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Ene\r‘%(a + bnv% e vocket fww\ R + L

L
T,
= GMM('_lL"'L-R)

Enevsl&'(:o bﬁnﬁ'ﬂr\e vocket f\‘bm R 40 +o0 (EScaFe -fvum’ﬂ'\e Earth )

= lim [-QM—M]:

L->+oo \"

= lim GMm(- LL*'L-R)

L->+oo

- GMm_
R

Recall :  Conservation cf enevaca

= inttlal kinetic enerqy = enerqy for +he vocket -to escape
L my* = _Gf‘éw\

>
V= ’% called escape velocrba

Le.  minimum ve\od-ba +to laundh the vocket




D‘ﬁambal Ec:tua(:ion

A dlﬁevewtla.l ea‘wrhon S an eclwz-(-)on taat  involves

vavidbles with s devivatives .

eg i‘a.=3'x‘+5 %1‘&-3ia-+l‘a=:f1+3

3%@-+13§;@- = Sx.a J——

L\)LWE we Qlo "\ere H

Fist  oder ovdimna_ ql'ﬁevewhal ealua'tion (lst ovder ODE)

Ord'mm-a : Slvlee. vavidble , i.e. 9 dera\ds on x on\‘é.

1e. F(-x,ca,gg-) =0 .

Solviv\j +he ODE F(-;L,ca,-i'&c_-)no means -J'?Indinj Laéx).

dy
% g
S‘M\Fles(: one. Yoo = j g x
e.ﬁ. Solve %—z_% =3+ 5
9 - [ 325«

a= '1.3+51L+C

Some fwxd:lovx of one or move

st ovder : lnvolvlna devivatives wp to (st oder, ie. %_ at most



Se?amlole eiua‘lﬁon %‘é- = %
method : auaudca = heodx

ja«aud«a - J‘ heodh

cg -

fge
S(a‘da - Sh&x

1+Cae G let CaCoeC
(This s('.e:F. con be Sk’rPFecl.)

P =23+ C (let C-3c')

2 J3-
la = (34 C)

e.ﬂ. SFVEDA Gf Yyuwor .
FPO‘F\A[G‘GQV\ of a school = 200

t: time (daa)

eoch one who kinows the vumor would talk 4o & 'FeoF(e each dala

Pnsswn‘sﬁon :
~>XHE) : number cf Fearle who know Hre vumor at time + .
x(0) = 20

%"-E = vate uf Increase. oj’- 'Feo]ble who know  the  vumor.

5 x # Fec?le who know the vumor at time t
% 'Fvobab'll'rba cf mee‘::ms a 'Fevsovx who does NST know -Hhe vumor

Y00 -
- 5x(200-x)

. xQoo-x)
4o




dx . xGoo-x

dt 4o

(oo . [de

~J xXQoo-1)

_lglm_x_l - 4+C

200!

Ok = i 200

+>+0 “5+0 [+

s lij&_&zjaat_laag_%;ﬁnl:k_‘;mm.\jae Yuuwnor R4




e.g. Parachute

Recall : Newston 2nd Law cj? mokion Qir _resistance = -kv
/’F=W\0.=W\%v€ 1\
Net. fwce mass  accelevztion
! +ve
m-ié =w«3-|<v
mJg_k\—l dv = ot 6mv'r€a€loml fbrce w% 6 = 9.8ms™
g & Jae
When =0, veve
lnlmg-kvl - £4c, w o5 called nitial veloctb
_k -
|mg-l<v|=C=.e mt (Cize ™s0)
_k
-k\/ = iC,_e M-E
mﬂ L
v.mg G mt
E Tk

V) =Vo = V- %— =F —% (Which sian should we 'Fick 2)

Case | : V°>Lv@-

0<V°-L'§-=-T%
Gso = we shoud pick Hhe aveen one.
® P )

.'.Q=+(kv°-m%) ond  veb = ﬂk%+(vo-mk3)e'%+'

Case 2. V°<3g-

-G
O>V°—-%-=+—E
—Cf>o = we shoud "Pick the rved one.

