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" For o proof of thir theorem (basing on the
order comple’mms)‘ we observe the {ollouhy.-

(" A Cauck\tj M?)uence M Bounded

Mn) N
(2) If o Cauckg anquence, :;'4 a convergent

| Aubnn?fueme (Gn ey » thon (a,) &

~ convergent

(Ol by o Ol

elN am& n, < w,-}ureveryhem)

3 1 [a, b, 1 > [a, b Ja~-~a[an, b,]2[a,., b,,]>

Gnd u&- LM (b,. Gn)-O 'ﬁ\ﬁn %ere Emsts

T ha3e0
&Y&lt% one @:omt S wsﬂd\ 5@!90\)35 to all [an b]

nelN. (Thir anvelves the ord@r comP!etmw)

(real) |
@ Any bounded M?ueme s a con verggnt

/wbm%wenge [Tha & laard fe Preve ]




Below we give proofs of (» osd (4),
A Let (Gn ), be o converget subsequence of
\ CM!“:) prquehce (Gndpepy - Let £>0, and fot X betbe

Lmt of (Gn)yen. Then

(#R) 3N€IN auch Tthat lan'a,,’(;_g whenever np2N,
) 3 K €[N auch that }a,,h-z‘k.;_ whenever £ 2K,

Let A €N be wsch Tht 4, 2K and n, 3N
Then, Jor N2 N,
|on-2] € lan-a,\ﬁh]a%.-;u |

¢k
|an‘-Q\<£ whenever N ZN.

Lr L (byowam)=t.

(an)“w converges to L.

| real -
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Aunch that
[‘%;h] [t b ]2 "2 a4, b ] D[t by ]2
W v v v
n ” “ne Mo

ond bh-ah=-zlk-_r(b,-a,), for o8 kel . |
According 1 (3), fit 3¢ [Gy, bel for o heN. Then

cleardy .
| Cu- 3| € b8y oo a8 &€V,

Tt follows thet  Lum Cny =3

Altmna;‘:ivc Emﬁ of Thin 4
Smm (Gp) & Couchy, INEN duch Hat
|G-y | <1 Wty 2N,

e 6,1 on < byt o NN, Let Me(00)
LCMDI\ f‘La‘f ﬁ,,az,‘ IaN -1, N , aN'Hé[MMJ

Thon {aaineN}CEMMI
® LEaz-M, h=M, m=!. Lt T=[a, Tiarh, I,=[§(a.+la> b1, 143 u-f-mtel, man,n
auch that Cne Lo, Jot [0, 8121, ; otherwise, let [a, b= T,. Let neIN be
anch that non, and Cpy ¢ [d¢ b, ] (ﬂm}wi ble, because J infinitely many n
awch ﬂw\f Cn € [G2) b.l]).




| Defwe S =-{/J.G[-M,HJ= '{WGIN: anan} 1 M\fmt(a]
Then -ME€S ond S v bounded obove by M. By e ovder
CMPthem of R, Jot b= oupS. |

We cluin Hhat Oy =b. To his oad, et 250, Then

0 (Gn) ¥ & Counchy ,mauma,
iy 3N, €N mek et |47 nl< 5 o B0 2N, |

oy b= mS, brldS, {neN: Gn2 prd ) w0 {r**"*%

(i) IN, €N ok K Ny 2N, and
| G, < btE wkwmn;l\!3;

ao b= apS, 1 4peS (ie {nen: By 3 4o} 40 Lufinds) aatis-

e 3
“slﬂy Ao> b"'z )
w 3 N?N} Mt}\ ﬂxc:\‘ b—%—( <Av$)a~ Bﬂ(fl')
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' Ld §: A=B, where A, D are non-emply subsels
of R, Let x, ¢ R be Auch *hat for o 850, |
(%-5, x,+5dN A+ &

Such an X, o called a point Ac/osurev L A, (s
requreiment on X, io t5 wake o following abfm:l:ou

meaning full.) |

Def Lt £, A B % be o aLove and bt AR,

Thon we aty that £ onvesges B L s X commgs
B %o, i tymbl " $00 20 0 x=%" or A..fw-g"
% o wdh 220, toe b S50 suck ot
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what |
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Suppose A o not bowxéec( above (MR, e a wL'-
set of R). Then we wrike f(:c) 2 ¢R i the cone;/odn

