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) Devivatives
Let f‘c—»c be a function.,

-f s said 4o be dﬁae.w&‘.alole, at z.eC Tf
by Fe3-feo) exsts ,

Z92o Z-Zo

. Fzotsz) - $z
(R rewtte as J&go ==

which 18 densted 198 f’(zd

eq et 'f(z)=z" . neN

I|M (Z+ - (Z)
AZ>0 2z
n A " - n
< lim  (eaozY-2" Nete : (z+az) = 20+ Cr2™'az + 27 02) +--- 462D
Az2yo &z
N - et
= bim  n2"a A2z 4ot (2
Az=50 — —— _—
= n2™ “‘eyms  involve 2z

f’(z) =nz" OR  wite f{ 2 = 2™

AZ>0 | Az |
_ liw\ Z4az 2
A2-50 22
= |im =
AZH0 2(2+82)
]
=

eq | et -f(z)=i ,
lim j(z+¢32-f&2

AZ2>0 P-4

= lim Gsm2)-ZF

AZ>0 &z

= |im 22 does NOT east..

Azo OZ

Wy 2 Consider 1) &z = ax lim &2 . ¢

‘3 AzHo OZ

Iy AZ = ‘i Ii —E— = -
> % A‘Z':o &z l




eﬂ. ':‘f(z) e =" = 2"+ ot

boy _Fzta2) - $ = e lzroel-f Note : |2 a2l = (24 62)E+55)
A2>o AZ o250 Az :
= =22 +2AZ +28Z+AZ B2
) "‘l;-“'?"’ e }E etazl=lzl = 252 +Saz+ o252
exists on\a when z=o
Rewavks :

D) f s diﬁe«ewhable at a certain point, but novheve eke i a wﬁhbov-hoeel of ke Foiﬂ'(’..
2) Ij2 we wite T(z)=f(-1+i«3)= e+ ivecy) |, then
UG, q) = ':C‘+ta" ond Vec.p=o .
_”\e.a have  covtbinuous 'Fourtml devivatives of all ovdevs at every poit.
ie. Even uecp and veyp  hove  conbinuous 'Fmrl:)al devivatives of all _ovdevs at

a "Foivtt, fc) may NoST diﬁevewﬁa\ole at that -Folvtt.

|f—f s diﬁenaﬂhalole. at zo , then —f i Cotinmons ot Zo.
‘quf:
ivn fﬁz)-‘f(z.)= zl‘-vmz.m .z'_i:;b Z-20 = f'(z,)-o = o

292 Z-2o

z|':n2° f(z) =f(z.)

'leferewﬂdhov\. FOVMV\(O.S :

) (f:l:g)l(z) - fl('z)-.hg'(z)
2) (f%)'(z) = f('z)cacz) +j’<z)3’<z)

) (%—)’(:) . f<=>g<z)--jiz)3cz>
Eﬂtz)]




'Pmof o‘f @) :

. :'f G+a2) dz+o2) -$@ q&
A =g

- ‘im ’:jD (z4a2) g(2+a2) - 'f (2+Aa2) 4(2) +-f(z-+¢z)q(z) - —f(z) a@)
&250 . o 9

X | Qz+2) -g@) Feta) -fe
A_\ngc —f(z+¢z) 2 -+ g(z) =

21 3@ + a2 @) (£ 3 hff ot =2 > s cnk. ak 2
gD+ g=

> Al_g:o -'F(2+Az) -_-f(z) )

Theovem (Chain Rule )

S»\FFose_ that g s dfferentiable ot zo, and § s differentickle at gz .
Then (j?og)cz) =T(3cz)) = dZﬂermbTaHe at z. and (jlog)'(z.) = f'(stz.)) g’(z.) )

me .

Assume. g'(z.)#u ,_then (z)qég(zg n a V\.eialnborl«ood of 26 .

