MATH 2010E ADVANCED CALCULUS I
MID-TERM EXAMINATION SOLUTIONS

WING HONG TONY WONG

Please work on FIVE of the following SIX problems. If you work on all SIX, please
cross out the problem you do NOT want to be graded, or else, only the first FIVE prob-
lems you worked on will be graded.

Problem 1. (20 points)

(a) Find an equation of the plane passing through the points (—6,8,9) and (-9, 19,0)
and orthogonal to the plane 2z — 7y + 5z = 12.

(b) Find a parametric form of the straight line given by the two equations

2v+y—32=3
T+ 2y+ 3z =6.

Solution.
(a) Let n be a normal vector of the desired plane. Then n is orthogonal to both

(—6,8,9) — (=9,19,0) = (3,-11,9)  and  (2,-7,5).

Hence,
ook —11 9 39 3 —11
n=|3 —-11 9| = i— J k=(83,1)
9 _7 & -7 5 2 5 2 =7

Therefore, the desired plane is 8z + 3y 4+ z = D such that (—6, 8,9) lies on this plane, i.e.
D =8(—6) 4+ 3(8) + 9 = —15.
.. The desired plane is 8z + 3y + z = —15.

(b) First, we perform Gauss-Jordan elimination.

2 1 _3 3 R1<—>R2 ]. 2 3 6 R2—2R1 1 2 3 6
1 2 316 21 =33 0 -3 =99
SR (1 2 316\ m—2r, (1 0 =30

01 3|3 01 313 )°

Hence, the solution set is {(3t,3 — 3t,t) : t € R}. Therefore, a parametric form of the
straight line is

{(0,3,0) + #(3,-3,1) : t € R}.

Problem 2. (20 points)

(a) Let u and v be two vectors in R?. Show that |Ju|lv + ||v||u is an angle bisector
between u and v.

(b) Let P, be the plane —z + 2y + 2z = 4 and P, be the plane 3z + 4y — 122 = —28. Find
an equation of a plane that bisects an angle between P, and P.
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(Hint: The answer may not be unique. You only need to give ONE equation of ONE
such plane.)

Solution.
(a) Let x = ||u||v + ||v||lu. Let o be an angle between u and x, and /5 an angle between
v and x, where «, € [, 7.

[x[[cosa = 7— - x =u- v+ [[v[[[ul, and |x]cosf == x=uflv]+v-u

u v
T v
Hence, cosa = cos 3, or a = +3. Geometrically, the angle between u and x is the same
as the angle between v and x, i.e. x is the angle bisector between u and v.

(b) Let n be a normal vector of a desired plane. Then n is an angle bisector between the
normal vectors of the planes P, and P;. From (a),

n=/(—1)24+22+22.(3,4,—12) + /32 + 42 + (—12)2 - (=1,2,2) = (-4, 38, —10).

To find an intersection point between P; and P,, we perform Gauss-Jordan elimination.

-1 2 2 4 Ry 1 -2 -2\ -4 R3—3R; 1 -2 -2 -4
3 4 —12| =28 3 4 =12 -28 0 10 —6|—16
%RQ ]_ —2 _2 _4 R1+2Rs 1 0 _32 _72
0 1 —-06|—-16 01 -06|-16 )

Hence, an intersection point between Py and P; is (—4, —1,1). Therefore, a desired plane
is —4z + 38y — 10z = D such that (—4,—1,1) lies on this plane, i.e.

D = —4(—4) 4+ 38(—1) — 10(1) = —32.
.. A desired plane is —4x + 38y — 10z = —32 (or 2z — 19y + 5z = 16).

(The equation of another desired plane is 11x — Ty — 31z = —68, whose normal vec-
tor can be obtained by the cross product between n and the vector of the intersection
line.)

O

Problem 3. (20 points)
Let f(z,y,2) = 92% — 3y* — 322 — 8xy + 8xz + 4yz. Determine the shape of the level
surface given by f(z,y,z) = —5.

Solution.

9—\ —4 4
-4 B3-A 2 | =0-N(=3-0)E3 -0+ (H)2)@) + (9)(=4)(2)
4 2 -3—A

—(D(=3-M)1@) = 2)2)9 =) = (=) (=) (=3 - )
= =A%+ 3X* + 45X 4 81 — 64 + 48 + 16X — 36 + 4\ + 48 + 16
=A% =3\ —8IA-T7
=(=A=1DA\+7)(A—11).
Hence, the three eigenvalues are —7, —1, and 11. In other words, the level surface is

w o ovr w?

a? b c

This is a nondegenerated hyperboloid of one sheet.



