E\ew\ew('ava Rules GF 'D“rﬁlevewhahom :
|'f ‘f&x) ond %60 ave dz&fevewha'ole ':ﬁ«nchows , then

@ (—f+%>'cx> = 'f’&)+%'(x)

® (—E—g)l(x) = —f’m—%'cao

® ['Fvoduct rule J Cf-%)l('x) = feo gcvo+—feo g0

‘ "0 a6 - ‘&) .
® [%ucr\'\ewt vule J (%) &) = _;FC )%( Eﬁ@%ﬁ'&)%a IJQ g(x) # 0



Pt of @

hM $ @) R o
N [@)

5SX>0 VAY. &

_ (im '?C"C-"AVQ A+ ) —-"f(x)a(-z)

= lim '?(’:c-mx) %(x+m<.) —‘ﬁ(z) % [CTTTD) +‘ﬁ(70 % o) - —F(x) cé(ao

SX=>0 Par &

. (iws "F(1+A'z.) ~"F(x) _ %(x+ax) + —FC-:(.) G Gax)y-gE)

&X=>0 AX > ax ¢

'f'ﬂ’o geo +-fe=o%'eo f( 41 el:rﬂf
> % s cont.
> hwm %(-x.-c-z;x) = %(x)

NX=>0



e.g. l:? 'f(x) 1S ol%ﬁef%‘ﬁa\ole , then k-—f&:o Is QhﬁM&UL.

and Lk—F)I(x) = k-f’(x) (or wytke j:l—c k‘F(-z) = l:gr& D .

) [dea : Let g(x):k , then 8'(70-:0.
P’H)(a 'Fvool.u\c(: vile , +the vesutt 'fbl\ows.



e.a- Rnd E?_‘—,_ ol + T -2)




e_.a- Rnd Q—?‘J_L ol + T -2)

& LT = GO+ S G - E @

A’DDIU\ D@ and ®
Qg

3&@IHER-F®

%) +HD - o

6x +F







eg. BFind  the devivative c'f the 'fw\chovx QRL=-5x+)x+P

adi [@RL-5x+ )Cx+P]
- [ G524 0] (e D) + BB 1) [Fc x4 ] Ppply ® prochct rile
(6x-8)x+F) + =5+ )

(&> +22x —23

[

Ex:—rva 4o Cowpare. ExFav\c\ RL=5x+ D%+ and 6&_ b4l -3 4 F
Then ijﬁezveh"lia'('e , 62":. the Same vesuhe ?



e.g. Find  the devivative G}Q +he 'funchon 31

X+




e.g. Find  the devivative G}Q +he ':FMWIHOV\ 3‘1

X+

Lé"li(u)] GE+1) = () [a%_(i"")]

b
+4

PRSI
=)

2 (=% 1) - 2% (x)

, = 2
=)

- D+

(G| )"







Devivative u)e e’

3

X
Recall : e* = (+-:c+"¢ + X 4.

Cl«earhv'é ' %e

Geome-\-vical W\eavﬁng :

It

é?{_(l+--:c+—+1L e )

3

o+(+1:+—+—+

K
(=

3t




e.q.  Find [t Fx-2)]
[d) Qb

€ (k4 Fu-2)+ e (Lx+F)

e (2t + R+ 5)







CL\A?V\ PRx«le :

l‘g —f(x) and ge0are c}rﬁemwtialple fw\c-hon , then tre mmrosﬂe
'f\mc‘hom (feg)(x) = f(jbo) 18 also d’rﬁevmhable ond
<=feg>'cx> - §'qed 6o

Had 4o wnderstand 2 Let's veunite

Let w=9e0 (6=]e(o\) ='f<ﬂ(vo) . “then
Choin vule : dy  dy  du

dx ~ dn dx

_l'l'\inkas: A‘A-=A'A-‘Au.