J
guqmw(te (C%)
lim 3@ - fgen wervks

252 2-~20

liw iq(z)) (D) | 4e)-4@d

252 q4@)-g(z) 2-2e — ©)
= f’(ﬁ(z.))-%'(za (g i3 d‘ﬂ’ at 2z, = g s ek, ak 2,
> &rz‘ 3(:)—%&«.) =o )
When %'('Z.) =o .

f"(s d‘lﬁ at oo.,=3¢zg) = l%l s bounded in @ ned of We
l:f(u):@l <C
wW-We =

> l‘f(acz)) (ﬂ(z.))l sclu-u.,hC(?w-gml wrth  1W=46)

fiae) - Fiaeo) , |a@ - aeo
> 7O A <
l = Clo—==,
l d a3 z-—>7,
o o

& 20 T T = - 2




D@f‘w@om . A fw\chon. ftz) s avmlg‘(‘lc. on the cpan set U "rf f(z) s chﬁerewﬁaue

at each 'Fo‘uvr(-. vf O and the complex devivative £
I J

it continuous on .

1§ [ fact, aw(-oma'(::cqll«a +rue |,

®<‘>(am later.

Ffwe&n-fisanala'bicabaro\vttze,

. wmeans that -Je s amha-hc on_an_opan set covf(:aivﬁvﬁ Zo.

) Camc‘ma -Riemann uwations
Swﬂmse f s &%’exa@a\o\e ac z,,=-x,+"i«a. eC

T(‘L—l—"ua) = (/L("x,la) +"l\l(7(,%)
Aﬂé ‘reiuavemewks on  and v at the -‘»Mt 20

w

A
We bnow  lim Toton-Fed  ousts.
A2->0 az z.-ﬁAg
We consider o ‘Far(:‘lculav divectons :
= Zet o0
2y = lim Fzstad - Fed Re.
XS0 =
= lm UEAHAT )~ Wie g + 1V Gt 8,40 = VEGg)
AXS0 Vas &
= %(x.,'a.) +3 % (‘X.,tao)
S‘nm’\\av\é ,
,(zo) = hW\ +iay - )
Ag-éo ax
=l ACeetag) — Uhted + 1V Glo gt &) ~ Vo))
AX=S50 5
=
= %(’""6“) -3 %‘%(—x.,%.)
% = %\é and % = -%’c at z.eC Ccalled Co«clma -Riemanmn Ealua-b‘.ovs )

'f(z)=f(~z+"ua)=u(u,ta)+ivec,ta) s ol‘v%rew\u\o\e_ ak ze=> W,V sahsfng CR-e‘ih at =,
<



]

LE'b f(z) N %} .ff 240 %1 =%%)— =;_:_ra,_[(x}-3x|3’-)+i(-3fta+(a3)]

o f 2z=0

2

3 2
Z.’%a f (X,la) #(o,0) %_‘é%% f (X,la) #(o,0)
\/(-1,(8) =
(x,1) =(o,0) 136(1,)=(,)
o f |a () o |a o,o

Ex: Show that w,v Sahsf& C’R-ec(” at o.

(A(‘i,l&) = {

However , consider  ax =y =t ond  az:axalan sertt

- Flo+ ettty - oy
“+>o0 ‘t'('"f.b

=-1

consider Az:=ax .

|1M i’t(o-u-ax)--f(o) -

AX>0 &

line _Floxr22) - fio d N st e 1s NoT wliable at. ©.
in PR ces  NST ed i€ f s No d}ﬁm al

aA2Z2s0

""" does NOT lold.

“Theorem :

SwrFuse ‘f(z) =—f(—1+i3) = UGy +itLy s uell-zleﬁwed n_Some o neij\r\\oorkood sf Z. eC
and the st onler partial dervatives ff w and v odst in that negibornosd and
covibinuons  at SN

Ij’ W, v saﬁsfa CR-ez{”a-& e, t4d . then joéze) exsts .

g Let fcz) e = e_"(cog%-»iszma)
then ue,y) - e."cos'a ) vcx,%)ee*s:n.a
Note : U= Ny add Uy == Vo evewawkzre,
and  those. Fa.rl-?al derivctives  are  conbinuwous evenawhexe,

j’(z) s d«ﬁemhaue evenauherz.