X 0

cmuh’mh wuk (IOX xdi-A') rerlacoé l’}j (& ), Lo SMIQJ.
Si MQa we Ae{me ,Qw-f(z)- RER | cana A 1o

vw'(: bo‘md@ﬁ Aefowd .
we Aave Hun 2 prop S:MQM'@ Hose Q ‘““Q

For examrleg of Limib, Please read Recdung Material2

up loaded in our lomepage.
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We cmsider some examplos.
é&.ﬂl Let €20, ond Lt M= M“x{ 3% } Then

for every n 2N,

n
+3:.3 .
nt 1-2-3 (n—e)n T2 zn
<21
Henee, . 3" \mfi'

Ex2 L cel01], and Gt a noguence (4n)

be defined bg

2
BI ey H'?- x-,_g, y,-x zyz; lgml_x"%gn‘

AS shown m Ex. 8 p4, Rea&inj Mafknaﬂz we

Aave {04 Une[o x] 32“‘*! Yonet ) 92,n 3zn+z ) Uzywﬂzn—l) |
k) 0§ Y,&Yg € " S dn < 9""” S }
e & Yap € Yy $T GBS YEX

(8) (i |
Y %'zn—l g_’;‘g Hm",q—-l-i-ﬁ;{r—m&? }

wWe now alow that (8) M’(’ﬁ an aﬁi:umiwe wethad
UAing fhe ¢-N Aef:mhén oj.aﬂw.t To fttw.%A M—




oA = w‘éw{%m" 65?\5} = ﬁ“’?égw ' WW}

Then by (%)
) Yepa Z A= 2 You for o nelN
Becanae Uz -y
| gjip-%p% = =2t
we Aave
%z'nwl - gzn =';-;L' (Yt~ ‘jzzQ ):z (Yond Yons ( an qzﬁq)
2 2y

Yo~ Yon < H; "~
Yond ~Yen < g
Noud, b@ Aiwd'/wfnf.td'con,
| o2

= X—-= L3 L4
=% X +3X =X,

henc

—

Y~ (\--L*-L J') (;c-|) [I--'-(x+|)+i-(n+x+x) -L(|+z+z+x§
= (20432 -2 (D] <O (0 xelo,12),

O.MA'&W‘ \j3 < 7/8 ’{ngﬂw_gé(_) X Aﬁe ZH'3?QM ('{&)




ByQ, @, ad0,
| Qach of Yy =], 194G, and |p=Yanl
1")[ co i wm3>0a(E).

Dfe N= fn () +3. Then NER, and o folow

Lo (X5 Hhat
|d-Bl=0, ie o=§,

G Y = 0= i G (e REL=p)
owd  |YpR < % p>N
Thaefer iy = 4.

Becanse  Ypyy = X =3 Yn

| Q¢
2 =x""z—l,

L= -l+ﬁ'§47 (o R20 bﬂ“)).

we have (Lating n26)

l:{."_i'(i‘ M/LWWY ’X'ﬁl(& (@?&,ﬁd xétg>.. . g
Todeed, fet §= min (=) ¥3)., Suppes ix-fz (<8

Then 7+ 98 4%'45*.5;;zﬁms<x¢§< 2[3 40,
an SeTo We b 0<% +[3 <317, Theefore, @)




| -2 = | (x-F= (x4 = <+ | x-F=]
<3 |x-F|€378 €5

Thao,
|x=2|< & henever [x-E1< 8.

p < IFY

(Tl“" PFDVCS Hat Qm = 2‘>

Ex.4 Let £70, e ahow thil there o 550 puck thet

Mi?‘—_|‘|<z Jawy  0¢ [X[< 5.
(WPWW)W\J' t%-%é.:i')
kow*af‘fﬂxffozw); '
< pmX € X+,

Fost we 5
o) = X +x%, xeloe),

® **
Indecd, Qothing FEO= Abn
e dase $l=0, $00= en(x) =1 +2X, $l(0)=0

\'f”(l) ==Awm(x)+2 20 Honee $/(x) atrictly

MRS on [o,0), and 71230 for o8 € [0,20;

& folloa thet §0920 on [0,0). Therefore, )
£ =X & pmX. S

M‘&M% Je Rue X &XH

x* also.