A L7 Sumra v &



eq Find —the devivative sf alvc‘-(-%-x_ .

d
let w-= 3u)=-£‘+3x ) o 2%+
g foo - I 3k

-then -f (3(—:0) = Nt
. dy _dy duw
'Bg chain vile . -3
|
= m (21'\’3)

= | (2x42) ’Fwt nu= T+23x back
plprorcey ,3\
Ef'(ﬁcx)) ged

ate. 5
-ﬂr\eh?t\:\aackcaw



2015

eﬂ' Find the devivative é'f (C )

d
let w-= 3&:) = 2 -2x ﬁ = 6x-2
Y= af(.,\) Y i % = 205

2ol5

“hen -f (3(:0) = (?712-')::0
R dy dy du
Bé chain vule , e s
e 205K (bx-3)

- }ol's(%v(?-zx?om- (6=-2) "Fm't u=3r-2¢ back
= 4o2o@R-2) e Rm 1)



Slnjanz_digmﬁdg_las@%a@r.

2

XK+

Ex : Tind +the devivative ef (=)




e

eq Find the devivative Sf e

W
st | = = =1

Ind loﬁgr w =l e x|

3d lae)er |

dll_q. _ dl_/,\. .dw .du\

d%  dw du d%x




e.S. Revisrt :sf aluo‘ﬁewt vule. .

Yoo - feo
(s)c-ao (3@0)

L (o ij]")
é& Ej(x)] + ’f(x) [360] (‘oncluc(: V'Mle)

S Brply chn vwle heve

& rqeor + foo {1900 ]
#£ 460 + oo g
Tgel”

. Teogeo+fo e
Tqe0T"




|vxcreas‘w3 / Deueasivj Functions

lf -f(z) s a -'fwchm Suclh -Bat —fw all %, % wih acx<x,<b , we have
1 -f(-xo s—f&&) (-f(-m a—f&&)) , then 'je(-ao s called an ‘mcwaas‘mj (a elecyzasinj)

fwchovx. on (a,b) .

lV\cyeosinﬁ

9=feo
FRouﬁL\lU S‘F.Qalﬂms :

The. [a‘rjer X we iva«xt
the lawrjer Y we get ?

1 |‘f we lhave shict ‘mealwa\*rb , s cdled a S‘br\cﬂzj ‘lvcveas‘wj (decwzasivS)
'fwcb%ovx on (ab) .



FACT (et Mf>
,]a ’f(‘:ﬁ) s d«ﬁ?e_rewbaue_ on (a,b) and -'f(x)>o (-fc-:oso) for all % € (a,b),
then fcx) 's_Increasing (decrea.Smj) on (a.b).
‘V\creosivﬁ
4, 4= feo
T Slo]u. = -fi—:c) 2o

|
[}
[}
|
[}
a > [

+ |‘f we have shict ‘meﬂm\‘rb , -)%o B’ a S‘\V\ctlﬂ ivcreas‘\vj (d.ecreasivj)
'fw\c&ov\. on (a,b) .



Relative / G('OIoQ\ Extrema :

i ldea :

relative  maximum .
i
/

/ Y
X
Nete : No %lo\:a.l modimum

A
/ \ / N M +ths case .

v )

X
‘/‘ K relative  wimimum

%l obal minimum




'f has a gloloal maximum Y'eS'F. minimum ) 'Fo‘lvd: at a lf
0 s f@w  (resp. 60 2 @ ) v all x wn the domam .
Foo <5 p-foo =5 5

'f has a velative.  maximum (resF. Minimum ) ’l>o’wtb at a U?
ff(-x)sff(oo (resF. f(-x)zf(a) ) for al x wm a mial'\bwkood cf Q.