' kS
-f(z) = Uxt iV = € (cosy +ising) ef(z) .



2z =2 iz =
Recall : € r< o Sinz e =2
ecall CosS 2= > Qal N = —
Chan Rule
z iz .3
e ,iz are ehﬁ’ everéwkere, = e” K elff everaw\rexe_ % e’ - ie”
- A2 iz _ A
) e e = 3e>
iz _ Az
ﬁdi cosz = = = -Sinz
2

CR-ecr‘ in "Fo'ar coordinates :

ljz 20#0 , then we consider an opan v\e:gb\borhoed 0) af 2o but odU.
V¥ 2eU, z can be es?remed o8 z=ve® e r(cos & +isinG)

f%UQC—N’.‘.

F@- fcre'“’) = WO, B) +1vir, §)

z=§§:§§;§ Ur = UnCOSO+ Uy STn® (u,-)=(CosB sin® )(u,()

Ug = - Uy rSinG + (A.av-cpse -rsSin®  rcos®

Us “y

“32 !aou ble {
Ve = Vx oSO+ Vyysn® (u..‘) (\"-:oSG -Sin® ( U\,.)
Vg ==V rsin® +V.a\r‘cx>59 Uy i YsSin®  cese® ) Ue
Now , Wr = Un COSO+ 4y SNO = VyCOSO ~\p Sin® = L\
u9=-u,¢rsiv\8+u.3v-cpse = - vars‘ms Vg rcos® =-vv,
. CR- 27» wn 'Folar' coordingates :

W=_vae ’ ue‘-'-r\lv‘

; 10
f @) = UtV = e U+

eq Reeall Loj:C\(-co,o] —C
rj’ 2€C (0,01 , z=re® whee r>o , -Tw<B<T
Loj z = (oar + 10
(A(r,S):losr . V(r.8) =8
We. \have =T'_-Ve . Ug=-rVp = Loa is daﬁ? on C\ (-0, 0]

. . 10
f(z) = U+ = Q‘L (W'(-‘-l\/r) = %



§3 |vvbegmls

MO'E'No.‘E'loV\ :
Fundamenstal  Theorem af Caleulus -

l—f f:R — R s a conbtinuous fwr\c‘l‘\vm,'ﬂ\en. F:R->R de'?ned L"a

Feo =£f&)d't 8 a clﬁevmhalde_ 'fw\chow ad  Feo =f6c)
ie. F is an antidenivative cjz -f

Question : Similar  vesule n com,>/e< case ?

|-f f:C—‘*C s a 2? -f,.v\chon,-l'ken. FE:C>C deﬁned b.a_

FC‘Z)(:JZ f&)d‘t ..a dﬁzvewhaue. 'fvmc(ﬁm ad  Fe < f(z)

+toude here ! How o defne. ?

2z

ﬁ “here. are 'lvrﬁv\ﬁe\(a mama_
aurves \‘)o‘m‘mg Zo_and z, !

Zo

1) Contours:

Y is sad +to be an arc u:f Y:I—C s a cortinuous fw/\zhov\_, where T s an irtecval.
l-f- we  write Y&b)=7c(-(:)+iaeb), wheve ’x..(a_‘.:[—ﬂR,

t vat means that = and 4 are. corttinuous .

|vr(:eamL a‘mﬂ Y:Ea,lo] —-C s deﬁv\eel as -follous :

L Yeordt = L xeor + ij:\a(-e)&b

lf A = Xeor+iYet) Such Hat o) = Yy V4e@b) and o 1 continuos on Takld

Gie. Xe=%&) , Yét)=(w)‘t) )
b b
“then L Yeor ot = L 2eorake + iJ:«au:)db
= (R -XLaJ) +1 (Yo - )
= oldb) - Ha)

e,a_ No{e : &(—ieﬁ-’) = e’d.'
i . % %
e ae L [aeMT .o

o ==l "+1




b b b
Blo.we have 1, Yordels [ IYoldt  (Estmcte J, 5odt by a veal wtegeal)
H s -hivial 'l:g- t)’(ﬂd‘t=0.
\y s
Assuime LYwd-t = r.€e° +o
b .
o= L\e"& Yoot
. 1)
=Re .Le' ° Yoo S
R (™ Yewlde  Nete . Re (€™ ¥ < 1€ Yeol - Iveol
b
s b Neolde
b
lj.:Ye(-.sel-tl =Y. s\Lle:)\d'{:.

