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N : notwal newkers

extend

é ]Wl'eaevs (. de-Fne. Subtraction )
e
extend @ \’R'Homl V\uw«befs ( de-F‘v\e. di\l‘lslom)
ead'ew:lg

>3 veal numwbers ¢ de-F‘we. Sﬁuave. yost. )
e»d‘evdg

C Cowrr(e& numbers ( de-F‘ne vosts sf L+l=20)
ead'emlg 2

waz
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S 1 Caw‘ﬂe\c Plave  and Elmna Fanctions

1) Review

1=d=1

C: set of all conplec vumbers C={'vc+’ua= %y eRY
Rez «x : veal part sf 2

‘Mz=la : 'lma.aimya ‘Favf(: b‘r z

one. to one coms-romlm

C —>s T
2T ¢

Z =% —> vy
A’ olonnnnn 9

Covwrlex 'F‘a:ve
Le. YeFvesud- a cw»rlex numbay Ba a -Fo‘wb on a 'Flamc.

’Re%avd a real nuwber % as a em«rlox nuwmbor loa thxs X +01

(.. ReC)

Alael:mic c’rmra:ﬁous on C

|f Zi 2 %tig € C ad Zi=%tiy €C . we dlefine
1) Pddrtion 242y = G a) + Uyt i)

2) Subtvaction 2,2y = Cx.—-:ca.)+"t(la|-'a..)

3) M&hrhen&m ZZa = (ita - gogd) + 2 (gt Zayy)

A _ X+ WY < 1 Za = LiYa
4) Diision 22 - ﬁ‘)"’ 1(_'3;;.*_'3;‘1)

FRW:
) Check : l-f 2.2, eRSC , ZitpZa 2 Zitpz. ad oke.
) "va‘»rhes shll Welds 2 2z, teZa 2 Zatez od <te.




Bx : Check Pf 2.22,2y € C
D Asscciative  law 222z = 22D 23
2) Commutative. law 212, = ZaZ,

2 Dislvibaive law 20 (22 = ZZaxZizn

Remark.: Conclnde  all alae\ovn?c stvuctures lo‘a one Statement -

C s a fRed ! CN«JMO@M)

Modwlhs :

’f z=7c+’ua eC |, (’2|=,lx‘+¢a" s called 4he  modulus sf 2

l'f z=x+igec , E=x—ifa eC s called -l-l«e_c»wrlex qui)uﬂaba sf z .

rIm

Z,:’X:(-ig

iz

Ex : Check (Geomdv‘\cal 'W('erwelthon 2)

D 2 -2

A T2z =2+ 2
D T =ZZA

4 Izl
5) Rl - 22

R

6) lZ¢Z:.I = lzllIZ:.l
3) TRez = UTZ

. 2-Z
& Im =z o

2. 2. ."F anel ov\la '\f 2.=|<z,_ "fw Some I:G'R %




—rﬁav\ah .lh?ﬂ\'\alﬂ'g :
l—f 2.z, e C , we have bect sl =

IZ|+2a.‘ < ([zd+lzal 24

‘fwfl'\wmore . the eTv\al'rha holds ’lf and ov\la "f 2z M Za
‘Fw:rf : [z + zzli = (2 +2))EZ)
= "z\l’. + Zli"’zz}. + (21.“.
= [z + YRe (2R + [zl

< [+ 122l + &

'+ 2 zltl + 2l

(fzdclzal)

The equal’d‘g_ holds & TReGZ)= kzz.l
L) Z.Z. €R

— |
© Eew Note: =22 TF

Comrlu ‘Folamm‘-al :

P@ = CotB2+ A7 +—+a2 , 0;eC .

