= LAy & X EX; Lo Xn=b,

The o of s parbition P i> defined & be

M&X{ =X - )=, 2 ”}
le the maximum »Q“\jw\ Of e (sd-division)
A.M«WVCJS [xj-b xj}) j-‘ 2,0,

T;\e mf\f-ﬂm ta o(efmea\'('o be
R ($; P) = F)(x-%)+ £ (%-)++ &}@m@;

= $04) &% +f (A, +- +,C(xn) ax,
= 3§ Ay

whe 8% = X=X,




Tke Qg}f—ﬂwﬂ %
L{fP) = 7_“7‘( 1) 4%

the mud-peint pum 1
CM$P) = Z-f(")""")) Ax

It i proved #\o.'t Hoe vl a number T
puch thet each of R(FP), L(£iP), M(£5P)
b vew close T I whenever the howm (IPIl of
the Fawfi{'iouf’(o)@ [4,b]) i» Amald enouph i€
for eoch £20 , thore okl 570 puck that
[RGsP-I l <&, [Lf;P)=I]<e, [ME;P)-T <

henavey {!P!/<5
This mumber I v dendted bg

S-fcz)c(x , o Jé'F
ool callh e (definite) uiteqra] ay‘ f over M




T4 $0 20 4o all x efa,b], Hhen we con
wnterpret 5:7‘0&) dx on the aka of He
; the v, Adbate 3 h off over [a bJ‘

ragon, unker el S Oee o,

1§ $60<0 ¥ all xé€[a,b], Han :ﬂz)dx

wlurprebi oo the 4y ed (or tha nagative of
V sign ’

oy be
de) area of tha region bounded by Y=o,

9‘.&"“ of §, 1=Q and X=b.

Basic Fro&'t_u:)' ‘

Swppose F i conttinuous on the relevant

wnkervals .
o
1) Ly éx =0.
S; | Feally

. Szﬂ,‘)dx :--f:fwdx. (o defindion)
) (hfwdxs 4 [ fode, whue ko
O - (/8
o constoat. )
b b o
() |dxe = dx d
4) Sa [$00+4e0]dx Lﬂx) * Lﬁw X

(YD



5. j:,cwaac = J:,cmx +j:,ccx>a .

Exuplh

Lt wo cader f(X)=%, a=2, b=y
Let P: %=2<¢ %<& =T

Fp  |RGP)-awsdCdaBd
i = orea(pBpp, D+area(PRER)

‘- | +G-Feé\(ppsszp)

T LB R+ LREGRHBE LD
T&‘e W_i#cvﬂé{spy DJE‘!)%EJ S -ZL DSEZ‘CD'R'Q'E'% + Ezp)vg ,
— >
’ =%Pssz'(7-2>=§ RE

1]

Neota thet 4 I Pll w & | enou 9!3 (co o 2t
of division points, and each AX; 17 amall),
~then the corresponding DE, (which o> the
MoeX: mum of l ﬂlp-fuj.ﬁ“-h' very smal|

. ’
S 2 XAt = (2475(7-2) =L (7% 2%)

=L x*["” W s
2 lge2 . T (T




) =z on [a b}, where p # —

er the function flz
zn = b} where

- EXAMPLE. Consid
=gy <o < . <

‘a < b. Take the partition Frn = {a
b)’/n for0<jEn

the notation under control let R= (b / a)t/™. For example, Zj = aR!

keep
= aRJ YR- 1)

=TT

' jSofor'p <0, we have R(f P = R?’L(f, P,) and

L(f, Pa) »Z&Lz,),,) (% ‘7‘54

= 2 PR VaRITHER D)
| g
n—1
=P (R-1) ZR(PH)J'_
—
Summmg the geometnc series and rearranging, We have : 1
‘ grlpt) — 1 N )
— ptl —_ ;
L Py =@t R o1 | :
B\ _ 1 ' . S
_ . pil - ( ) ' o
= (R g -1
(bp+1 _ap+ ) R 1 -

clearly, we setr = %

— +o0. To ghow the role of n
nize the limit as the

We will take & limit as 7
i/n = rh. The key is to 16CO8

and h = 1/ns so that R =T

computation of two derivatives.

o 1 vespvod WO )

{
| i £, P = 0% - )l
. ’ n""‘OO ,r(p-}-l /'fl _ 1
= (bp‘H- _ ap-!-—l) hm 'f' — l . h
h—0 h rletbhh -1
d g; .
_ ot — )N
d (T(P-H )‘1‘—0
= (bp+1 - aP+l) logr bp+1 — gPt!
(p + 1) logr P + 1

e R

S; /
ince R(f, Pn) _-‘ )p " L(f, Pn) has the same hmlt we conclude that

oMy Y gy

bp+1 - ap
o <L(f) <UD < s
_ i, So this function is Riemann ihtégrable with / b = ppt+l — g+l - i
\J-L : a ‘ Y2 + 1. o ,/ﬂj ;
. : “"'Q ;




chc(amen'fal eoremo,ﬁ (alleullu

If FO » on axts vaa(we of Fx), i.e
Fleo=§  on[ab)
-F(z) wm cowfmu.ous on [a,b], then

—— pr A

ja $(2) dx = F(W-F(a).

