Linear programing
Tutorial 9

Dual Simplex method and Dual Problem

Dual Problem:
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Key Concepts:

1) Number of variables in the llp = number of constrains in the dual
2) If the constrain matrix of the llp is A, the the constrain matrix of the dual is AT

T'heorem 5.2 (Weak Duality T'heorem). /fx is a feasible solution (not necessarily basic) to the
primal and u is a feasible solution (not necessarily basic) lo the dual. then
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Theorem 5.3. If xXg and ug are feasible solutions to the primal and the dual respectively and i
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then Xo and ug are optimal solutions to the primal and the dual respectively.

Theorem 5.4 (The Strong Duality Theorem). A feasible solution xq to the primal is optimal
if and only if there cwists a feasible solution Wy to the dual such that
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In particular, vy is an optimal solution to the dual.



Example 1: A case that is too good to be true

Consider the following LPP,
maximize 2 =1 + 0Ty + 3y
subject to ay+ 2w +ay =3
2@ — Xy = 4
Ty, Lo, a3 = 0

Given that the optimal basic variables are a; and a3, determine the associated optimal
dual solution.

The constraints in the dual problem are:
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Theorem 5.7 (Complementary Slackness). Given any pair of optimal solutions to an LP
problem and its dual, then

(i) for eachi.i=1,2 --- m, the product of the ith primal slack variable and ith dual variable is

zer0. and

(i1) for cach j, j =1,2.---  n, the product of the jth primal variable and jth surplus dual variable

S zero.




Example 2:
Clonsider the following L.
minimize 3y + duy — ay + 2y — day,
subject to Ty Fag+ g+ 30 s <0
—ry =y + 2+ — s =3

Ty, Xy, Xy, Xy, vy = 0)

(a) Write down the dual problem.

The dual problem is :
Max
Gy + 3us

subject to

Uy — Uy < 3

Up — Uz <D
up + 2y < -1

.3[11 + UB-‘—\ 2
Uy — Uy < —4

Uy <0, uy >0

(b) If the point (-3,1) is the optimal solution to the dual problem, find the optimal solution to the initial
problem.
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Example 3:

Consider the following LPP
maximize Oy + Ty + 3y + 20 + a5
subject to Ty Fxy+ay +a =06

20 + 3wy + 4y + 15 = 14
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Tyy Ly, Xy, Ly, L5 2 ()

(a) Find the corresponding dual problem
(b) If x; and x5 are basic in the optimal solution of the Ipp, then find the optimal solutino for the dual

The dual problem is :
Min
Guq + 14wy

subject to
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Using constraint 1 and 5 in the dual problem.that is

Uy 4+ 2us =06
1

Uqg =

we have u; =4, up =1




Dual Simplex method:

Algorithm for the dual .SiYII.])[(‘Z;; method

1. Given a dual BFS xp, il xp = 0, then the current solution is optimal; otherwise select an
index r such that the component «, of xp is negative.

2. Wy, = Oforall j =1.2,--- n. then the dual is unbounded: otherwise determine an index s
such that
Yos . Yo
— =“1.1“{_’—'—]].’/r1‘ <()} .
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3. Pivot at element y,., and return to step 1.

Theorem 5.5. If B is the basis matriz for the primal corresponding to an oplimal solution and
cp contains the prices of the variables in the basis, then an optimal solution to the dual is given by
(B~ )TC[;. i.c.. the entries in the kg row under the columns corresponding to the slack variables give
the values of the dual structural variables. Morcover, the entrics in the xy row under the columns
for the structural variables will give the optimal values of the dual surplus variables.

Recall example from lecture:
max ro = 4day + 3w,
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xg |0 0 1 0 3 -3 0 2

o | 0 1 0 0 3 - 0 3

eg |0 0 0 1 i 5 0 5

o 1 0 0 0 -3 < 0 4

wr |0 0 0 0 3 3 1 |

o 0 - 0 [\[) 0 ji % 0 25
Thus the optimal solution is {2, 22] = [4, 3] with (3. 24,25, 26, 27) = [2,5.0,0,4]. From the 2q row,
we see that the optimal solution to the dual is given by
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[y, o, g, g s, ug. us] = 0.0,
1. U 12 U5, UG, Us

Example 4:

Solve the following LPPs by dual simplex method and find out the optimal values of all the primal and
dual variables

min - 2x 4+ ay -+ axy



(1) |y 2o | @3 |24 | 25| 26| b
vy |1 1 0 L 1011073
vy | -1 | 2 0 O 1] 0 |-1
v | O | -1 =11 010 1 | -4
To | 2 1 1 OO0 010
(2) | o1 |20 |23 |2y | 25| 26| D
Ty 1 110 11071013
vy | =171 2 | 0 110 |-1
Uy 0 1 1 010 (-114
Lo 2 0 ( 0 0 1 | -4
(3) | @y | 2o |29 | ay |25 | 26| b
vy | O 310 1 110 ] 2
T 11210101 -11011
re | O | 1 110 ]0]|-11]4
xo | O 410101 2101-6

Thus optimal solution is (1.0,4) with the dual solution (0.2.0)
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. Example 5:

min 20+ ay
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(1) |y |2 | xg |2y | 25| b
ry | 1
ry | -7
x| 1L O] 0] 0 1] -4
Lo 7 - ‘ .
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Since the row of 25 has no negative element except in the column of b,
thus the dual is unbounded which means that the primal problem has no
feasible solution.




