EVC" m Q COWPlﬁ Mthc A?aa, & bounded
closed Se‘l' need net be coluw{" For dep’e )

with X=IN, the (dircrele) metric p considered
n Exurle(v on pIl.i makes N & confle'(i
metric spacs, N tself io bounded and closed
but non-eompact ( because the papnct (n), ¢y

dornst fave a convergeil aubsepuina as
f(m,n)r,'- whenever ms£n ), To presest o
qwali»a'('ion o} Heive -Borel Thesrem, we
need total bMeJmm A aubset A Of'd
mefne Apﬁa’c‘c{f)b tally baunded o foreach

650, 9 1%,%, s Xn}c X ( neN) auch
‘d\dt A c U Bg("h)-,'

[&hgn | |
Cleu(g A i» bowded »0{ A v {otally bounded

Jnit the converse 0 false un genersd (eomsiby

(N, ) above),@u fo RP.

(&)




Thin28 Let (X, f) be a complet metric
Rpoce, axd ACX. Then A b0 compalt iff
A & closed and tetally bounded, '

Pt (=) Suppose A & compadt, By Fropl9, A
W closed. To see that A & ‘6’0‘('4[5 bounded , we
Aurpose the c«mfrary and construct @ sequenca
i A which does net Jave a convergedt sufse-
%ma Thue, g g50 Auck that 7("" 24ch Mell\/fw
sy s sl 12,7, 20}CX, AE L BB,
So A:f.:cﬁ ond We m&y thoose mt,.fm'@, ;,e A,
A, A B ), A\B ) ¢ and we choose
%, € Al B, (). Thew fxi,%) ZE. Inc(uéf.vel:,

for on sfeger N33, we pich Xy € A\ Uﬁ(xﬁ)
—hew P (Zn, % )2 ¢ fo A da=li2,0, n-l Obwmb
(x")m s A, dut (%) dots nst Aave 4

[N 0«.‘(7 WP‘M& T[M Y, mpmlﬂn ‘()QCMA
v m‘md’ A & totally bounded.

(D




(&) Auppose A i totaly bounded and clowed. To see
that A ws amp“f, (it (8n)ney be a sequsna wh
aud we W phow thé€ (an) har Caudhy b
a ( then by the eonl,lefenm of X and He
A, this Mfevma eonverdes 1o

A=A, n=4. Decouan

R4
¢losednam &
on element of A), Densk:

A, in totally bounded, 3 19,92, 58m} X (men)

ik that AS Q B (34 . Thue 3 he{tilyitd

puch tht {neN: Gné AN B(p)} 0o tifinite, Define
= A 0B

and ckqu »n,elN auch rhat 4»,‘/4: and N >Hh,,

Being & Aubset of A, (which is tetally bounded), A, s |

also tetally bouuded. By an arqument aundar T the
above, I peX auch that {neN: a,,eA,nB%(;.,»}

W Min}fc . Defive

A = A By
| Procead L;tlm‘fiwly’

and hoose %m, :
Ahok 0y €A
oy N D




N: d,e ) NB tp,
0 %o;ﬁ %P ) }

) L;"fiﬂ.&,s dedine
Ag= Py N By, (Po)

aa @:4 am( ", > k”

and choose n e IN M‘!

}é ( %fl ) Wi‘@ feLe

Then ¥ ke, 'g‘. %y € A ”.;; = Ay

j;& , g{m ,foy a&QjJ'?lz

f(d,y) ,)<f(“n A’Q*Flﬁ,r f&)
< /g + & Z/k

It %ﬂows MA— (an i€ IN n Caudejl MA /@
are done,

. 8

Cor, A metric ppace s eompact L&ﬁ- & o complete
aml 'Eot‘au.j bounded.

Laf (X, f) be & metne Apace . A cm‘fmdf‘rm

o)‘ X Lo & wmaping £ x-—->>< auch that fer
ot & €(0,1),

(;) P (&, Jw)& £ P(Y)

to o8 %,y € X, Nole thit in goneral, we camnd

£ o0ve

-
S




replace (k) by

Pfe0, Fu) < ploy) whensmy xdy dX.
Fov axomple, (et X= (0)%) with the ueual metne , and
£: XoX; x 1o x",;, Then H"")'f@”‘,x'ﬂ whenerer
Xty )(,',M 'dwe does net axt ke (o) auch tat
B) o Addisfied, Moreover, thae doer net st x €X' suck
that f()=x. |

Thm.23 Let (X,P) be a compléle metric space,
ond £: X=X be a contmction. Then

(i) fﬂ avery x €X, 'F("’(t)='f'°f°'~°f (%) convenpus
5 an element p wmX (a ".’;gﬂm

(it $(p=p, |
Gii) 4 wu'zwz (4ndependent of x),
P Dendlt X,=x. For cach nelN, define
xn= ‘F(m ( :t),
“Then I,,:f-(x”.,),
Pt T P00, $002) P (1 %) ()
S {:f(xﬂd 1 Xpa) &
€ A" P (%)),




Choose N éfN ﬁ""‘g‘ that

) <€ .
"_k f(xo :

Then dov ol m, 0 elN Mngy nam2N,

et

f(xm,xn) < Jgf(xm‘r_, ’ xm«lg-v-t)

Nl mé

" Wotef
S : kPR, %)= £ f(:g,x,).Z'{z’
.,:O 120

& ' ip Plor<e.
T (Xa) o Caudhy . Becawe (X,£) 10 complete, (,)
eonverges T some alement , day P, do X, Becaua
£ codinuass, Xpy =5E,) = $¢) (4 ndow),
Because mem =Xy =p, p=fp, ,AmLap

<) 0

y u,mbm because 4 3= 4$4), geX, thau
PUpg) = PP, FEN< R P (13,

(1=-4) PP < 0,
PihpI=0 (v he(GN) and p=§.




Than 11 (Picard’s thearem)
Suppose that F: R>R o wwh'nuous and that for

some real positive constont number L,
| Fty -Fly?] € L1y-9']
L&
for all y,y’€eR. 71'  there aust Te (0,00) and & i
fundion y: [rt] > R auch that y & differestiable

on [FT,t) and satis{ies
Yyt = = F (yow) , x€ [-5t]
{ 9(0) = 90

s Arli'('mr;(" choose T € (0, L"), Define T: ¢, (F5t), R)
— G, ([‘i't]) R). 1 T§), where

X
T )= Y, + 5 Flje)do, x€[T7l,

Note that tndeed T e Cb ( [T, ‘C] !R) (e9. by confmm", &)
/gzmz\




of Fof and theconpudoas o EV2], F[$(totd)] & bounded )
Now, for oll £ 9¢€ Cb ([—-c,-c_]) [R)'
” T(f)"T(g)n == A.uri ' J:[FG‘-Q))—F(gw)] do I : X€ -'C,t]}

£ N‘PZ l j:Ithw)-F(gm)] M’: xe [oel}
< M{ L U:Hw'ﬂwl da, : XE [—-t,t]}

L lI§-oll swpflxl : xelTelf
L -9

Becaue TL <L, T v a contraction on the

Cb([-t,'t] ;%IR) . By Banach’s foxed point theorem, there
-

I“”‘i"t‘ a?‘ ?““‘A P"i"ti of T Cb( [-%,%]; IR), e
e G (LTl R) =C([-5t]) auch that

<

BM&J‘ SP«MQ

f = T(f')‘
or f) =y + sz(f-w) dr , x€[-t,T]
o

whidh Emlies thet £ O differentiable on [-1,T] and
foo= F(fom), xe[-tc],

and $0)= Y, . =
Thir proves the theorem . B