Lk
5 Car=Clvommg) and  veo= 19 - (19 _v)e mt




Ca.se(:\l..>l?§- Casz_lJAA_ng-
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u
mg | TToee—— L I —

D)

dim

2) Temmalgcelmtba_m_mde‘:gzdguh_'fmm_"dog_mtbal vdmrk.a Vo




Fist Owder Linear Ord’mara D’:ﬂ?erewbla( Eciua(:iov\s .
All st order linear ODEs are of the fwm-.

%_% + 'Pbc)(a = 7(1)

Regod (G +pw) as an operator (cifferential operator ) acting onyeo.
Le. (ad;+}>bo)«a<-;o=%‘§-+']>€=oca

“Linear ” weans  the follmiv\s 'FerrEies :
i) (5‘;+Fw)(%(w+%,w) - (ad;+1>eo) Yoo + (ad;+1>eo) YO

() (c—)c‘q+‘[>bo)(c-\a(-o)= C-(ad;+'f>60)labo , wheve ¢ 18 a constant.
( Some advctvru-jes wn_ODE '(:l'\eona lf one is linear. )

lf 6{60 =0, then 1t i called a \r\ow\ogeneous eT»atlov\ ,
othevwise 1€ 1s called im\now\ojev\eous 27144!(:\0“.
(Usua(l«& , homoje.neous eczua&zov\s are easier +to be solved. )

Note -that IJ‘Z g =0, “then
%‘+‘F&)L6=O

_Sé_ = -‘Peoca (Se?o.mble ectuaﬁon )

?d% - - Fwdx
{ ?d% =-ﬁ><aoelx
bn lal = -erodvc

Y=t exF(—jF(vodx)



Note that f g o, then £ s no lo%e.» seFavaHe 4
How -+to solve %*P&)‘a= C(eo 2

ldea : Can we express gé—*-?boca ko g{(?) 2

lf Yes . then g_f?i--‘-?(x)(a: 7&0
é‘;(?) = 7(70
2 =J7(x)dx

vaor(:wmﬁela , we camct , but how abouk W\ul-EiFlcatﬁ a :fxmc‘:’(ov\ TIco on
bothh sides and 'Ena aﬂajn 2

I %‘é— + 160 'F(x) % = 10 7(1)
like resutt oktained by procuct vule

g1y
. The onlla czu\s(:ion (ef(-. is _how o Seb a fw\cﬂon T so that
g—i (a = 169 'P(x)%

dIl _
d_i_ = I(’X) P(‘t)

J‘%dl =_f]>(x)clx

ln T =_ﬁ>cx)dx

o
Pns : let Teo - efwo B & Pewfec{: )
T is called an ’lerEjthj factor-.



X

$
4
T = ejx

nx

i(lw%) = Troged ( Note : Teo-e

Teoy - Jl@oﬁwe&

Y = Ileo J.lcoc(eodx

e.a. Solve gﬁ+-§—=€:x
No-te:]mo=¢ and qco:e_”‘

RQMYkz
J’—j'(-dvc.xlvwc+c , \«)lma we choose C=07?
Check : C £ 0, JV\SE mml'('-i'Flca both sides 198 a_ constant .

H“l'hPl‘a both sides lma TGO = -

gogoc
x%-«- Y = xe -

gz(ﬁua) = 'x.éx

1_;3 = J‘xe'xdx B

‘) |V\+28mrhov\ Io\a 'Fav'&
aee T + C

\ Do NeT fwje-t !

