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14.3 — Continue on differentiability

Recall the definition of differentiability.

Definition 1. Let D C R" be an open domain. Let f : D — R be a real-valued function.
Let a = (ay,...,a,) € D. Then f is differentiable at x = a if

- flath)~ f(a) = Vf(a) b
h—0 ||h|

=0,

where Vf(a) = (fs,(a), fs,(a),. .., fs,(a)), called the gradient vector of f at x = a.
If f is differentiable at every point in D, then f is differentiable.

Also, recall that the equation of the tangent plane of x,; = f(x) at the point x = a
is

Tnp1 = f(a) +Vf(a) - (x —a).

Remark: The tangent plane

—fr(@)r1 — = fo,(Q)Tn + Tp1 = f(@) — fo,(@)ar — -+ — fo,(@)an
has a normal vector ( — f,,(a),...,—fs.(a),1) = (= Vf(a),1).

Example 2. Let f : R? — R? be such that f(z,y) = 2? + y?. Prove that f is differen-
tiable, and find the equation of the tangent plane at (x,y) = (1,0).

Solution. At every (a,b) € R?
(a+h)?*+ (b+k)?— (a® +b°) — (2a,2D) - (h, k)

lim
(h,k)—(0,0) Vh2+ k2
. h? 4+ k? .
= lim ——= lim VhZ24+k2=0.

(h.k)=(0,0) v/ h2 + k2 (hk)—(0,0)

Therefore, f is differentiable.
At (z,y) = (1,0), the equation of the tangent plane is

z=(1"+0%) 4 (2(1),2(0)) - (x — 1,y — 0)
z=14+2(x—-1)

2 — z = 1.
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Note that Definition 1 depends on the definition and the existence of partial derivatives.
Hence, it is desirable to have another definition of differentiability without appealing to
partial derivatives.

Definition 3. Let D C R"™ be an open domain. Let f : D — R be a real-valued function.

Let a = (a1,...,a,) € D. Then f is differentiable at x = a if there exists a vector
v € R" such that b L

g f@ T~ fl@)-v-h_

h—0 |kl

If f is differentiable at every point in D, then f is differentiable.

Using Definition 3, we can prove the following theorem.

Theorem 4. If [ is differentiable at x = a in the sense of Definition 3, then
(a) f.,(a) exists for alli=1,2,...,n.
(b) v=Vf(a).

Proof. The existence of the limit

L fa+h) = f@)—veh
h—0 |||

implies that no matter which path we take for h — 0, the limit is also 0.

Let e, = (0,...,0,1,0,...,0) be the vector with all entries 0 except a 1 in the i-th
entry. If we take the path h = te;, then

fla+h)—fla)—v-h . flatte)—f(a)—tv

e h] = I i =Y
t—0
lim fla+te;) — f(a) —ty; _0
t—0 t
i [@ )~ f@)
t—0 t
lim fla+te;) — f(a) .
t—0 t
Since the existence of v = (vy, ..., v,) is guaranteed in Definition 3, the partial derivatives
fz;(a) = v; will also exist. Also, v = (fs,(a),..., fs.(a)) = Vf(a).
O
Theorem 5. If f is differentiable at a, then f is continuous at a.
Proof.
L fath) -~ f@) - V)b
h—0 ||kl
lim [f(a+h)— f(a)— Vf(a)-h] =0
h—0
lin [f(a+h) — f(a)] ~ V/f(a) - limh =0
lim [f(a+h) — f(a)] =0
lim f(a+h) = f(a),
which is precisely the definition that f is continuous at a.
O
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Conclusion:

furs -+, fo, are continuous at a (f is C* at a)
2
f is differentiable at a
. . lJ' lJ’ .
f is continuous at a <~ f,,,..., f,, exist at a
xy .
— if (z,y) #0
Example 6. Determine whether f(z,y) = ¢ /22 +y? (:9) is
0 otherwise

(a) C* at (0,0).
(b) differentiable at (0,0).

Solution. F(h0) — £(0.0)
. ,0) — 0,0_, O—O_
F(00) = i PREEEEE < iy S =0
1,(0,0) = fimy n == =0
(h,k)—(0,0) Vh?+ k?
hk
— —0—(0,0)-(h,k
o v ek
(h,k)—(0,0) Vh2 + k2
hk

] o
(h,k)lg%o,o) h? + k2

which does not exist since

! hk . t-0
im ——=Ilim——=
(hk)=t(1,0) h2 + k2 t=0 t2 4+ (2
t—0
and
, hk Y t-t o1
—— =lim——- =lim— = —.
(h,k)lzr?(l,l) h?2 4+ k2  t=50t2 412 t=02t2 2

t—0

Therefore, f is not differentiable at (0,0), and by the above conclusion, f is not C! at
(0,0).