Main czues—blovx :
How evevcHation b\d'rs —+ -fwd relative. / global extrema. 2



—ﬁﬁ_thhn_r_dplaﬂs_EP\&ﬁdm:x
J

Life of a fish T (weeks)  whidh s estimated bu
) ) J N)
Te) = -5% + fox - 120
Teo = —(ox + So
Teo >o Teo <o
-lox+ 8o > o -lox + 8o < o

%~ <& %> &




s Tleo s S’Md-l:) ‘mc(eps‘mj when %<& and

Tea s S"'WC‘H:) dec\feps\nj when = >8 .
Not hard to uderstzand wln Teo  attdns  makimum  when =8
and  madmam hj'a 632 a fish = T = 200 Gueeks)

3

) T = -5% + Qo= - 120

nc.

/

[ 1
NO‘"E. H 'T'(&) = 0.
Remavrk : Vevi the above vesuwt IOS C’.omPle‘hvxs Sc(mve. i

Y dec




e.q. et GO= 2% , X#O

; f(-x) s S'ivictha 'mcveas“mg when. <o
f—(—x) [ S'l'victh& decve,as‘mg when. x>0

However | ‘f(o) s NoT Ne“-defv\ed , So theve is NO

moeximumn Fo?vd', .



e%. Let -f(;ommc—l

Rewvite - % rf x>0
fbo = { (®) rf X=0
= rf +<0

be x>0, ~fc=o=.1? . then Ef,&)=3.l§ >0

ﬁ x<o, -fc-:omf:c. . then f’(vc):— D.-ll— <o
=

-51(10 s S“'V\Cﬂtg 'm.CV‘eas‘mg when >0
-f(ao s S'l'vic(:l% decveasivxg when. =<0

ap

fcx) =l




£xX->S ax x-S

However, fimn . M = lim % = lim El which does NoT exist ,

= lim L‘f_%’i- ©  does NST exist
[AY

AxX->0

= -'f’co) does NST exist

but as we con see f still atfaing minimuwm  ak x=0.



BExact statement :

st Devivative Check -

SchFose f(‘x) is cotinwous at x=a  and d‘rﬂ?eve.vtﬁalole on Some ne.iﬁl'\)oo\f\'\ood I
COVTEniYﬁV\g a exce_Fb 'Possﬂo\a at x=a ?(selja
l:f f"(x)?o -for all %« w I with =<a , and

f’(x) so -for all %2 wm T with x>a, (aw'f(a))

e

then (o f@) s a velabve maiman. <]
(Similar -j’or velative  minimuwm. )

—— :a=f<*>

’ P4

™

p________

( Remember —the Sloaam : Cl'\anﬂe. Sign af f’(x) at x=a)



eq.

3

""}F f(‘i) = 1.3-3-::‘—77_4-5

then f""’ =3%-6%-9F = 3G-22-3) = 3(-3)(x-1)

f,(vo>o 5? L>33 or x<-|

foo<o # -lex<3
J J




Futhermore |,

-D(x)

max. /

(-1,10) / )

Slo?e =']€€I) =0 /‘,(\

\x/ Sle‘l)e = 'f ’(3) =0
=22)




S—Ea'b\omra Powts -
|f fc’m=o , then (a,'f(a.)) s called a S'Ea't?onava 'Foivrb.

But even Faroo, ®'s still had 4o say )
e.g lji feon?, then f’cao=3r£.
Note: () *féo)=o
2) f’(x)=3£>o for <40

ie. No cl«av:je of S‘SV\. of -f'@c) at x=o.

Note . a st-a-tiov\ana 13 NoT
/inc. - V\e.cessav? to be a
(0,0) o max . / min.. it !
v/ this pont s collesl

a Sacdle ’Fo‘lv{b



Hij\r\er Devivatnes -

S : distance ]ewcb“ovu (de;];a.vds on time t )

(instartaneons) Speesd

Yate :rf d«anje c'f distance travelled
wrth vesrec:t = <.

v = S (sl a Funcction of )

Question. : What is %"E?

: Acceleration !

= yate u-fd«\anje sfs‘mel with respect o +.