Y _>_'(_ e “Gan+C]



eaqa é‘%=(+x+u+xu
J (o) d

é‘% - (140 u = l+=
J

Note : PeO = - (1+x)

fpoode  flaxde )
= e e

T = e

- (14D u = l+=
J

i N
e Sl'rA- -e (\+x)(3=e * (4x)

(6
-(x+zz')‘6 =‘S‘e-(x+z‘:) (1+%) o
'(“Z‘:)‘a oD

(é) - Ce-(x+§)' :

IAA'BDV\ ,




Aﬂ:hcarl-?on (SEH‘MS \xr ObE )

eg. (PF20. Ex92, Q53)

(Dilution) A 4ok contoine &5 pownds o-f satt  dissolved ™ 40 %a.l\ons
css2 water . Pae water vuns o dhe dank ot the vute esf
I 60\1 /win , and the wixture , l<e‘>+ uwfom \oua S'hvﬁna , runs
out at the vute o-F 3 %a(/VMin.

S

- M‘ﬁbw . ‘wae water
our(-ﬁcw —Satted—water ',!

Set U«F axd Solve an witial value ‘l)m\o\ew\ 'fb‘(' “he.  amoust Sf sae S
M the tank at +twme £ .

Kea ?o‘.wb : Evev\:y\-b\\v\é s clear exceF‘(' g
What s the vate of change of sae ? (of course, decreasing )

What hqﬁ.my\s at time £ :
Pimowrk uf water = 4o- (-4 = 4o-2% gl
(.. ost=>0)
AVV\DW\‘E G‘f sat = Stb) 'FO\AV\&
Concantration = SO Pownd / gl

Rate cs-‘e Cl'\aan. sJE satt = 7‘\ ote sf O\belouo water x cConcewntration

Minus s‘ﬂm wndicates  decreasin
B .- 3 gal/mn _Sw d / aal
$o- 2 gl S peed/p

Lo-Xc

Si% = - 4308-,}:(: (S'.MF\B leb'r £ n \..M'l"\wj S)

(SeFo.va\o\e, e_ogsa'hom)
lf we vewvrte -the e._%ua-l-tm as g%ﬁ»(%ib)g:o ,
s in -fao:l- a homogemesus st omler linear ODE




d8 .- _3S

ot 4o-xt
e - 2
SdS 4o-xt
Jgas =3 [
S Lo-Xt
[n S = %— ln(’-l—O-):b)+C' Think : LJ\«.\/) S.,b4Lo2k=07
3

S = C (Lo-xb

[m—\"m‘ condition : S(e) = &
> 5-=C Lm}‘" > C-s.tm'é

3
. |
S, S = = (20-+) j'jor Os+s30

Let's look at he

2 = - 2

SdS 4o-Xt

U _ 2

SdS - \Y 2t -4o

(V\ S = % Gt -bo) +C M— U Xk-4o <o

S = C(Z('.—L\-DSE e SL\BU\H wyite. :
When  we ~[>vzt +=0 , S = % mlxt-tol +C

3

e have  3(-40) uhich 15 NOT defred 1 Hhen S = 2 lnlioae) +C
What ‘s wvbﬁ’? How 4o cawect 2 as [2k-lol = Lot



eg. (93 HKAL Hﬂ:\“len\ Math )

A 'Fa-heyﬁ- +akes o0 ma o‘f an OY'Q”La, administered dma , whidh
will be %\melwallta, Adbsovbes lma “+he \aoclvd ond then e\}ew"hall\a, excreted
out. sfﬁ%ebod‘a_.ﬁf%ev-tkows,leb
~ ‘m% be e amowrt c-F dvv% sl unabsovbed ,
%f "g be ‘e amowrt c-F dvv% dbsovbed and  still ‘(eym'minccz) i the boel\a_,
Zm% be —4he amowst c-F dw% excreted  out S%'\'\«e lpw_l«a.
The tstal amouwst °:Y_ dw\g Xt Yemales constant  over tiwme . H = knouwn
that %X decreases at a vake —%—~x g per houwr and

z increoses at a vate 3%‘3' g per howr .
At +=0, %x=1(00 and y=z=0.
& Show Hhat = (00 St
b Show et JE+ 2oy - hoe T
Hence find 4y and 2 1n teans of .

