P(X>Y)=

1, 1 '6 /1, 1,
- —a')d - = —y')d
<2x —|—12x> a:+/0 5<6y +2y Y



