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|I. Metric Diophantine approximation
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Metric Diophantine Approximation

e Motivation : Density of rational numbers.

Rational numbers are dense in R. Or equivalently, for any x € R,

|z —p/q| < e, for infinitely many p/q.

Remark : This is a qualitative result in nature with no quantitative
information.

e Main concerns : How well a real number can be approximated by
rationals in quantitative sense.
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Il. Dirichlet & Minkowski
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Diri-Mink

Dirichlet's theorem

Theorem (Dirichlet’'s Thm)

For any (x1,--- ,24) € R and any Q > 1, there exists integer ¢ < Q
such that
) —1/d
Joax [lgzf| < Q7%
Consequently,
d
x € HB(pi/qvq‘l‘l/d), im. (p1,-- ,pa,q) € 2.
i=1
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Diri-Mink
Minkowski's theorem

Theorem (Minkowski's thm)

ty +---+tq =1 and positive. For any (x1,--- ,x4) € R? and Q € N,
there exists integer g < @ such that

gzl < Q"+, llqzall < Q™.

So, consequently,

d
X € HB(pi/Qaq_l_ti>7 i.m. (ph o 7pd7Q) € Zd+1’
i=1
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Diri-Mink

Improvability of Dirichlet and Minkowski ?

e Would be any improvability of Dirichlet and Minkowski ?

Almost impossible!!'!

e Main reason :

They concern the property of ALL numbers.
» However, different numbers can be approximated by different degree.
eg. algebraic & Liouville.

» Thus, numbers are classified according to the degree they can be
approximated.
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Diri-Mink
limsup sets

o Classifications according to Dirichlet :

W) = {x € [0, max [lgzi]| < (q), im. q € N}

<

— We call them
limsup sets generated by balls.

o Classifications according to Minkowski :
- d . ) . i
R(¥) = {x € (0.1 max [lgzil| < wi(a), im. g € N}

— We call them

limsup sets generated by rectangles.
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Metric Diophantine approximation

» Main task : How about the size of limsup sets in the sense of

measure & dimension.

e Two classes of limsup sets :

o W) :
limsup sets defined by balls;

o R(¢) :

limsup sets defined by rectangles;
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1. limsup sets for balls
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Balls

|. Size in Lebesgue measure

Theorem (Khintchine's Thm, 1924)
Let 1) : N — R* be decreasing. Then

LW (@)))=0orl<= Zw(q) < 00 or = o0.

q>1

Theorem (Khintchine-Groshev's Thm, 1938)

Let 1) : N — R* be decreasing. Then

LWmn()) =0 or 1 < qu_lwn(Q) < 00 or = 00.

q>1
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Balls
Il. Size Hausdorff measure/dimension

Theorem (Jarnik-Bescovitch's thm, 1929, 1934)

Let 1) : N — R* decreasing.

——, where 7 = lim inf L) log y(q) .

dimyg W (y) = T im in Tog ¢

Theorem (Jarnik, 1931)

Let f be a dimension function with f(r)/r non-decreasing and v
non-increasing. Then

H (W (p)) = { o0, ffZZiﬂf(@) =00;

0, otherwise.
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Theorem (Bovey & Dodson, 1986, Dodson, 1992)

Let 1) non-increasing.

=1
T

Theorem (Dickinson & Velani, 1997)

Let f a dimension function with f(r)/r™" increasing to co asr — 0;
f(r)/r™=D" increasing ; 1 non-increasing. Then

won - { = ER e

0, otherwise.

=00;

)7(m71)n

Theorem (Levesley 1998, Bugeaud 2004)

Inhomogeneous case.

Baowei Wang, Huazhong University of Sci. & Tech Diophantine approximation



Balls
General principles

e Generally, one considers the size of the following limsup set
{33 eRY:x € B(zy,ry), im. n € N}
or even more generally

{x eR?:z € ARy, 7), im. n e N} = limsup A(zy,, ry),

n—oo

where R,, are subsets in R and A denotes the neighborhood.

Call them the limsup set generated by balls.
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Balls

| : regular system

@ [/ : an interval.
o I' : be a countable set of real numbers in

e N : T — RT a positive function.

Definition (Baker & Schmidt, 1970)

The pair (T, V) is called a regular system if 3c > 0, s.t. for any interval
J C I, for any K > 1, there are 71, ,7 in I' N J such that

N) <K, -l 2K, t2>cJIK.

Then consider

{x el:|z—v <yWN(v)), im y€ I‘}.
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Balls

Il : Ubiquitous system

» Dodson, Rynne & Vickers (1990) :

Ubiquitous system for balls in R?;

»Beresnevich, Dickinson & Velani (2006) :

Ubiquity in abstract space.
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@ {2 : compact metric space with a J-Ahlfors regular measure m.

J : countable index set.

(]

{zq 1 v € J} : points in Q.

