
Solution to Homework 3, MMAT5000

by YU, Rongfeng

(1) Proof: Let (X1, ρ1), (X2, ρ2) be metric spaces. Define X = X1 ×X2 and ρE , ρmax, ρsum :
X ×X → R by:

ρE((x1, x2), (y1, y2)) =
√
ρ21(x1, y1) + ρ22(x2, y2),

ρmax((x1, x2), (y1, y2)) = max{ρ1(x1, y1), ρ2(x2, y2)},

ρsum((x1, x2), (y1, y2)) = ρ1(x1, y1) + ρ2(x2, y2).

For all (x, y) ∈ X, we have

ρmax(x, y) ≤ ρE(x, y) ≤ ρsum(x, y) ≤ 2ρmax(x, y).

– For each U ∈ TρE : ∀(x1, x2) ∈ U, ∃δ > 0, such that (y1, y2) ∈ U whenever
(y1, y2) ∈ X and ρE((x1, x2), (y1, y2)) < δ. For such (x1, x2) ∈ U, ∃δ1 = δ > 0,
if ρsum((x1, x2), (y1, y2)) < δ1, then ρE((x1, x2), (y1, y2)) ≤ ρsum((x1, x2), (y1, y2)) <
δ1 = δ, and hence (y1, y2) ∈ U. In other words, ∀(x1, x2) ∈ U, ∃δ1 > 0 such that
(y1, y2) ∈ U whenever (y1, y2) ∈ X and ρsum((x1, x2), (y1, y2)) < δ1. This implies that
U ∈ Tρsum , and therefore TρE ⊆ Tρsum .

– For each U ∈ Tρsum : ∀(x1, x2) ∈ U, ∃δ > 0, such that (y1, y2) ∈ U whenever
(y1, y2) ∈ X and ρsum((x1, x2), (y1, y2)) < δ. For such (x1, x2) ∈ U, ∃δ2 = δ

2 > 0, if
ρmax((x1, x2), (y1, y2)) < δ2, then ρsum((x1, x2), (y1, y2)) ≤ 2ρmax((x1, x2), (y1, y2)) <
2δ2 = δ, and hence (y1, y2) ∈ U. In other words, ∀(x1, x2) ∈ U, ∃δ2 > 0 such that
(y1, y2) ∈ U whenever (y1, y2) ∈ X and ρmax((x1, x2), (y1, y2)) < δ2. This implies that
U ∈ Tρmax , and therefore Tρsum ⊆ Tρmax .

– For each U ∈ Tρmax : ∀(x1, x2) ∈ U, ∃δ > 0, such that (y1, y2) ∈ U whenever
(y1, y2) ∈ X and ρmax((x1, x2), (y1, y2)) < δ. For such (x1, x2) ∈ U, ∃δ3 = δ > 0,
if ρE((x1, x2), (y1, y2)) < δ3, then ρmax((x1, x2), (y1, y2)) ≤ ρE((x1, x2), (y1, y2)) <
δ3 = δ, and hence (y1, y2) ∈ U. In other words, ∀(x1, x2) ∈ U, ∃δ3 > 0 such that
(y1, y2) ∈ U whenever (y1, y2) ∈ X and ρE((x1, x2), (y1, y2)) < δ3. This implies that
U ∈ TρE , and therefore Tρmax ⊆ TρE .

Therefore, we have TρE = Tρsum = Tρmax .

(2) Proof: “ ⇒ ” If (T) − lim
n→∞

xn = x, then for each L ∈ T satisfying x ∈ L, there exists

N ∈ N such that xn ∈ L whenever n ≥ N. For any ε > 0, let Lε(x) = {y ∈ X|ρj(y, x) <

ε, j = E,max or sum}. Lε(x) ∈ T (In fact, for ∀z ∈ Lε(x), ∃δ =
ε− ρj(z, x)

2
> 0

such that w ∈ Lε(x) whenever w ∈ X and ρj(w, z) < δ) and x ∈ Lε(x), so there exists
N ∈ N such that xn ∈ Lε(x)(i.e. ρj(xn, x) < ε) whenever n ≥ N. This implies that
(ρj)− lim

n→∞
xn = x, j = E, max or sum.

“⇐ ” Conversely, suppose (ρj)− lim
n→∞

xn = x (j = E, max or sum). For any ε > 0, there

exists N ∈ N such that ρj(xn, x) < ε when n ≥ N . So for each L ∈ T satisfying x ∈ L,
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there exists δ > 0 such that ρj(xn, x) < δ for some N ∈ N. This implies that xn ∈ L for
n ≥ N with some N ∈ N, and hence (T)− lim

n→∞
xn = x.

(3) Proof: “ ⇒ ” Suppose f is (T −R)-continuous at x ∈ X. For any ε > 0, set Mεf(x) =
{y ∈ R|σ(y, f(x)) < ε}, then Mεf(x) ∈ R (In fact, for each z ∈ Mεf(x), there is δ =
ε−σ(f(x),z)

2 > 0 such that w ∈ Mεf(x) whenever w ∈ R and σ(w, z) < δ) and f(x) ∈
Mεf(x). Since f is (T−R)− continuous at x, there is L ∈ T such that x ∈ L and f(L) ⊂
Mεf(x). By the definition of T, there is δ > 0 such that y ∈ L whenever ρj(y, x) < δ.
Since f(L) ⊂ Mεf(x), we have σ(f(y), f(x)) < ε whenever ρj(y, x) < δ. Therefore, f is
(ρj − σ)-continuous at x ∈ X, where j = E, max or sum.

“⇐ ” Conversely, suppose f is (ρj − σ)-continuous at x ∈ X, where j = E, max or sum.
For any ε > 0, there exists δ > 0 such that σ(f(y), f(x)) < ε whenever ρj(y, x) < δ. So for
each M ∈ R satisfying f(x) ∈M, we have σ(f(y), f(x)) < ε whenever ρj(y, x) < δ. By the
definition of R, we have f(y) ∈ M whenever ρj(y, x) < δ. Set Lδ(x) = {y ∈ X|ρj(y, x) <
δ, j = E,max or sum}, then Lδ(x) ∈ T, x ∈ Lδ(x) and f(Lδ(x)) ⊂ M. Hence we have
for each M ∈ R satisfying f(x) ∈ M, there is Lδ(x) ∈ T such that x ∈ Lδ(x) and
f(Lδ(x)) ⊂M. Therefore f is (T−R)-continuous at x ∈ X.

(5) Solution: A subset of the metric space (R, ρ) is compact if and only if the subset has finite
elements. If a subset A of metric space (R, ρ) has infinite many elements, then it is not
totally bounded, since for ε = 0.5, Bε(x) = {y ∈ R : ρ(y, x) < ε} covers only one element
x ∈ R, and we could not find finite {x1, x2, · · · , xn}(n ∈ N) such that A ⊂

⋃
1≤k≤nBε(xk).

So A is not compact.

If a subset A has finite elements, say A = {x1, x2, · · · , xn}(n ∈ N), then it is totally bound-
ed, since for any ε > 0, we have A ⊂

⋃
1≤k≤nBε(xk). Moreover, it is closed. Therefore, it

is compact.
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