U
Yy (z,y) £ 0
Example 7. Determine whether f(z,y) = /22 + 32 Y
0 otherwise
(a) C* at (0,0).
(b) differentiable at (0, 0).
Solution. When (z,y) # (0,0),
oz y) 2xy 223y 23y + 213
=2\ T, Y) = - - )
N e A Ve
and 2 2,2 4
T 2x%y T
fy (:Ca y) -



When (z,y) = (0,0),
f(h,0) = f(0,0) 0-0

f2(0,0) = fimy === = fm == = 0,
and f(0,h) — £(0,0) 0-20
0.0 =y IO <y 00—
Note that |z| = Va2 < /2?2 + y? and ly| = V? < /22 + 12, so
3 2 3
Fuolm,y)| = 1Ty 2]
(Va2 +v7)
3 2 3
< =yl + ’ngl (by triangle inequality)
(V2 +4%)
(VPR VR 2 R (V)]
=~ ( /—jL‘Q +y2)3
=3V +y?,
and

4 x2+y24
he) = —2 WD) s

(V2 + 2"~ (Va2 + )

Since lim /2?4 y?> = 0, by sandwich theorem,

(z,y)—(0,0)

lim r,y) = lim x,y) =0.
(@,5)—(0,0) fa(,9) <x,y>ﬁ<o,o>f (2:9)

Therefore, f, and f, are continuous at (0,0), i.e. f is C* at (0,0), and by the above

conclusion, f is differentiable at (0, 0).
U

Definition 8. Let D C R” be an open domain. Let f : D — R™ be a vector-valued
function, i.e. f = (fi, fo,..., fm) for some real-valued functions f; : D — R. Let a =
(a1,...,a,) € D. Then f is differentiable at x = a if

fla+h) - f(a) = Df(a)-h

s ] -0
dfi dfi dfi
. (a) Dy (a) ... . (a)
o) Loy . 22
where Df(a) = | Jx; 01, 0 Oz, , called the partial derivative ma-
Ofm.  Ofwm, . Ofa
a—x1<a) 8—@(3) Ce 8xn (a)

trix of f at x = a, and h is taken as a column vector in the matrix multiplication
Df(a)-h. If f is differentiable at every point in D, then f is differentiable.

Remark: This definition follows from the fact that f is differentiable if and only if
fi, fo ..., [m are differentiable, and the limit in Definition 8 is precisely combining all the
limits needed for defining the differentiability of fi, fa, ..., fin-



14.4 — Chain rule

Theorem 9 (Chain rule). Let D C R"™ be an open domain. Let f: D — R™ be a vector-
valued function. Let a € D. Let E C R™ be an open domain such that f(a) € E. Let
g: E — R be a vector valued function. If f is differentiable at a, and g is differentiable
at f(a), then go f is differentiable at a, and

D(go f)(a) = Dg(f(a))- Df(a).

Restricted to some simple cases:
en=1m=3k=1ie R—->R—=R:
Let f(t) = (z(t),y(t), 2(t)), and let g = g(z,y, z), then chain rule says

@) = G20, y(0),2(0) G @+ 5 (000,50, () P04 5 (50, y(@). 2() G ),

or when f and g are both differentiable functions, the chain rule says
dg 89 dx ag dy 89 dz
dt — Oz dt 8y dt 9z dt
en=2m=3k=1ie RZ— R = R:
Let f(r,s) = (m(r,s),y(r, s),z(r,s)), and let g = g(z,y, z) so that both f and ¢
are differentiable functions, then chain rule says
8g 6g8x+8gay+6gaz
Or Oz or  dyodr  9z0r

8g ag(?x L 99 8983; L 99 898z
ds  0Ox0s dy ds | 0z0s
en=2m=1 k=3 ie R? 2R - R

Let f = f(r,s), and let g(f) = (gl(f),gg(f),gg(f)) so that both f and g are
differentiable functions, then chain rule says

091 _ dg:1 0f 091 _ dg:1 0f
or df or’ Os df Os’
992 _ dgo Of 992 _ dg2 0f
or df or’ Os df Os’
dgs _ dgs 0f dgs _ dgs 0f
or df or’ 0s df Os

en=2 m=2 k=3 ie R>? =+ R? = R

Let f = (1‘(7’, s),y(r, 5)), and let g(f) = (gl(x,y),gQ(x,y),gg(x,y)) so that both
f and g are differentiable functions, then chain rule says