Exa_aile -f(x):l, a=2, b=7.

Lt FO=Lxt. Then Flo=x=fed onbil
nd wehare  [Txdx =L (2= Fln)-Ff)
In foct, for any ach in R, ‘

§ xdx = F>~Flo),
Housish orgoet or tha Hhassem

Spax  (whoe i o poit s, ﬂ) |
= (685 ( by a.acump'bon Flo=fe)
2 F (%)= F%)-1) (by Mean Volue Thw) Gy

LS LAy = ZEF(Z> ~E(xy] = F) -E(5)=Fb-Fla)




Wi




Avemge
Griven 10 wumbers @, 6, -, 4,

their average .-:-.-,-é- (Q+G, ++0;p).

Griven a colinuous function £ on [4,b]
Row shadd & average over [a,b] be
defined 7 |
Consider o zpmicb.m '
0=X< X< < Xy=b
Wk AX = X=X, = X=X == X=X pye .
A

So, We Moy Consider /defive

(b
[,.I.o\ J fwdx o the average of f o
’ over [ab] .=




2 s vl oo fo Gedigrals
T Aupose T in cotimanr o [ob],
9 » conki M) m[“/"]/ i '
one fign on [a,b] (+ Hroughout
0{- e 8” ’ or - m,hou*),

Then thore sxdls 5 € [&, b] puch that

| @w&}z@w\ \}4&@« e EL w@y& . wmh.
Corleny Suppose that 4 ip coihuam on [a,b],

Thon Mo oxih ¥ e [ab] auch that
SB-F(::) dx = Kg) (b-A)/
o

b
e —— [ fwdx=Hg

b=oa /& |
(ac¢h understen)







$60=6x-x*

1 F. nd the area bounded by f-iu]

omd y=0, foy xe[1,4].







3. FAMA 'U\R OAEQ betivesn /bMAgA- by
e grophs of
fo=Lx+3 ) §=-2" x=2
ond =L

i The WA area

Yy
' f [fw-9] &
1., (4 99< i)
,,,,, B 2 w2 i
SN[ < [l 00
V3 A
33
— -;F- .







5. Find the area bounded by e grophs of
' {-(x)=5'-x", 9 (x)=2-2x , cund x=4.

b thet of tho prewious Sxomple.)
By He gmf»&}, J’; »e’ﬁfa areo b

3 ¢ |
j_l [#0-960]dx + Js [Q{f{:fw]dx (uty2)

4
=5+ _5 (XP-2x -3) dx
i .
By TR
=2 L =3,

SRS




Thn Supese T v continuoue on [a,b),
e j‘-w\d’am I: [« b] —>R given by

Then
()= ja Sedr , xe[a,b]

w» diﬁwfiable on [ab], and
T/ = §0, xe[ob]
l

€. Zi j fwdt = f), x¢€ [a,b]‘J

e

Procf Lat xe[ab), A€o, b-x). Then
| " ‘
(x+k)-I = it - fx&w "

| =S 'f“’"> dt = la-f(;) for some g€ [, x+h]
lam:fmts gtm{wtﬂqg,d—)

V\'\(-CM

‘ HQM& ,ﬁ% :c(x+k>-I(x) _}w*(g) f()

e I,00= }(z) for i x¢ [ah),
Simlardy , I.(O=fx) for aR xe(a,b]
Il =f0) ool xe[a)b],




Thn Suwppose f cotinuss o [a, b7, Then
u; S:,twcw ==f00, x€[ab]) j

Extnple
i

Y S % |
J At ot = - = & =CrX
o wd{-&.:a

4 X, . . d | .
and L Lﬂmi'a(t-__a.i (ma-tox) = punx

MM(:;, jiﬂ-&'i:‘itz-Cab-i'CmZ/

A (gt dt = —pax,

d
“ ax %

2

2 2 .
2. 4 S etdt =-¢~
ax Jy ,

wion Haugh & i umpossible o arpreas { &ty ,

W\ Wﬁ O} ( h»f%f&fy) «fwd‘mus we &M_e
me’f /w fM ( by means Ar f&mﬁf i’“m?” ol ,PW ) s




Arc- sz'tﬁu \/olwuw: ond S‘fﬁa Aras

A mm.- 5@(7C m‘(:wec'ij arc i the Fa.ne s, Bj Jepm‘ﬁo» |
a fw\c‘hm F:[2b]l— R ,wd\ that Jw alll Xy FX i
a¥], FE)FFO) [oef, I eag=tas) ],

TLQK » goo& maH\emf«ml ;we cﬂafme an arc as

ion F, I‘OT the - } {F(x) xe[a,b]}
not the 9"‘[”\ ) (4, Feo): x€[ab]].

