Cooperative
games



‘_L Non-cooperative game

-~

\_

In non-cooperative
game, the solution may
not be a satisfactory
result for the players.

~

/




‘_L Price war

—

WC
Low | High
oN Low | (2,2 | 5,0
High 0,5 4.4
Payoffs
Nash equilibrium (2,2)
Better result (4,4)

\




‘_L Dating game

—

>

Rachel
Football | Drink
o 0ss Football 0,0
Drink 0,0

In either of the Nas

\the players would not be satisfied.

n equilibriums, one of

/




‘_L Money sharing game

1

2.

Five players put certain amount of \
money from $0 to $1,000 to a pool.

The total amount of money In the

pool will be mu

ltiplied by 3.

The money In t

ne pool Is then

distributed evenly to the players.

/




‘_L Money sharing game

/ L Nash \
|deal Situation e
Equilibrium
Strategy $1,000 $0
Payoff $2,000 $0

No one will put money to the pool because
every dollar a player puts become 3 dollars

Qut will share evenly with 5 players. /




Environment protection

+

-

o

The money sharing game explains

~

why every country is blaming others

Instead of putting more resources to
environmental protection.

/
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‘_L World Cup broadcast

Additional payoff \
additional commercial income

Pay TV proposal
- Put their commercial at Free TV
- Gain all additional income

Free TV proposal
- Do not put any commercial

\ - Abandon all additional income /
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NBA negotiation




‘_L NBA negotiation
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‘_L Non-transferable utility

.

/Cooperative game with non-
transferable utility:

A player cannot transfer its utility

(payoff) to another player.

The players may use joint strategy

Instead of using mixed strategy
Independently.

~

/




‘_L Joint strategy

/Joint strategy:

Two players use varies pairs of strategies
according to certain probabilities.

Examples:

1. Rock-scissors-paper:
Using rock-rock with probability 0.7 and
paper-scissors with probability 0.3.

2. Dating game:
Watching soccer match with probability 0.1
\ and watching opera with probability 0.9.

~

/




i Broadcasting rights game

/T wo broadcasting companies, NTV and

CTV, bid for the exclusive broadcasting
rights of a sports event. If both companies

of $20 (million) and CTV will have no

\be a profit of $40 (million).

~

bid, NTV will win the bidding with a profit

profit. If only NTV bids, there’ll be a profit
of $50 (million). If only CTV bids, there’ll

/




i Broadcasting rights game

CTV
Bid Not
Bid | (20,0 50,0
NTV (20,0) | (50,0
Not | (0,40) (0,0)




i Bargaining problem

should satisfies the following axioms
1. Pareto optimality

3. Invariant under linear transformation
\4. Symmetry

/ Nash proposed that a reasonable solution\

2. Independence of irrelevant alternatives

/




+

Nash bargaining solution

-

\_

Nash bargaining solution

Maximizing product of additional
payoffs to the two players.

~

/




‘_L Broadcasting rights game

e

/CTV .

40 -

o
\ Status quo 20

50

~N )

\ Product of additional payoffs = (u — ZO)v/




‘_L Broadcasting rights game
/

NTV CTV \
Nash bargaining Bidding 70% | Bidding 30%
solution of the time of the time
Payoff (in million) $35 $12

Additional payoff $15 $12

(in million)
2 =~/




‘_L Transferable utility

-~

1) 2-person game:

\_

Cooperative game with transferable utility

reat solution

2) N-person game: Core, Shapley value, ...

~

)




i Two-person cooperative games

-

T

Colin
L R

U | (100,0) | (-10,50)
D | (20,10) | (10,-40)

Rose

ne maximum total payoff is 100.

N

How should the players split the total

\payoff if they want to cooperate? /




‘_L Two-person cooperative games

ﬂl‘ here Is no general rules that \
every player would or should
follow. We are seeking for a fair
solution: an outcome that will
adequately represent the players’
bargaining position, though not

Qheir bargaining abilities. /




i Threat matrix

/Sum matrix: \
(100 40
S=R+C =
. 30 -30 y
Threat matrix:
(100 —60)
T=R-C =
\ . 10 50 //




‘_L Threat matrix

/ T 100 -60) 160 1/5 \
10 50 40 4/5
90 -110 T

X Threat
11 9 strategies

\ 20 20 /




i Threat differential

/T he game value of the threat matrix \
IS called the threat differential.