091 _ 9919r | 0919y 091 _ 991 9r | 0910y
or Ox Or Oy Or’ ds Oxr 0s 0Oy Os’
892 - 392 Ox %@ 892 - 892 Ox %@
or Oz dr Oy or’ ds Oz ds 0Oy Os’
693 . 6)93 dx  dgz y a93 . a93 dr g3 33/

or  Ox or + Ay Or’ ds  Ox Os oy oy Os’



Example 10. Let f(r,s) = (z(r,s),y(r,s),z(r,s)) = (3¢"sins,3e" cos s, 4e”), and let

g(x,y,z) = /a2 4+ y? + z2. Find
(a) 9 and 9
gr ds’ 5
g g
(b) 87’(0’0> and 8S(O,O).

Solution. (a) Method 1 (direct substitution).

g(r,s) = V/9¢e2r sin? s + 9e2r cos? s + 162" = 5e’,

SO
% = 5e" and % =0.
Method 2 (chain rule).
dg 2z B 3e" sin s _ 3e"sins  3sins
or 2¢/2? + y? + 22 Ve sin?s + 9e? cos?s + 16¢2r  beT 5
dg 2y 3e"coss  3coss
8_y:2 x2—|—y2—|—z2: Ber 5
dg 2z 4e” 4

&:2 x2—|—y2—}-z2:§_5‘

Therefore, by chain rule,

0 3 si 3 4
8_9 = 515n5<3er sin s) + COSS(?)eT cos s) + 5(467") = 5e',
-
0 3 sl 3 4
8_9 = S;ns(?)er cos s) + COSS(—?)GT sin s) + 5(0) = 0.
s
(b) Method 1 (use (a)).
g , dg
E(O,O) = 5€e"| (. 5)=0,0) = D and %(O’O) = 0l¢0=0,0) = 0-
Method 2 (chain rule). At (r,s) = (0,0), (z,y, 2) = (3¢ sin 0, 3e® cos 0, 4e°) = (0, 3, 4).
0 2
G084y = o =0
T
e+ Y T2 (2,9,2)=(0,3,4)
0 2 3
5y 034 = =3
Yy (z,y,2)=(0,3,4)
2 4
?(0,3,4): ) 22 ) =
2 V/
VY 2y 004

Therefore, by chain rule,
ag r . 3 T 4 T
E(O, 0) — O <3€ Sin S|(T’,S) (070)) + 5 <3€ COS S|(7‘,S):(0,0)> + 5 (46 |(T’,S):(0,0))

=0(0)+ 53) + :(4) =5,

dg . 3 y 4
%(Q 0)=0 (36 COSS‘@,@:(O,O)) + 5 <_3€ Slns’(r,s):(O,O)) + 5 (0’(1",5):(0,0))
3 4
=0(3) + 5(0) + 5(0) =0



Example 11. Let F(z,y,z) = 0 be a smooth level surface that implicitly defines z as a

function of x and y. In other words, z = f(x,y) and F(z,y, f(x,y)) = 0. Find % and
0z

3

Solution. This can be viewed as the case R? — R?® — R, and by differentiating the
equation 0 = F(z,y, z) using chain rule, we have

OF 0xr OF 0y OF 0z 0z
0_8x3x+8y8x+8zax = O_Fx—i_FZ@x’
OF 0x O0F 0y OF 0z 0z
0_8x8y+8y8y+828y = O—Fy—i—any.
Therefore,
0z  F;, d 0z F,
ox  F, o oy  F.
if F, #0.

U

Theorem 12 (Implicit function theorem). Let D C R? be an open domain. Let F : D —
R be a real-valued function. Let (a,b,c) be a point on the level surface F(x,y,z) = k.
Then this level surface implicitly defines z as a function of x and y locally near (z,y, z) =
(a,b,¢) if

e Fis aCh function, i.e. fy, fy, f. exist and are continuous in D, and

e I.(a,b,c) #0.

Example 13. In polar coordinates in R3, we have

(x,y,2) = (rcosfcos @, rsinf cos ¢, rsin ).

If f= f(z,y,2) is a smooth function, find g—{:, %, g—j;
Solution. 9
3_£ = (cos@cos @) f, + (sinfcos @) f, + (sin @) f-.
g—g = (—rsinfcos @) f, + (rcosfcos ) f,.
g—i; = (—rcosfsing)f, + (—rsinfsin @) f, + (rcos @) f..