5‘“&1 The wyper semi- circle of radius ¥ is given 53

——

—f(*)-Jr- < , %€ -rr].
5\3 Hoo W Mean -d._.fu«éha\ F: L"H]-*fﬁ' Xf—’(x)‘(ﬁo) ’

J—-1

(4

"ﬂws -fo/ gach f‘wi'«m -f [2 b]>R, we can consider
'thllwd’m E. [ap] >R, 2 P (%, f(:d) Then F &

oL WO 5&} thSeétmé arc o Ha above sense. Bj abuse

\D}Wa- ,Werefer MMM[w;TeaﬁacfﬁAan
O)('f.'% we Lddiimg f,ﬁ,@ MMWWJC/N[A bj




The reasen Jo auck o definition can b Bustratel by

?xMHQE For tha ore givev\ n Exﬂw&r!el above |

ty are- Qwa*l\ y wm}wi’eo\ 00 follows:
[ G o

-Y

(7 [iv [ o]

jrﬁ+ 2 (=) dz
X

1l

W

= by gulptitition
= _SYM [ x=ref, be[-1e],
Xzt ‘then |
:C.-’-r | 2 \; \.-T;_
=r Mﬁtm% Lc:-*\f J'.::;r ? 7N
=r [mcms(&[)— oA (—I)] Ig = -rA=6 ]
—r[o0- (-—n)] = Tr
Thorlot, tha Qoughh of o conde with mdivs T .




Suwdse -f(x)>o -jor all x € [a, b] and Ruppose’
we revolve, abaut the x-axis, the regien bounded by

-H\e 9mpb\ 0} -f, ‘H\Q Oines x..a x=b and 3:—.0,

~Thenthe reg:on sweeps ot & sofu\ calleA a solid gf
revolution. The volume of this aclid is given by:

L .
j T (fo) dx.

“The reason .foy s def«;niﬁon can be iﬁﬁusfmfeal'
\,9 the Jollowing diogram ;

X~ OXIS




Exatie 3 The vol.ume of the solid obfained by
oboul the X-éxis, |
revelving,, the regron bounded by the arc given
v Exam}»le 1 above, and the lines x=-r; xer

ond Y=o, w computed a5 follows:

v L 8
J T (f60) dx

-Y

E\(‘*"ﬂ€4 The volume o} the solid OH'diMJ <
by revelving, about the y-axis, the region
“described ™ Exuyle 3 above, cdmrufac{

os Sollows : |




v .
5 T [-}"up] dy
0

Y
= 5 T (~y*) 4y
0 . _
'u'[ 7"‘3“('*)] = Frr

The ahell..method

Cxaw;a!e 5 Fund the same volume of EXMPIG ¢
by f{.a,/xl\ell meﬂwc{ |

gg 7 R : (xJ*, f(x)*))

\ ‘ B
o — | “T |
. N g ~‘—J ’l x-*)
. |
: (3 /L///"
i & b T
> _ A\
! @ © ®° P | ,
o o @
v‘ ‘xj ) r

| The req/uhe& yhoame, = J zwx}tx)dx

o

=7 S uy’; J’u \ (where u=r=x°)




Ej’“'f‘efi Find tha volume V of ta solid  genersted
by revolving the region under Y= 3x*->C, from
L=a b x=3, arund # Y- 0205,
We drawd the picture (udich Qaoks Guka e plots Ao,
The req;ﬁﬂ& vouwme — S:zu'x g dx &b

— Saz"($x§'i“‘) Ax R
o

y

1
i e
i
:
|
'1
|
|
b x

-, Heuristic device for Cylindrical shell ST gAY if\; fpioa
setting up e E%fxiﬁ?w (%) of weiyaswatl | thickness. cylindrical shell, flattened out.
X o ¥4

Y

(b)




E"“?‘e 6 Find the volume V of the solid generatrd by
revo\ving arcwnd rhe region uwnder Y= 3x"—xi Jrom
x=0 <o 1:3, around “the j”MB .

" Drowthe pic(’ure. .
T'\Q I'QTW‘QA VO,WQ = j z"xydx
¢ Yoy
-'-‘5321'(313-1"‘)&:(::?:‘
]
S 243 T

Ql-ebsof Sur}mes irevo(u'ﬁon
v - -

The tiny arc ds
i;{gffi-‘:'irne:rates a ribbon with
%;?ggmmference 2my when it is

=5{) " b revolved around the x-axis.
Y=t jZZ“'}(ﬁ) 44; JZ‘H‘}(:) ,4.(}'@ dx
- (-}
L b ady = Ji ’9“’[‘)%5)]& axy

([

E"““t‘e] Find the area of the surface 9en€m‘('£c‘ bg
revo!ving the curve 3: Xs , X € [o, 2.] around the x-axis,

©

= Slztr ¢ [14q2% dx

©

T‘\Q C'QQNFQA 0réo = Xz?-'ﬂ‘ng |+[(13)'-]zdx