PAn ac Y is sad 4o be closed lj- Y = ¥eby

An ac Y i sad 40 be a siwcrle ave. , or a_Jordan arc\f Yebd # YeE) ¥V 4+,

BAn ae Y:abl>C is sad 4o be a SMTIQ closed curve , or a Jovdan cuve ,
le Y 1s simrle except Y =Y .

An (opan) are i@ ) —>C 1s sad 4o be cl-.ffe«ew{:aque f %y ab) —R are dffectiable
we wrrke Y& = et +"“ua'&o

j—’w\km, Tt s said o be regqulac 3‘1 Yo o Vte@,b).

Nete : Yeo) = veloc'rﬁa , \mﬂular = Velocﬂ-a is viowzevo at evevg momewst .

Su\Fros.n. Y:(a,b)—C v a differextiabe arc ('Fammcbﬁzaﬂon)

Since [¥eol = ,jedmuua'm:‘,
Lergh cf Y =j:lz'd:)ld+,

Bn are Y:[a,bl] —C s Said to be a contour l'f
I azte<st < <t <tu=b s-t.

YI 1N V‘ejular and YI| 18 covitinuous fw 1=, A

&8 o t)



A

:)—ovda.n_cgml_e Theovem :

.

~

C\Y - DudD, C dﬁc&eivﬂ: Lnion )

‘-DI . D) Q! g dQ I!:Q.iﬂSJ;JMM&MM—‘

1
X

Simple  closed  covrbour
\




T) Cowntour Ivth@mls
Su-raros.o_ Y:labl —C s a contour . Ye&b) = xet) +"ua(-b)
f :C—>C s a :f\mcbion . f&) = :f(1+i(a) = M(ec,ca) +iv(=c,-a)

Then (-f»Y) :a,bl—C , and we wte ua—.)=(j€°‘()ec>= M(wr.(-t-.),ta(-b)) +iv(v(.ﬂ-.),a6(-(-))

= W) +1vee)
Ve - Vet
A (35) n's
A £ |
/YA e SR
&)
a ’t: ’tt-ﬂ b
z-rlane w-]>lane
(Rausl« idea :

Z Fea o2 Calorq ¥)
n
= 12:_"‘ FeNet) - (Fekand - Yiet)
n Y - Yt
- 'Z; (fox)(_(:;) T et (- t1)
Takivxj limit. N0 L

b
= L FeV)ee) - Yoo ot

Fw-Hnermovz, Su’rros.ll “that §°Y s -F'neoe\..ﬁse_ Covrtinuous
e, uek) and VB  are F-ece\.nse corttinuous , we define -the covrtour iv\-(-eaml of jﬂ alonj Y

a8 Hollows j ferdk - f NG 22 SIOMR (0P
e.s. f(z) =-zL . Y = cost +isint =eit Os+t<2IN (unrt civcle )
Yeo - 1t
chz)&; =f=t € . 1™
7
=j° it



10
Ex : f(z)-_--% s <>((-e)=c.'.>s>.e+-i.<.»'iv\'ze=e_zl os0sT (unrt  circle)

Lf(z)dz =2  Pnas: oom
Remark : Contorr ivcfzgral s indern.vxdertﬁ j"’nw\
choice sf ’Favame‘l‘eﬁuﬂon Of dhe  contour.

eq f(z) sk . Y- cost+isint = et oceterm

Yeo - it
jf(z)clz =_('m e—t‘l:ﬁ ’i,e% d‘k
¥ - -H-.
=j° ie "k
R
1,

(nrt  civcle )

- [-1€

=0

Su]:rrusn. IM>o st I:f(‘(ta)lsM Y tela,bl , then we have the fb“ouivg estimate. .