Pmswev-

. s VI~
L\)Q NYl'éE. a(‘t)-g-%




x és dz
e.q. SWB=+t N = = ot oct) = L =S8 -2
d Qc Qtc T
S A - a
/S:-t / V=2t
/ % —
U\ Slope ® N = > -
woreasrg | /T
—_— S S >
r.t /-b [ -b

31I>eec~l s ‘mcrecs?ng

le. accele.vabiv%




ln geneml , et 8 = f(-x)
We. have : (st devivatie )
(2nd deyivative )

nth deyrivative )



2nd Devivative and Covxca\;rha

Think : }f 'f"(vo>o —fm- a<x<b
then f’eo s sbﬂc(:la ‘w\cYQASFV\g on (a,b)

Pctwe - Y =-fcx>

jf'(XD<o

S\v\y_ cf +he —Envﬂew\- ne at (1,-%0) increases as % increases ?
(Nst -fw s 1wcrea.s‘m8 V)

lf jg"(vo>o —for a<-x<|o,

‘then f(?t) IS & Concave T\AV\CEJOV\ on (a.b) .




Pictwre Y =]?cx)

tfl(ib<o

}f ‘f"(-:o>o —fm- a<x<b ,

‘then feo IS & Concawve 'fw\r:blovx on (a,b).

Siwﬂ\wfléi 'f fl'(70< o fb\r a<x<b ,
then feo IS & Convex fuvxcl'lon on (a.bd.



2nd Devivative Check :
S‘TFOSQ j?(-x) s twice d:ﬁ%rewaab\e. at x=a. (e f'(a) and f'c'a) edst )
lf (dD) -fl(a)=o (e, (a,fw) s a S‘Ea‘b’ov\a‘ra ’chrt)

(D) ‘f?ﬂ) <0 C-Rou\alnlta S‘).o.al:lna : ff’l) IS ConVvex near =x=a )
‘then (a.j@) s a relative maximum .

We have similar vesule fov relative  minimum. .

Caution lje f'fa)ao , then NO conclusion !
Consider 'f(vc) AN I o

We have fﬁo)-a @) =0 in each cose , bt (0.0) s
* min.. for the Ist cose.

. Saddle 'Folvrb for the 2nd cose .

- max. for the 23vd cose.




e.q

q

I"P ‘?(1) = 1_3-%11—?1 +5
J J

+hen :'}?I(x) e 3% bx-F = 322 =3) = (%) (==1)

Loro 1 A>3 or we-l
J J
41(1()<o # —lexc<?
J J
4&)-@1-é
J
7
,(‘1')>o ’r)? « > 1| 'f"(-l)e()_<o
1/
,(1)<o r)@ x< | “:f'/(g)el)_>0




max. ,
Gl /

P U /

/ el
[/ (3.=22)
mive
’ -l 3
"_f () +ve L -ve | t+ve
L} \)
—feo inc. dec. nc.
" |
[ -ve | +ve
—f (3] Convex Cancove.

Note : The cuwe dr\%gs J—'?\rom beins convex to concave at (i1,6) .

“Thi i s d a 'Fo'\wb uf wcf(ecbom.




Point of \v:flec:b’\ow:
Suﬂ;ose ‘flx) is continuous  at x=a and diﬁ’arewblal:le Oon._some. _open. ibenval T
chrtaivGV\j xX=a , exc_zl:rt 'Poss'l‘ola at x=a rtsett.
I—f —f"c:o>o (\fesF. -fé'x><o) —fw all = i T whh x<a , and
-f"cx)«: (resF. -ff%o >0) -j?or all = n I wth x<a
then (a,f@)) s a poist of Mf(ecaovx.
(Remember -the sloaan. : C\*\arne. Sign cf -)e"(-x) at ~=a.)



eq -)Qeo = 105 - 105 %" + 340 — 510 + 2box - (20
Find the ange of * such Haat
W j?’cx»o , -'f’eo <o