100 -60
T =
10 50
Rose’s threat | Colin’s threat Threat
strategy strategy differential

\ (1/5,4/5) (11/20,9/20) 28 /




i Threat solution

/ he threat solution to a two-person \
cooperative game Is the one where

1. The sum of the payoffs of the 2 players
equals to the maximum entry of the
sum matrix, and

2. The difference of the payoffs of the 2
\ players equals to the threat differentiau




i Threat solution

Rose should get 28 more than Colin. Let x

Thus

\

N

 100+28

X

100-—-28
y: —

and y be the amount that Rose and Colin get
In the threat solution respectively, we have

X+Yy =100
X—y =28

64
2

36

2

/




i Example 1

Colin

Uil (64) | (1,7)

Rose

D| (3,2) | (3,0)




‘_L Example 1

(6.4) (1,7)j
(32) (30)

Nash equilibrium:

|

Rose’s Colin’s Payoff Payoff
strategy strategy to Rose | to Colin
(2/5,3/5) (2/5,3/5) 3 2.8




i Threat differential

(2 _B)
T =
1 3
Rose’s threat |Colin’s threat| Threat
strategy strategy differential
(0.2,0.8) (0.9,0.1) 1.2




i Threat solution

The maximum total payoff is 10.
Therefore the threat solution Is

Rose gets 10+1.2

2
and Colin gets

10-1.2
2

5.6

4.4



i Example 2

Colin

Ul (2,0) | (5,8)

Rose

D| (7,8) | (0,6)




i Example 2

(69 6o

Nash equilibria:

Rose’s Colin’s Payoff Payoff
strategy strategy to Rose | to Colin
(1/5,4/5) (1/2,1/2) 3.5 6.4

(1,0) (0,1) 8
(0,1) (1,0) 7 8




i Threat differential

2 _—3)
T =
—1 -6,
Rose’s threat |Colin’s threat| Threat
strategy strategy differential
(1,0) (0,1) -3




i Threat solution

The maximum total payoff is 15.
Therefore the threat solution Is

Rose gets 15+ (_ 3) iy

and Colin gets .
15—(-3)
2

=9



‘_L Example 3

K Colin
L R
(5,0) | (8,4)
Rose
(9,7) | (4,3)




‘_L Example 3

Nash equilibria:

(g by

~

Rose’s Colin’s Payoff Payoff
strategy strategy to Rose | to Colin
(1/2,1/2) (1/2,1/2) 6.5 3.5

(1,0) (0,1) 4
K (0,1) (1,0) 9 7 /




‘_L Threat matrix

/ Sum matrix: \

(5 12"

S=R+C=
\16 ! )

Threat matrix;

5 4
T=R-C =

& 2y




‘_L Threat differential

-~

~

(5 4)
T —
2 1
Rose’s threat |Colin’s threat| Threat
strategy strategy differential
(0,1) 4

\ (1,0)

=/




‘_L Threat solution

ﬁ he maximum total payoff is 16. \
Therefore the threat solution is

Rose gets 16+ 4

2
and Colin gets

10




‘_L Threat solution vs Nash

=

Payoff\

Payoff
to Rose | to Colin
Mixed Nash equilibrium 6.5 3.5
Non-Pareto pure Nash equil. 8 4
Pareto pure Nash equil. 9 /
Threat solution 10 0

\It IS not always good to cooperate. J




i N-person cooperative games

Suppose there are n-persons, P,, P,,
P,, ... P,, Inagame. A coalition Is a
collection of players.

Example: n =3

There are 7 coalitions

{P.}, {P2}, {Ps}, {Py P2}, {P, Ps},
{P1, P3}APy Py, Ps}



‘_L Counter coalition

LetS c {P,, P,, Ps, ..., P} bea
coalition. The counter-coalition S¢ of
S Is the coalition formed by the
collection of players not in S.

S | 1Pt | {P3} 1Py P3}
S¢ 1Py P3Py Po}| 1P,}




‘_L Characteristic function

For each coalition S, we assign a
value v(S) which Is the maximum
payoff for the coalition S. The
function v Is called the
characteristic function.



i Characteristic function

The value of the characteristic
function v(S) can be computed
by solving the 2-coalition non-
cooperative game between S
and S°.



‘_L Characteristic function

The characteristic function v of
an n-person game satisfies

V(S uT)Z V(S)+ V(T)

for any disjoint coalitions S and T.



i Coalitions and characteristic function

/Set of players: N ={1,2,3,---,n}

* Coalition: A collection of players in N Is called a
coalition, 1.e., Sis a coalitionif S N

* For any coalition S, define

v(S) = max. utility S can get without the
cooperation of S€

v IS called the characteristic function.
 Let Sand T be two disjoint coalitions. Then

K V(SUT)>V(S)+Vv(T) /




‘_L Imputation

Definition: (X;,X,,X3,...,X,) IS called an imputation if
1. % 2V({k}) forany k=1,2,3,...,n.
2. X +X+X+-+X =V(N)

o

J

/Remarks:
« Here x, Is the possible payoff of player k.

« Animputation is a reasonable way to distribute
the payoffs.