S Find e dme at which 4he amowst cf dma absorbed and sl re_wxoﬂv\‘wg
in the bodsa s at a  maximum.

_ PN
s

Jesbe - {- ek
hx = -%-(—,+C'
-2
x = CeS
[V\’rhaJ condction %@ = loco = C =(o0D

=t

% = looe

b (The most chﬁme Farb)

Wark 4o obstain an Q%V\a.'hon ’Mvolv‘wg %‘g— , but wneo divest \wﬁww«ﬁw\.
Method: Relste ¢ 4o X and

= ﬁ which are  known !
How 2

X+(6+z = (00

dx |, d _
Fctattae -




Qo
X
i
|
utlv
X
"
|
utlv
o
",
©
o
|
|
©
o

=t d =t =+t -2 -2
e S LB 2, B0 4o FY | ppe =
(S5 25 (
=4 -L‘l‘.
éi‘(e’s 14,) = 4oe >
2y
o -

\at ’ = C =125
2 '8"!:
(a= Rse ° (|- 7))
- a5 (e Et_oF)
2= (00-X-4u
d

2 2
= -2
00 - h5e B* 256 5

0) Exerssa  Hut: S -2

QT
Ps: tas o9




e.ﬂ. Two  kinds cf bacteria , X and Y, coexist In envivonment. Both re:|>r-oc|w:z at a
vate FruFoH:iov\a( 4o their numbers, and the constants cff 'FquoH:iovxah'ha
Y, ond iy (Y.a > 13 >0) resFecEivela . The enironment 'Fwwdes svﬁiciewb vesource.
Qo that no nabuwal deaths  occur duﬁmﬁ the time ujz investiaation . However,
each bacterium X kills bacteria Y at -the vate of cper unit time. ln‘r(:ialla,

the -ch?u\a'biov\ cf X ad Y are % and resFecElveJt&

Swrrose that af&er +time +, the 'FoFula:{:ion cf X ad Y are %t and 86:)
Y‘esFect‘lvelna. Find =6 and tatb)

ﬁ"-rx'x => %-\’

< =
S_V(L_dx=jrxd'b ie. relative vate cf C"\ﬂ"\j?» Of &) s a constant.
hx = ot +Co
R er'z.‘(:-"‘co . C. eY'{ﬁ
1O =Ko S Co=ne
. vt .
LD = A (exronevtbal Gmwhh)

%—% rate cj’ c]mnge. cf Number of Y

vate cj\"e?rb&vc(:lon of Y—W&Ofdeﬂrﬁ\ Oausedbalm“ivs'frwx
O ”

Y',_a-La_— CAxoC

; %{é—— 13(6 =—cx°e,r{t (wl«\ick i a kt oder linear ODE)



Inteqrating foctor - eIt grgt
_ - -t
er%{-lsol%'e & R - cxee "8
- -Vt
@ F ) = o™
Q-r'a_tta - C%e(rz'rla)t d‘t
(re-vu )t
= -C_w"e 3 -+ C
o - 1.
%
_ - Cxo
n(o) = > C- e
St ‘6 e e(va- e . ot
G-y G-y

y - e e i (b S ) B
~- 0y

la = rxc_‘x;la e\’x't + ( |<+ \"x_?\'"a )qu‘%t

lf Y will extinct at some +time t . ie. (ael-,)-o -fur some t>0.
c )uerat =0 has a solution .

et

That means —SXe ™" 4+ (ka4

o - Vi

Y',_—\’"a

Y xe era'(:
—
+ve

CLo er’:t =-( k-l' = CY‘
*77

G- ¥y
———
-ve +ve

This eclua'bion has  solution vf and on\ta Tf

(ks _Y<o
9
_ c
k< -1y
Vo > Vi~ %

Neote -

Yo < r(a > Yx-rqa<°

Eﬁ?lainctﬁ'lon'- We know Yiy> >0, but f o > r.a—% . then Y will extinct 2

(v Iis Swmaller Hrat ra_ but net so small)