E}__.‘_)’ We’ll ahoul thet nQ;;;o ﬂ:n =0 accmluy ty the E-Ndefinition

(B, ca(wlc\‘\in, -2‘3‘,;!1-{“ many nelN, we cometo the ques, &3& -‘!-"5!'-:0.)
We have for meNN,

& 2n;
Hus |22 ol = Sh o 5T

So, Jor any given £20, We need omly

hich o aquivdedt to n >H .
Thus, we fot N&F - Then foroll m>N,
[_&_‘”— wlcz.
n

“This shows ek Lt -&'—"--.-.-o,

wpoo N

I{’ t= IO'Z, M our N = 4--!0"-_: 4 o000
?_;_‘_ Lct ﬁ, ) Gl & POS“HVG (reﬁ‘) "Nﬂk@f’, MJ | ‘Qt an‘q'dé d”' o+
+ [ a, *ﬁ“nelt\l, Find '&; 6, occording torke &N dofinition,

.

$__¢_;_l£ We yrocm\ bg n‘l’eps.
(6) JMelN puch tet o, 21 o all n2M,

Fu.rit we observe ek G, )l bwé“ n2 P/ Zj, GP 31 ’"‘JP}Z (

becanse Gpet = Jop +[ap, 216 ). Now suppuse (€) v fabse.




Then G, <| kwoll na2, It follows Hel fov 1123,

&h = J Gny + Tonn 2100y 7 Onoy (beconge 8y ¢1)
4

forn22 ;. Oan = [ Qyn +J Gan- >2, Ana 72 “zn-z,

e
hewa G 20002 D265y 552" g e
2, l.e azn >2 a‘

-)ov aling2 . Thir a» cbsud because 6,70 and Gy < 4 fovall nel
‘ﬂ\mfme CAR u‘fak\islsﬂ.
by Lt ¢, & Ja-4|. Then Enpr €3 (Enpt +50) fo ol n2M

Pf. We haw
Qe = ¢ Q=4

-

: - 4= la -2 + J—C—\‘ -2 =
Onsa™ ¢ | i " Jam t2 Iy #2

A "4'l l Gn— q“
(g a4l g et »
‘R@“a g @,,,.2 I r_a::‘_ Y . r&;\_ oy
[Gner =41 [C\“"‘H
= 3 + 2 | U’” (“))
-frora“ nw>M. TLme-fo:e (b) v ProveA. X
4 (& C o
() Let d g ey {ZM , EM¥l } Then mer’é (‘;‘) d J—Waﬂ f?/f/ﬁi,’%@,
(whidh i««r\ies that ik &0 =0.)

By (W we 30'-‘3: bz €54 et
43 5-;-(%-54-0‘)‘—;( ";- =
2
Simi\ﬁrlj, tvt g ¢ %—(-}A{-%—A):(—,—) e
tmss <LCEIF+ 34 ] <[+ 34]=6)

It follows W E4430,0 € (24 for p2t, R30.
- | sty



For each nelN,

,Rn _‘i‘i {(x"xz)...)x") : x-e]K for %j:!ﬂ,y;;n}

i called the Eudidean n-apact . To n-t.reu

(), %, %) and (Y,Y2,° )9n> are 2qued %

x ...\5) -fay Wﬁ ) ,2,: )y\ We lt{@v((?l)(y
wa:ﬁ R w an ocbvicw wmanner ; (%) (—5’:»:, ._ &




There are o cperations +, - O R", eg.
+, R R'—> R, (4 9> x+Y,
. RxR'— R": W) P XX,
where ’CW:% (Kt %tY2, = Xn+ Yn),
Nt X = (2%, XXz, AXp),
fo =t oy 15, Y= (o 7y ) €R” sk ACR,
Togeﬂ‘@f with + ond .[R" v & Qnear opacs over R
(or, & read Qineor APM), ie. & far th following
pro parfi es: |
W x+y=y+x fodlz,yer";
@ (x+u)+2 = x+(yrd) forall 39,2 R

3) with O ___é_gf_ (0,0, 3 0) eR" (M&WJmeufdsm”)
%mwaﬁ.nmbw

@ € (@FP= D+ Y) for %y RS 2R, '
@) LX=% fo sl xep’
we dendte lf[(-')f‘)] by x—_gffw X, 4eR". RS