Problem 4. (20 points)
Let . . .
2 2 —1
x(t) = (lnt 5 In(t* + 2), 5 In(t? 4+ 2), V2tan \/5)
be a curve in R3, where ¢t > 0.
(a) Find the length of the curve for ¢ € [1,a].
(b) Reparametrize x(t) into X(s) such that ||X'(s)|| = 1 for all s.
1

)

Hint: — tan™'z = .
(Hin St T =y

Solution.

‘) 1 2t 2t NG 1 1 1 t t 2
X = _ — _— = _ —
too2024+2)" 22 +2) L 412 t 2 +2 242 2+2)7

o= (3-) + () + (75)

1 2t N 2 N 12 N 4
2 (#2442 (1242)2 0 (1242)2 0 (124 2)2

_\/1 22 +2) + 22 +4 1

- - for ¢ > 0.
2 (2 1 2)? i
Therefore, the length of the curve is
/ 1% (8)||dt = Int| = na.
1
(b) From (a), the arc length parameter is

t
s_/ 1%/ (7)|dr = Int.
1

Hence, t(s) = e®. Therefore,

X 1 1 2s
X(s) = x(t(s)) = (m ¢ — 5 In(e* +2), S In(e* +2), tan™ eﬁ)
1 1 2s
= (8 —3 In(e* +2), 5 In(e? + 2), tan™* \6/5) '

Problem 5. (20 points)

(a) Let x(t) = (e’ cost, e’ sint,e'). Find T(¢), N(t), B(t), and «(t).

(b) Let x(t) = (sintcost,cos?t,sint). Without computing x'(¢), justify that x'(¢) is
orthogonal to x(t).

Solution.
(a) x'(t) = (e’ cost — e'sint, e’ sint + e’ cost, e') = e'(cost — sint,sint + cost, 1).
[|x'(t)|| = e'y/(cost —sint)? + (sint + cost)? + 12
= et\/coszt —2costsint + sin®t + sin?t + 2sint cost + cos? t + 1 = e'/3.
e'(cost — sint,sint + cost,1)  (cost —sint,sint + cost, 1)

= v - V3

3




dT _ (—sint — cost, cost —sint,0)
Ve :
2

H H —\/—smt—cost) + (cost —sint)? =4/ -.

3
( smt—cost cost —sint O)/\/_ (—sint — cost, cost — sint, 0)
2/3 V2 '

i j k

cost —sint sint+cost 1

B(t) = T(t) x N(t) = V3 V3 V3

—sint —cost cost—sint

V2 V2

B <sint—cost sint + cost (cost—sint)2—|—(sint+cost)2)

V6 V6 V6

(sint — cost, —sint — cost, 2)
1

) v
0= ol ‘af¢_

(b) ||x(t)||> = sin?t cos? t+cos* t+sin*t = cos? t(sin® t+cos? t) +sin*t = cos® t+sin’t = 1.
Hence,

i.e. x'(t) is orthogonal to x(t).
U

Problem 6. (20 points)
Let x : R — R3 be a smooth curve with nonzero curvature. Derive the formula for the
torsion

You may use without proof that

f@=(%k0®T+MW@WN

and

_ K@) x x"(@)]]
<@l

Solution. By definition of 7,

dB d dT dN dN

T
since s x N is orthogonal to N and hence the dot product is 0.
s

To proceed, we need to find T
s



X (1) = (iux< >H) T 4 wlx(O)]°N

x0) = (lxol) T+ (o)) 5 + SO
@ = e <0~ (o) T (G

N

dN ds 1 (d2 ) d’f”x
B = R 0 (1% ) (dtu e
( )

||2dN

+ kX' (1)

dﬂk O ]

N 1 [ i dnnx ||2:
— = —— — IX"(t) - [ = |IX(?)

& = e [0~ (ol dtn ol
Hence,

dN 1

d dT dr|[x' (1)
T = )y x T — (L@ ) S x T - LIXEE N o p
P MBI {X (t) (dt”"“”') . i N
dT

e =0, At e [T v
(%XT) N =0 and (N x T) - N = 0.

As a result,

7= (% ) N = g KO <) N

~ S 0 X KO L
~ a0 X X0 G
= S % <O G
= s X0 X0 | () ¥ O+ )

1 m ’ X!
- W (x"'(t) x x'(t)) (t)
G XX - X0
[x(t) x x"(¢)|]?
x/// (t) y///<t> z/// (t)
() y'(t) 2()
a"(t) y'(t) 2"(t)
[x(t) x x"(¢)]]?
() y'(t) (1)
a"(t) y'(t) 2"(t)
:L,/// (t) y///<t) z/// (t)
[x(t) x x"(¢)]]?