« Imputation of cooperative game is usually not

\_ unique.

~

)




‘_L Lloyd Stowell Shapley

KBorn IN 1923
 His father Harlow

for determining the
position of the Sun
In the Milky Way
Galaxy

.

Shapley is known  SuiA R

TRl




‘_L Lloyd Stowell Shapley

(Drafted when he
was a student at
Harvard in 1947

\weather code

* Served In the Army In Chengdu
China and received the Bronze Star
decoration for breaking the Japanese

/




Nobel Prize in Economic 2012

* Avalue for n-person Games (1953) \

* College Admissions and the Stability of
Marriage (with Davis Gale 1962)

 Awarded Nobel
Memorial Prize
IN Economic
Sciences with
Alvin Elliot

\Roth In 2012

Shapley “ Rdth




‘_L Nobel Prize in Economic 2012

ﬁwis year's Prize concerns a central economic \
problem: how to match different agents as well as
possible. For example, students have to be matched
with schools, and donors of human organs with
patients in need of a transplant. How can such
matching be accomplished as efficiently as possible?
What methods are beneficial to what groups? The
prize rewards two scholars who have answered these
guestions on a journey from abstract theory on stable

@ocations to practical design of market institutiory




‘_L Shapley value

ﬁhe Shapley value of player k is defined as \
{@ ISCETLEEINS

where
o(k,S)=v(S)-v(S\{k})
@ the contribution of player k to coalition S. /

Shapley’s value of player K is the average
contribution of player k to all orders of coalitions.




‘_L 2-person cooperative game

ﬂVhen the number of players is 2,

~

/4 VA +VEL2Y —v({2D)
: 2

v({L,2}) - (v{) +v({2}))

~

=v({1}) + .

_V({Z}) +v({L2Z}) —v({l})
2

2

v({L,2}) — (v({3) + v({2}))

K \ =V({2}) + 5

e




2-person cooperative game

For 2-person games, the players
share evenly the additional payoft
kgained by cooperation.

~




‘_L Two-person games

/ 1 \
L R
U | (100,0) | (-10,50)
D | (20,10) | (10,-40)
Solutions | Is strategy | IT's strategy | o | o0
Nash equil. (1/2,1/2) (1/5,4/5) 12 5
Qreat solution | (1/5,4/5) | (9/20,11/20) | 64 36/




Two-person games

+
*

[
L R
| U [ (100,0) | (-10,50)
D | (20,10) | (10,-40)
Coalition | v(S)
{1} 12
{2} 5
{1,2} 100




Two-person games

+
*

\

¢ =V({L}) +

v({L,2}) - (v{1}) + v({2}))

2+5)

=12
=53.5

¢, =v({2}) +

=5

100—(1
_|_

2

2

v({L,2}) - (v({Z}) + v({2}))

+_100—(12+5)

=46.5

2

2

~




Two-person games

+
a

[

L R

U | (100,0) | (-10,50)

D | (20,10) | (10,-40)
Solutions | I’s strategy | II’s strategy P?g/c:ff Pt%y:):: f
Nash equil. (1/2,1/2) (1/5,4/5) 12 5
Treat solution | (1/5,4/5) (9/20,11/20) 64 36
Shapley - - 53.5 46.5




‘_L Restaurant coupon

ﬁuppose Rose has a coupon \

‘R4 nBOUS CAFE
20% OFF fOR SINGLE
 50% OFF FOR COUPLE

Rose invited Colin to dinner at Rainbow
café. They plan to spend $100 each before
Qiscount. How should they split the billiy




‘_L Restaurant coupon

/Coalition Original | Need to pay | Vv(S)
{R} 100 80 20
{C} 100 100 0
{R,C} 200 100 100

3




‘_L Restaurant coupon

s - ~
4. — 20 1002 20 _ ¢4
100 - 20
=0+ =40
\¢c 5 y
Rose should pay $40 and Colin

\should pay $60.

N

/




i Build an airport

Two cities Rose and Colin
want to build an airport
somewhere near the mid-
point of the two cities. They
may choose whether to join
the building project or not.



‘_L Build an airport

The cost and benefit (in billion dollars) to the
two cities of the project are listed as follows

BUild Rose’s | Colin’s Rose’_s Colin’_s
Cost Cost | Benefit | Benefit
Together 8 8 18 13
Rose 16 3 21 9
Colin 5 11 12 15
None 0 0 -6 -3




i Build an airport

Colin

Yes NO

Yes (10,5) (5, 6)

ROSe ™o 74) | A%.-3)

There is a unique(Nash equilibrium:
Rose plays ‘Yes’ and Colin plays ‘No’.
The payoffs are 5 and 6 respectively.