Fundamental  Theovem cf Nﬂel;m
Evevxa Cowplex ‘Fo‘av\m’lc.‘ 'F(z) Sr dearee nzl hes a "ﬁd‘bv?ztﬁon

PR = C (z=2z>" - 22 3™

(Evﬁulng block = lwear -ﬁn:fuvs val«a 2 )

Polar rclwzsm\'nrﬁovx :

Cartesian  coovdmates Polar coovdinates
(x. ta) Cr. o) 1T
Given r,0 (r>o) Civen ., 1y
X = Ycosd { \r-=,]—-;xg-
(taz Ysin® 'tan9=';,&{

X=0, \a<o ,

(l‘f'ac=o,|.a>o, &=L  NoT al:f\vw:l when -&:azo)
0=



2z = 'x+’ua = vy (cosD +1Sin0)

(n "fnd'. LY =1z

We  wyite avraz =0 , called a\au\mev\’(: Sf 2
Rt O 3z detevmined u<[>—e° AT , meZ

AY‘S z FPvlvxc.'rFal mamewb

- < Avaz ST
eq. [zl =
2 B41 arﬂ z = f-§+3m-n i mez’
~ 5 Arjz = :%'
T Re
6

Remarks :

DI 6ey\em|, av32= {Avﬁz+';m'n' : meZ3
Q) o.rj 2 8 a mutivalued "fW\cﬂov\ ,

le. %

wrvrb one. cchF(ex nmber o«xbluxh s a Suksst c'f R nstead Sr a s?v\jle value.

|‘f‘ 2=Y.(cosB,+1snB) e C  and 2= 5(cCosB,+1sinb) e C ,

Bx: 2z.= i (Cos(8,48:) + 1iSin (B4 5))

z

2 "& (cos (8,-82) +:lSiV\(e(—ez))

Hence - arﬁ (Ziza) = arﬁ(z.)+av3 (z2)

aorﬁ ('%_) = arﬂ(z.) - arﬁ(z;\
Caution + Does NST el for ’*'3 ? ka:\'e)
Farthermore - arj(’i) = -ars(z)




) gkeveoavaﬁac ‘—Pw‘)echon
Evevg cov«rlex wambar Can he  viswaleed ags a ']>o‘m+, on a ’P\ay\e_ )

Ancther methed. -

NCo.o, 1)

'Ra%m:\ the. conplex._plare. a3 the xu-plane.
Costact o Ffanchon 0 : C—=P by -
D CGen zextig €€, Jon = and N by a Sheight line )8
2) L s -lhes:rkevz'lP' at a lan'ialue'ro'wv‘:,
thon defire . o ke he image crf = ey
Ex. .
b coordimates gl = (er fj‘ai: ,%‘%ﬂ—)
BACT: 1) (P 15 Injective..
2) lwu.f - PNInNY.
. Evey\é conplex vomber Can ha  wisualized as a ’}>o‘|vrt on a srlm

lvd'erzshna Proparbes

) I-f L is a steigd fre on sty-plane .
Fovrthermore , v:f L passes -Pt«\w»j\r\ +he ovign, xp(l_) s a %mab Civcdle fFoss‘..\j
'meﬂk N

2) Pf T s a Cwle on ‘Zla--rlane, kF(L) s a acle

I+2 + p maps straight. (nes and cicles o %y -plare +o oivcles on P

l)Sumef(s Ns‘:mlelbo.ivt(trvtteelasw

lf we oo so, S\'Ya‘-j«b lines  on ma—Flm should ke vzscm:lo.d as Gevxe.mlizul civcles 'Fassiv\j

kF(L) s a drcle  (uthot N)

"a'\ij\r\ oo W vadius = 4oo.
('Refgv- « Non - Euclidean Gw’cvb)

Nb\atweneedl'we=lwl'err:¢hhmcroo.’




) E(ewew\'avz) Tunctions :

0 E(Fovxewhal 'f\AV\Chovx Q. : (U[; > now , We know  what. e."‘

is Tf ~eR)
e _ '>L+1.3 & @\

4 g
dea: e° - l+8+-%+—(?§+

(
. %veevxm—?rearw(:

i ¥ g% GgY Gl Gy
e}‘a = l-l-’lla + u)é! +% -+ 12,) -+ 12! + .- Y‘&J D ,w\qaiv\awa 'Fa.vb
2 & 5
R A

= e CCos Y= is‘ng)

[in ‘Farﬁc“\av .