ML - estimate. -

Ij; o | = lj:(on)(-h) e ok |
s_f: [fe¥de - Yoo | ot
- o 1fevel ol
<M. J’: IYeolde

=ML

Q.S. Let ¥ dencte the line Snjmevd: 'fvvwx A 4o L.
Usivﬁ ML - estimate to estimate |SY%|

1
Note : Rl attains min  when z=—.§_—(l+‘l), (\Jka'?)
|
|2|2 E
’ Hﬁ‘s P Vzze¥ M=
L=Jpfer 82

Sy sH-as




L) Cow\clna- G|oursa£ Theorem

Surrosn. C s a ﬁmrle closed cottour which 1s 'Fa.vamefv!'z.:d w 'Fosﬂjve. sense.  (Counterclockuwise)

R 18 the bouwnded clomain  bounded l:ta C.
so C=2R = Ioome\ma o‘f ‘R
let R=RUMR

Sverrosa_ 33 is anainghc on R

ie. anala-l-ic. in_an Opan V\eiahloovkood Covfl'wn‘ws R
% has cortinuous  clerivative.

We. wivtte. f(z.) = u(-x.,-a) +'"w(x.xa) . Yeod = xeb) +"ua<-t>

Then fmdz :f Y - Yerrde

f (e +ivey) -('x.e(:)-nca'&)) ® Green Theorem

= .(a (Mx’-wa') + i +wa') ot 'P(x,ca) . &(x%)
'-P ? O Q‘a Covibinwous  on R

L ferdz - [, k- vely +1 Jevebeaudy = f{Pan&aa - (@.-By A

)

=ER(-VX—M.&)Q‘A+1 k(“'&“"a)dA ® C’R—e7°
-0

Ux = \la + \A.a = -V—&

& Ths S'teF needs the cmtinm‘(ba cf ux,wa,vx,v.&

H can e %mmw(:eed b-a the ar\ala'(:id-ba cf f ,
n Far'(:icu‘ar , the cov\'(:invm‘&g o'f f ‘.

[n facb . we have the same vesult without -the QSSuMFHov\ vf “he. cavr(:iv\uv\'rha o’f f ‘.

Can dua Gowsat Theovem :

(‘f 'f(/\-v{::bon )2 is dfﬁerewbaue_ at  all -Fow\'(‘s dj R (Ge. an open he.‘jwoovl«ooel JQ R)
fordz = 0.




e f(z) 2z, Y« cost+isint e  oOsteIm Cuntt cirdle )
Yo - it

j:‘ f(z)dz = O S‘mcem ?) =2 “cs dﬁerewha‘o\e. e.ve.vawkere i
Veﬂf\as j;f(z)dz =_f° e™ . 1o dt

ST 23k

=\ 1 dt

(-
oy
N

=0

Ex: let f&h-‘z-, Y be the dircle ceutered at 2 wdh radius 1.
Veﬂfa S,f(z)dz =0 ba 6<|>|td‘t CoMFWl‘a‘b\on.

Theorem :

Supposa $ s continers on o domain D (NST necessany o be. Simply comected)

The -fbl(ow‘wﬂ statewents  are ea{mvalent:

1) -jl has an antidevivatve F i D ;

2) the Mkeamls cJQ :f(z) alog covrtours ltéihﬁ ewhrela in D and e;devdins ‘:f\'bm ana
jelxed To\vrl's z, to a.nn -ftxed T»ivd- 2, all have “4he Same value ;

2
Y.

' Sy o - J S

2z

3) the i ls of ftz) alovs any closed  contours lamj ew(:‘«vela D all have

Value_ Zevo.

¥
j‘x _f(Z)&Z = O.