‘_L Build an airport

J

Colin
Yes No
Yes (10,5) (5, 6)
Rose
No (7,4) (-6,-3)
Coalition | Vv(S) p ~
{R} 5 Additional payoff
1C} 6 | [=10+5-(5+6)=4
{R,C} 15



i Build an airport

v({L2}) - (v({}) +v({2}))
2

¢ =Vv(L})+

v({L2}) - (v({l}) +v({2}))
2

¢, =V({2}) +



i Build an airport

Colin
Yes No
Yes (10,5) (5, 6)
Rose

No (7,4) (-6,-3)
: Payoff Payoff
Sollilone to Rose to Colin

Nash equilibrium 5 6

Shapley’s value I 8




‘_L Shapley value for 3-person games

/ Order | S\{1} S 0(1,5) \

123 | 1} | 4} v({1})

132 | 1} | 4} v({1})

213 | {2} | 112F | v@l2)) —v(2))
231 | {2,3} | {1,2,3} | v({1,2,3})-v({2,3})
312 | {3t | 113F | v@1s3)) —v(@E3))
\ 321 | {2,3} | {1,2,3} | v({1,2,3})-v({2,3}) /




‘_L Shapley value for 3-person games

ﬁVhen the number of players is 3, \

£¢ _ 1 (Zv({l}) + (V({l, 2}) — V({2})) j}
"6 (v({L3) - V() + 2v({1.23) - v({2.3))
Assume that

V(L)) =v({2}) =Vv({3}) =0

Then

v({1,2}) +v({L,3}) — 2v({2,3}) + 2v({1,2,3}) ]

N

/




‘_L Shapley value for 3-person games

ﬁlapley’s values for 3-person cooperative game: \
Assume that V({1}) =v({{Z}) =Vv({3}) =0

/¢ VL2 +vE{L3Y) - 2v({2.3)) + 2v({1,2,3})\
b 6

_ v({2,1}) +v({2,3}) - 2v({,3}) + 2v({1,2,3})
0

5 = VB3 +V({3.2) - 2v({L.2}) + 2v({1.23})

RN : S

?,




Sharing taxi fare

@dy, Betty and Cindy, want to go to City One, Tali
Wai and Tsuen Wan respectively from CUHK by taxi.
The taxi fares are given in the following table.

e

Destination Fare
City One $50
Tai Wai $60

Tsuen Wan | $120
&




Sharing taxi

fare

Tai m. ’%han
N

e BN
Tai Mo Shan
Country Park
F 3

A
 pa M
Sze Fong
Shan

B
bk N
Shing Mun
Country Park
ot o b
Upper Shing
Mun Resérvoir

suen \Wan 2} Q[Tai Wai }*‘oi

p

BEDX

| CUHK | e

1527 A By
L ’_;',‘.“:’ Shing X
' Raservolr Tai Wai

0

i

SER
bia Liu Shui GESha Tin ¢
N




‘_L Sharing taxi fare

/ However, they can save some money by hiring a \
taxi together and sharing the taxi fare.

/ Destination (S) Fare Save (v(S)) \
City One & Tai Wali $80 $50+%$60-$80=$30
City One & Tsuen Wan | $150 | $50+$120-$150=%$20
Tai Wai & Tsuen Wan | $130 | $60+$120-$130=%$50

All 3 places $160 | $50+$60+$120-$160=$70
NS : =/




‘_L Sharing taxi fare

ﬂlayer’s contribution to orders of coalitions \

/ Order Player 1 (Andy) contribution \
1

23 0
132 0

213 v({1,2})

231 v({1,2,3}) - v({2,3})
312 v({1,3})

K\ 321 v({1,2,3}) - v({2,3}) //




‘_L Sharing taxi fare

ﬁ he additional payoff of Andy Is \
/¢ v +v({L3}) -2v({2,3}) + 2v({1,2,3})\
b 6
_30+20- 2(50)+ 2(70)
6
\_=15 Y,

%ndy should pay $50 - $15 = $35 /




‘_L Sharing taxi fare

ﬁ he additional payoff of Betty is \
/¢ v({L2y) +v({2,3}) - 2v({L3}) + 2v({1,2,3})\
2 6
_ 30+50-2(20)+2(70)
6
\_ =30 Y,

Qetty should pay $60 - $30 = $30 /




‘_L Sharing taxi fare

ﬁ he additional payoff of Cindy is \
/¢ Cv{L3y) +v({2,3) -2v({L2}) + 2v({1,2,3})\
> 6
_ 20+50- 2(30)+2(70)
6
\_=25 Y,

Qindy should pay $120 - $25 = $95 /




‘_L Sharing taxi fare

4 . )
Player | Destination | Original fare | Save | New fare
Andy | City One $50 $15 $35
Betty Tai Wai $60 $30 $30
Cindy | Tsuen Wan $120 $25 $95

NG _/