10 .
e = cos D +iIsSnO (x=0

F g ®)
( ED\\QV 'S ‘ﬁmula. )

Ex: Peove

2O+ 0 3
DI P |

(Dot ‘fwaet, we. do NST have.

e.z-"w--e:‘-e“ ‘rf z2.weC u\]>‘('s now 2 )

Q) de Moivre's  Theovem (Cos ®+isn®) = Cos WO + iSin nd Rt :)\.s-t (eie)“ e )

= e
24+
) e e . eV
- 5 10
(j’ 2= Yv(cosO+isin®) € C | we can wite as z=\r‘e:l

Rewvisrt ‘r Cowrrlex m\&Hicaba“ :

(-f 2,=7e . . z,_-r,_e . then
1(9.+9:.)
l) 2.2;_- rlrt

i UO-6)
2) ZZ:_ = '?;_Q

(Hwe. Qom?acf‘ "’Fm Z )
Conelusion :  Cartesian  coodinates  works  well -fw + -
Polar  coolinates  works  well -fb-r X, =




How -+ v'lsaal\zg_"lbg_‘ﬁmchw\ wee: ?

(Real casa) (Cm«rbs_ce.sg)

C--C

-f‘TR—’R —f:

Need 4 im 2

/
/\/ mgds.da.f

Tneed 2 clima

P /

—vading = &
Yo S

From -the above lm-f = C° . C\{ol




=1

'2)31»@%

Recall : veal casa
R R ‘6“ “To de-Fv\e “+he  inverse ,
feor= X
- “ake “he od one , ‘njmwe
>
—)fl@o:—.{i “+he a‘ree_v‘ ove. .

Feo =2
Cowtrlm Cose : 'z"=4e.i¥

I}'zé& w=-le(z),z‘ I * (-z)‘-. 4p_t %'
= /\ -

5 |

7%

1
=2e S

= ps

When weeltﬁvw_ the inversa. ( Souare voot) , whidh one we shold —dake

No canonical choose. !

40

lf z=ve® eC*

%%k idea : Az = ¥ e’&- . bust 'Fw\p\em comes !

Note : Trouble above comes -fews 0= a'(jz. s a  mutbivalued -fwcﬁon

le. —take =4, 9=% =z .ler}

sl
3

get the red one
r=4 , ©= .E:'le.i% g=t +Hhe 8«2@\ one.

So‘u'ﬁovw Usivn A‘ﬁz instead cf ar 1A=e
2ol e deoe fo-TRT e
—fx(z)=—f‘2_(€1 =

Recall: - < Araz T



-f, maps C w {Rew=zol fai|aeR ad assl

Main issuwe. : f. s NST contiumons  (at -erls on (-00,0) )

£ Reshict
-f,'-C*\ (-es.0) = C\C0,6] — {w:Rewso} Bvanch csb
Siwilar ffw -f,_ : C\(-0,6] —> fw:Rew<o}
° a
Aho'!:ker 'Fo‘m-t c'f view : / % % \]
"Real case '
f‘ : [o,+00) =R \ i
. . lue +hem
fl .(a[:,-x-oo) R %-[-DSM )
feo-
> = \VAVA'A
’;@0 = sé} ‘f‘fr) \'f ’[>€ \,l
N ’Deﬁvxe. f \/ —TR lma f('r) = ‘f,(T) Y‘f P \'S
e o \-f P=©
CQW‘F\Qx case %/
w =
J / /// . P /
| /
N/ /
z-‘r(ane
w=Ae
/ /// . T

Similar  construction  as real

NNY NN\
T ki



What is +the vesut 2

W\(A"H\Ia‘bs.v.d ’fl«v«dhov\ C d.e NG\"mvﬁ)
bat NST < ':F»\Chon Ccan oo V\GH'\*»D)

los*ws '-wfmmrhon
T Llﬂ' ensa 4+ do

‘ake a.\.ma Sowe

) v
O \Yj O
l\lo loss c'f 1beﬂmdl"ow,
e bt havd 4o constuct

2) The QM%CQ covstructed B coll 2 “Riemann  Suwface (‘fbr &Z)
[dea : Different “Riemann Sw'fnczs SMWQ\’E dk‘rrexe.w(: —f.«v\c\'iw\?.