@) Ifx)>o ’ ,f'x)<o

S’fe? L : Bind 'f 0 and fac‘tovize .
f’(—:o = Lox*-420%C + 102.05C - 10305 + 360
= bo ¢ -Foxl + G - 1F +6)
= 60 (GL-1) (r-2)(x-3) (Usanj actor theorem )



S"{‘eP PR

[
{ 2 2

(/ gives wetervalg

<<\ l<x<> 2<% x>

—#&um_sgiaﬁ witevvals . )

(Reason @ hose :fgcl-o_vs mauy dagusg. S]%g at the




S‘l‘e'F 2:

=< | x=| l<x<2 L= T TX-Y =3 x>
(x-0" + o + + + + +
=-2) - - - o + +
=-3) - - — - - (@) +
3953) + o + o — o +
Lo e Saddle ne. MOX . dec M ne.
J st
P
—Mdlg._";niwh = (1,=23%)

mox = (O ,-16)

wine = (,-39)




S‘\w{\larl\a 3
jeéa = 2o — 12607 +2040% - 1020
6o (x-1) (U= F=+F)
o -1 [5e- L‘—’J‘?@—ﬂ [~ U—’-\‘?‘E‘—ﬂ

1}

]

&) - o 4+ o - o -+
1 { L
| 13- 3HIF
8 8
a |6l A D64

'f(x) /\ U /\ U

pontsof flection + (1R, (E?E—,—f(ﬁ?‘ﬁ—))



y = f(x) = 122° — 1052 + 34023 — 5102% 4 360z — 120

(2.00, -16.0)

(1.00, -23.0) (1.61,-19.1)
T (2.64, -29.7)
K s a saddle

ovit as well as

o Fowvb s{: ‘wﬁec'ﬁw\

(3.00, -39.0)




e+
floy = —1=X
J =+

O—-——




"'? I(lsd — NST

SN

Po‘uwb of ’lvtf(ed:ion : (L%l—)







L=

4
N

|
]
|
|
e
]
1
|
l
|
]
|
|

Note : The am‘rb\ 6)2 «a =f(x) behaves like
- the vevtical line x=-1 , when % 1S “near’ -I.

+ 4he hovizontal tine lg:O ., when % 1S near +o0 or -oo .

In jqad:, 2=~ s called a vertcal asa»«]sbb'(:z,
‘3: o s called a hovizowtal asamr'bsfz.



Flmh“@ vertical as-aw(]ftste :

l'f wafco or wafw = +0 or -0 , ten =x-z s caled a vertical asBM'lesz

FM&MS hovizowtal O.Stawqftdfe. .
i'g’nm-feo-L , where | i3 a veal vumber | then 13=L s a  hovizonkal asamrbf&e

Siwilar —for _i'l_v‘n_“-fﬁ.) )

Note : H may l'\aﬁmv\ that  both i\_\;ﬂm’ﬁﬂ and  lim edst

AD-N

bt 'tl«eg ave. NST the Same. .



CU\YVQ Ske&\/\i% :

Goal : Given a ‘jg/mcb\mr\ —‘fw . Sketan the 8rzz‘>\/\ o? n=Ffeo .

g J
C%hﬁmg wain :‘)Pea.‘twe%)

x-\w&evce}:'b Solve ‘f(x):o

Y- ivr(:erozF(: Y- ‘:vv&exce;lst - —J?(o)

ivxcreas‘m:\) / decmosins solve ‘féo >0 / j?éo <o

sSaddle 1|>o‘uwb/ max. / min. c'/\an\o\Je_ c‘f SISV\ ch '5'(’;0 2

concave. / convex Sohe ‘féo >0 / j%o <o

point o‘f IV\-Jﬁe.Cbov\ dnanje_ P STG\V\ c‘(‘ £60 2

vertical asawcfststa arny x=a wrb\f\ l.m:feo =+ or _}Lu_r;sa—feo =+
hovizotal asawv}:-bste ;@ Jm Feo exs& 2

o\olia\usﬁm’wtufe (NST covered )




