Solution to Homework 3, MMAT5000

by YU, Rongfeng

(1) Proof: Let (X1, p1), (X2, p2) be metric spaces. Define X = X7 x X5 and pg, pmax; Psum :
X x X — R by:

p((1,22), (1, 92)) = \/ A1, 1) + P32, o),
pmax((xla x2)7 (yl, y2)) = maX{pl (51717 y1)> ,02(1‘2, 92)}7

Psum((T1,72), (y1,92)) = p1(x1,91) + p2(T2,Y2).
For all (z,y) € X, we have

Pmax(Z, ) < pE(2,Y) < psum (T, y) < 2pmax(T,y)-

— For each U € %,, : V(x1,22) € U, 30 > 0, such that (y;,y2) € U whenever
(y1,y2) € X and pgp((r1,22), (y1,92)) < 4. For such (x1,29) € U, 361 = 6 > 0,
if psum((‘rl?mQ)v (ylva)) < 517 then pE(($17‘r2)7 (ylva)) < psum((x17x2)7 (y17y2)) <
91 = 4, and hence (y1,y2) € U. In other words, V(x1,22) € U, 391 > 0 such that
(y1,92) € U whenever (y1,y2) € X and psum((x1, 22), (Y1, y2)) < 01. This implies that
U e€%,,.., and therefore T, C T

— For each U € %, : V(x1,22) € U, 3§ > 0, such that (y1,y2) € U whenever
(y1,y2) € X and psum((z1,22), (y1,¥2)) < 0. For such (z1,22) € U, 302 = g > 0, if
,Omax((xlal?), (ybyZ)) < 03, then psum((l‘lax2)7 (ylny)) < 2pmax(($1a$2)v (y17y2)) <
255 = ¢, and hence (y1,y2) € U. In other words, V(z1,2z2) € U, 32 > 0 such that
(y1,y2) € U whenever (y1,y2) € X and pmax((21,22), (¥1,y2)) < d2. This implies that

U € %,,..., and therefore T c%
— For each U € ¥ : V(z1,22) € U, 36 > 0, such that (y1,y2) € U whenever

Pmax
(y1,y2) € X and pmax((21,22), (y1,y2)) < d. For such (x1,29) € U, 393 = § > 0,
if pe((z1,22), (y1,92)) < 83, then pmax((z1,22), (y1,92)) < pe((21,22), (V1,92)) <
d3 = 9, and hence (y1,y2) € U. In other words, V(x1,22) € U, 393 > 0 such that
(y1,y2) € U whenever (y1,y2) € X and pg((x1,z2), (y1,y2)) < d3. This implies that
U € %,,, and therefore ¥ C%p-

Psum *

Psum Pmax *

Pmax

Therefore, we have T,, =% =%

sum Pmax *

(2) Proof: “ =" If (¥) — lim x, = z, then for each L € ¥ satisfying x € L, there exists

n—oo

N € N such that z,, € L whenever n > N. For any € > 0, let L.(z) = {y € X|p;(y,x) <

g, j = E,max or sum}. L.(z) € ¥ (In fact, for Vz € L.(z), 30 = £ piz) > 0
such that w € L.(z) whenever w € X and pj(w,z) < 0) and x € L.(z), so there exists
N € N such that z, € L.(z)(i.e. pj(zn,z) < €) whenever n > N. This implies that
(pj) — lim x, =z, j = E, max or sum.

n— o0
“ <7 Conversely, suppose (p;) — nhﬁn;() xn, =z (j = F, max or sum). For any ¢ > 0, there

exists N € N such that p;(zy,x) < € when n > N. So for each L € ¥ satisfying z € L,



there exists 6 > 0 such that p;(xy,x) < § for some N € N. This implies that z,, € L for
n > N with some N € N, and hence (%) — li_)rn Ty = .
n—oo

Proof: “ =7 Suppose f is (T — R)-continuous at z € X. For any ¢ > 0, set M. f(z) =
{y € Rlo(y, f(x)) < e}, then M.f(z) € R (In fact, for each z € M.f(z), there is § =
M > 0 such that w € M, f(xz) whenever w € R and o(w,2) < ) and f(x)
M. f(x). Since f is (T — R)— continuous at z, there is L € T such that x € L and f(L
M. f(z). By the definition of ¥, there is 6 > 0 such that y € L whenever p;(y,z) <
Since f(L) C M.f(x), we have o(f(y), f(z)) < € whenever p;(y,z) < d. Therefore, f is
(pj — o)-continuous at € X, where j = E/, max or sum.

SN m

“ <7 Conversely, suppose f is (pj — 0)-continuous at € X, where j = E, max or sum.
For any € > 0, there exists § > 0 such that o(f(y), f(x)) < € whenever p;(y,z) < d. So for
each M € R satisfying f(x) € M, we have o(f(y), f(x)) < € whenever p;(y,x) < é. By the
definition of R, we have f(y) € M whenever p;(y,z) < 0. Set Ls(z) = {y € X|p;(y,z) <
d, j = E,max or sum}, then Ls(z) € T, © € Ls(x) and f(Ls(x)) C M. Hence we have
for each M € R satisfying f(z) € M, there is Ls(z) € T such that © € Ls(z) and
f(Ls(x)) € M. Therefore f is (T — fR)-continuous at z € X.

Solution: A subset of the metric space (R, p) is compact if and only if the subset has finite
elements. If a subset A of metric space (R, p) has infinite many elements, then it is not
totally bounded, since for e = 0.5, B.(z) = {y € R: p(y,z) < €} covers only one element
x € R, and we could not find finite {z1,x2, - , 2, }(n € N) such that A C (J;<4<,, Be (k).
So A is not compact. -

If a subset A has finite elements, say A = {z1, 2, -+ , 2, }(n € N), then it is totally bound-
ed, since for any € > 0, we have A C (J;<4<,, B:(xk). Moreover, it is closed. Therefore, it
is compact.