Lock at "fmd'lov\s —E\/-—? (M (OR n SMTQ‘ , d:ﬁevemha[ -fwws,
g

Vector bw‘J(es, cechong )

Tvadeo‘f(!

ili

Know’wj %eowi\v\a_ / —l'vrolojna_ Gf \.
(Riewmanmnian Gemd'tj)



3) LoOav‘l‘H‘\m Frnction
§ z- ve?® e C* TR
|032= los\rej's = loj‘/\’+ [oseie = log r +41B
¢ 1 .
W C 'de-eml Pvctl-em\

H %\fﬂeﬁs ws 1o ds:f?v\n.,fbv ZGCF,
lo\jz= lcijlzh'iarjz = lcijlz(+iAv32.+1m'tri

which s a wmuttivalued 'ﬁmcl'lon.
l«)-'ﬁz):loa‘z ]
Awz
I

z= Yékﬂz
Iz
AV‘\’- R P

. me2

S Ioﬁl’zl-ri Av =AML
*

[oSl‘Z\ + Avj =

= pine

Pﬁdm , o jet a lhhonest ‘ﬁmchovx
Loj s . T<lmwsTl

Riemann Sw’face. >

VA 7 //-l/ /

rReSul'blng 'Rie.mam Sv\rface. H

eh:ﬁv\eel L:D L.032 = [c:ﬁlzl+:lAv32

Let -fm'- C*— i T+ lmws T+t mez




2) Power Fanction

l o
In veal case , «* =e 37 . e."d"j"t ) —'fw =, ol eR

K s«meﬂx ws dzﬁm.x
Ij—’ 2eC , zeC*, we defln
Z°L=eollu3'z

) eg([loj i+ ’tArﬂ Z + 2w ]

mez
dLoaz + WWimelt

= & Lbs

a3 a wuthivalued 'fwr\d'?ov\ .

93
%wb?fdez ., then QT“MI-I

= dhe val = NO lonae,\’ Ql:."::mckvxs on
= lhonest ‘ﬁ\vxck‘\ov\

OR. ~take a brawdh ax and eh:ﬁv\.o..

'f"\: C\To,-n) - C dﬂ-‘%‘md b'a _Tm(z) } eolLosz+'IRMell

e 'i.i e’t|oai
S ei[losltl-\-’lhwﬁi-emi]

= mez
. ei((oﬁ(-«- T3 +2wwl)
- e—(‘»wt-—-'s_‘m
-1 ~Ole-
Slm‘nlar((a , 1 = e Gk-2om kez
1

- ==t )

S - Foao= |

Ahebmkc vules do NST «Wl-g +o Powec -fw\chov\s when -l‘naa ae  nmwttivalued .




L) Tviaomeme:\v?c Functions

PN

0 .
ln veal case , e = CosS® +ismb
T .
e = Cos® -1ismd —’fu D eR.
eie e-i.e eie Q-ie
+ . -
> cosb: —x and  SinB= —
1o Sufﬂes-{:s ws —te le:ﬁu
I'f zeC, we dﬂﬁvu.
e‘t +Q-'iz eiz e-'iz
cosz= — = — and Sin__ = =
Exe.vds:z_'- 'onve
1) cos(-2) =cosz ond  Sin(2) =-Snz ,zeC
Q) cosz+MM)=cosz  ond  Sin(zZ+IT =Sz . zeC
2) coffz+Sinz =1 ., 2eC
4) cos(z+w)= coszcosw - Sinzsinw,  2z,wed
Sin (24+W) = SN2 cosW) = CoSZ S, z2.wed
XY L4
prosfof %) : : :
iz A=z W -iw 2 Az W AW
st e +e e +e e -2 e -2
CoSZCosw - Stnzsinw = = = = =
2+w)  Alzewd)
< & ¥ _ cosCzrw)



82 Awalg\’lc. Banctions
1) |wit and (lwﬁnmr\-a

l—f {ssteR ., fsa1 converes o seR rj

¥eso, aNeN sgt. [S.-Sl<2 Yz . danstad L.a vll;v.us,\-s

A\:S. Valu& = st

Smlarlca, rf {stsCc , fsa Sonveres to el ‘rf

Yeso, aNeN st. [sa-sl<g ¥Vazn , donsted ka v'l!;v\wS.\-S

w\odv\lvs = dﬁf\'

Alje\ovmc vules :

lf fsl.fedcC |, lim Sues ond fm tu=t , then
D lm Saxtn = S ++€
=500

) lwm Scta = St
=500

ShoL 2
S &0

132 $RoR = a fnchon f has a lwt Le®R at %R 1}°

¥ eso , T8> k. l—f(vo-l_ki whanever o< -x.l<$§

doveted \:3 ‘Ji:\’“'ft:ovl_.