R" 5 a me’{p’c ppace with the metric f:R%R"s R

de}! n?A l’y

def
f(x Y) /Z(IJ 93 7""' X=(XyX%, 2 Xy),
3—(9/%, /9n)€'/R"

fu; a wetric J)eca.wm it Aoy the followu aliso :
3 pep
() P (x%y)20 fw o x,yeR",
plyyI=o M4 X=y;
() pHY= Py fo X,y eRT

wd 3) PG 2) < P(XY)+£(Y,2) fov x,g,ee/g"
We pove (3) e 40-called triangl maz,ua.&l'j e
fetoy | whSn () oed (2) 0t rether olvinndy twe. f
W a&h& he wued wetdc o R" ) and & 4
wdnad Ay de nowm (L f(:gg): 12y, fored
2,9€R" whee lie”—,@;% for 2=(3,%, 53R
The map [l Il: R"> R given abowe o & notm on R,
Aecanan & Koo T -Follo% propertiss

G lizli>0 fo ey 2eR" Il21=0 W 2=0;

Gy lx2ll= 15 B2l for avmvzelﬂ“ aund >~<-IK
G 112yl Il + 1yl for o x,YeR",




The above (i) and (jj) are iy tr ; the prf of (i)
— ofs0 called Ho WMJQQ me,rmﬂy — wil) be given a bet

Qder. The norm 1l _in, in Aurn, induced by whe inner

szlud': N2l = <.3,z:>js where
<x,y>_— ZZ qJ -fw x=(%,"; %), Y=(4,; HA)GIR”

)=l
The above mapping <, >: ﬂz
Fro&wi' on R" becauns

() €% X>20 fwmj xeR",
CLxp=0 M x=0 e[R"

(B AEFY, 2)= 2 (X, 2>+ <y,2> fwﬂ Ly 2eR’
A xelR;

xﬂZ—)fRmenﬂv

& hay the Folloing propetics

) <x,9>=<\9,7<> for 88 X, yeR"

An arbi‘fr&rg ettt S of R” han an (wduad, or _~

unherded ) metric def
fs (%, y) _._.f(X, Yy) VX/HGS

Sometimes, for >.m;,&a{3 the swhserigh S i £ o duppomed.
Likowice, Omy Linear pulyaa W Gie WER" avk Hhat=

s

(1)




p(WewW)e W and @(RxW)cw) of R" han an
inderted noum and tnner produd,

We now give & procf of the follouing umequald
(the no-called Caudy -deo Liae[,anitJ), urfuck

S - T e e R e el

tleadly tnplato G, Honce (3), above :
For all X,y €R":  [<xy>] < Iyl

Pty Observe hat for o % ¢R:
0¢ (xrty, 2rtryd> == llxl+ 240 ydt iyife"
(watng (), (), (¥) above ). Buppese Finst Hhet IqliFo,
dhon we can pi £ = C5y> 1917 b the above, aud
A 0 € Ix=[eu> 191 duan [cxol el |

9 Iyl=o, fon Y=o, Y=0'y, <XY>=LYxy=<09,%) =
oqy,x>=0, anh tha dovised Duopuliy fflous eanly,

Romark Tha above ?W# Woks }wa::g;g mner FWAM(*' ,_
et ‘ B o

&




We can m&umvwm (4">new whare eack a,,,e/g*fw
o foed b ( wndopendant of n), Auch a dequonct 1 saud b he
an RY The eomapt of "N Gp= Q" whaee LeR? b defwcd

N300
Onadagaoly an tn tha conr p=1, g tha w11 45
RY tafesd of || in R We hers g ua Hhaorome

The Sollowwng (CMJ\‘:)) ConvVg N taet 1 oo vallid:

Thu A psguine (an) tn R corersi to some 1¢R"

Mk Hhe Wm{mb conditim Aokdo :

v 20ch £70, Hhore opiits N €N auch thet
|| &n=2m \<e (e f(“""a"‘,)(i)
L whonevey MmN,

A RPN (an) 0 and B be Coudy condidiam ()
Jotds. A wabric apaa (X, P) i paid s be comlit (o
wetncdly conplale ) 4 ovey Caucdy n2guENA Lo X (w.
r.t. f) eonverges U X (wrt. p), Than RF L cmurﬁ‘f\_

(w‘v.t.f), A normec\ [mp., mner Pw&.\d’] Apoa

avd B be o |
a‘nhwmrh'('a o) X w Can,,wi vt e undued W"M"-

Co El? w 6 Complokn unmsr Pm'*fff“
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