S‘m\lqrha, !f -f=€—»(f‘. B a ‘ﬁw\thon, f hos a lwit | e@ ot z.eC 'lf

¥V eso ,IE>0 st. l—fc—a—Lki whanever  o<|z-2l<$

dovneted \:8 zliv_:\z°"j‘,ﬁz> = L.

Alsdom’tc vules :

l-f f.g:C=>C , fm fo-l ad fin gm-M ., then
0 ,'rz. f(z)ij(z) =l +M
2) lm ‘ftz)stz) = LM

_L"_v:\z‘ jtz) ’Tq ’jMfo




Let -ffk—ﬂk (frC=C> ke a fucton,
-f s said 4o be cosbmuows ab xoeTR Cz.eC)T-f

Jimfeo <o Ch fer < feo)

O hwt «ass  |[©# A ww?zé

@-\’ma eT.al

Resuvike :
-f 18 Said t be contimwens ab z,e C T'f

YV €50 ,3I8>0 st I—f(z)-—f(zbl<£ whonever  |z-2.l<$

Le't 'fﬂkm—?lkﬂ be a ‘ﬁ«nd‘lon s d,tf\v(fﬂon Sf finat / cowﬁﬂwfrha B4
lf SACTEECIVIETS (C R SV IMRIEIR (C SR S B S W=k, (sisn

Sw.(avl% . -:f j’=<r;—’c . uo--‘f(z)
Z='Z+‘ila_ = W= Y
We wite  Fr= fein) = uttp+ivey \oa fezrmhvj u: R—R
FACT:
l-f Zeszetiyo € C
D lim Fe = uerive fand oy i b Ut sUe and Ve =

Z9520 (x.'a) —-(:..nag) (""@ am,\ao)

2) -f(z) IS conbinnons ot Zo T-f and cm\v.a T-f u ond v are conbnuwous at cxo,(aa)

i A
"= lek 250, 38,8 50 ¢
[u(*ma)—uo|< < 'rf 0<|(1.'3)-(-x°,‘6.)l=nf(x_—xma-_«ao);< S
(V(ﬁt.‘a)— Ll<$ rf o < | Gig - Groged | = dxT g g < S
Take $-wi {8 8350, dhen T lz-zal = |oeadaily-gol = docS+ipy < 8
[ 4@ - et | = |Lintp-ud +1lvexep v
S lu(x.%)—u.|+(\l(x.‘a)—\1,|
<E+E _¢

2 2

= BExevdse



6.3. Let ‘f‘-Q—’C d.cﬁwed 53 f(z) =z
Wyite. Z=‘7L+"ua_ . f(’x-\-’ua) = (-x-ﬁ.‘a)l = (i‘-ta" )-l-i(Zma) -j’(zs IS cortiaumous  ab

,t Cortiitaomg = €V€V3 ‘Folﬁb m C .
L'IlM.'rfS lV\vo‘\ﬂv\S +he. Powk at oo

D lim —f(z) - >

292

- ~>
[©) zhg\wf(z) = \We

2o
l X k)=-f(z) N\~ Hard o wnderstand
< R /—\ - N >

| \l-/ C.o\/\ve,nje_ to oo ?

l) g—\-avzﬁath\c

. ii "Fvw:)ecﬁov\
@ -Dz‘%vd"ﬁov\ :
l = ' o ) <. + T <lz-2l<
zivg.je(i) © Tf 20 , I &> st l—-'f(zv(>§: rr o<lz-2l<
S ey

2. I%:z_,lcf- ‘“’3‘

o fm e of adodg ol 35,00

@ Dehrbion -
lim —‘f(-zsawo !f Y e>o0 ., I 850 k. l-f(zswooki rf lzl>—lg—

2> 00
ie. O< (—él <3

Q\“erloav_ \ona =
. |f(—‘z-)-w°l<?_ rf o<lzl<g§

L LR foad odyg o fm fe <1



gi' Fd |‘|, 2~
200 2+

b 22 L f, 28T f dsTe o
200 Z+| 2o @)+l 2o |x2
Cqmb'me D ad & : ‘-Drfivﬂﬁou .
b -?tz) o T Yeso. 3 Sso st [Fl > &+ L z\ >~
200 Y J J (S J )

and L :fmng I!‘:and onln Tf L =L
208 1 e O