B:J—RT:a— B, : attaches a weight 3, to R,.

p:RT = RT: p(r)\,0asr— occ.
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Balls

Definition (Local ubiquity system)

Call ({za}aes,B) a local m-ubiquity system with respect to p if there
exists a constant ¢ > 0 such that for any ball B in X,

m | BN U B(za, p(un)) | = em(B), forn >n.(B). (1)
a€J:ly,<Ba<un

v

e Consider the set
A) = {:r €0z € B(ta, ¥(8a)), im. ac J}

where 1) is a non-increasing positive function defined on R,
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Theorem (Beresnevich, Dickinson & Velani, 2006)

(1). Assume the measure m satisfying : 6-Alhfors regularity.

(2). Suppose that ({x4}acs, B) is a local m-ubiquity system with respect
to p.

(3). Let f be a dimension function such that f(r)/r decreases.

Let h be given by

e (i) Iflimsup h(uy,) = 0 and p(un+1) < cp(uy,) for all n > 1. Then

H(A@W)) =00, if > h(ug) = oo.

e (i) If 0 < limsup h(u,) < co. Then HY (A(¢))) = oo.
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Balls

[l : Measure transference principle

Measure transference principle : for limsup sets of balls,

Lebesgue measure statement = Hausdorff measure statement.

Theorem (Beresnevich & Velani, 2006)

Let z, € R and r,, > 0 (n € N). Let f be a dimension function with
f(r)/r¢ nondecreasing as r — 0. If

{x eR?: x € B(xy, fY/%ry)), im ne N}
is of full Lebesgue measure, then for any ball B in R,

Hf({x € B:x € B(xy,r), im n € N}) =H/(B).

Baowei Wang, Huazhong University of Sci. & Tech Diophantine approximation



e S. Jaffard (1996) :
Dimension transference principle ;
J. Barral & S. Seuret (2004, 2007)
Conditional ubiquity & heterogeneous ubiquity ;
e A. Fan, J. Schmeling & S. Troubetzkoy (2013) :
Multifractal mass transference principle.
e D. Feng, E. Jarvenpda, M. Jarvenpai, V. Suomala (2018) :
Random limsup sets;
e H. Koivusalo & M. Rams (2018) :
Mass transference principle from balls to open sets;
e D. Allen & V. Beresnevich (2018) :
Mass transference principle for linear forms (isotropic thicken);
e D. Allen & S. Baker (2019) :
Mass transference principle for general forms;
o F. Ekstrom, E. Jarvenpda, M. Jarvenpai (2020) :
limsup sets of rectangles in the Heisenberg group;
D. Edouard (2023) :
Mass transference principle for quasi-Bernoulli measures.
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Rectangles

IV. limsup sets for rectangles
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Rectangles

Aims at measure the size of the sets
e Simultaneous

Win(®) i= {(@1, "+ ,2n) €R" : |lgusl] < i(q), 1 <i <, im. g € N}.

e More generally, the linear form :

Winn(¥) = {m € R™™ : |lg1z1i + @2%2i + - - + GmTmill < Yilq),

1<i<n, i.m.q=(q1,-~-,qm)€Zm}-

o We call these sets are

limsup sets generated by rectangles.
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Rectangles
An related question

e Multiplicative Diophantine approximation : consider the size of

M(8) = {1, @) € 0,17 llgzi |-+ lgzall < %(g)", im. g € NJ.

If define
M(ty, - ,tg) = {x € [0,1)% : |lqus|| < ¥(@)¥, 1<i<d, im. qe N}

then for any integer N large,

it it
U M(%,-~,%)CM(1€)
(g1, 3a)ENG jr+-+ja=N
Jit Jat
M(—,.-- ,—).
= U N

(in,+ia) ENL g1 +--+ja=N—d
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Rectangles
Measure and dimension

Theorem (Khintchine 1926, Schmidt 1960, Gallagher 1962, Sprindzuk

1970)

Assume that 1; is non-increasing for all 1 < i < n. Then

LY Wi () =0, or full <= q" "p1(q) - ¢n(q) < 00, or = o0.

q=1

V.

Theorem (Rynne 1998, Dickinson & Rynne 2000)

Let v;(q) = q~ ™ for each 1 < i < n. Assume that 11 <15 < --- <1,
and Y | 7, > m. Then

' . MMt =Y T
dimy Wmn(qj) - m(?’l o 1) + 1I§niléln I+7

» Wrong claim for general .
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Rectangles

Questions

e What is the right dimension for general (¢, ,9,)7?

@ Is there any general principle for limsup set defined by rectangles?

o Measure theory ?

o Dimension theory?
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IV. Main result.
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The setting

J : countable index set.

X; : compact metric space, 1 < <d.

@ u; : 6;-Ahlfors regular measure on X;.

@ z,,; : point of X;.

@ p: N — RT decreasing, called ubiquitous function.

Define

d d d
(X7N):(HX1‘7HN1‘)Z Xo = [[2ai, a €l
=1 i=1 i=1
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Result

| (1). Dimension under ubiquity

Motivated by Minkowski's theorem, we introduce ubiquity for rectangles.

Definition (u-local ubiquity for rectangles)
3 ¢ > 0 s.t. for any ball B(x,r), 3 no(B) s.t. for all n > ng(B)

M(Bﬁ U ﬁB(ﬂsa,i,p(un)“i)) > c- u(B).

aily <Pa<upn i=1

e Consider the limsup set defined by a sequence of rectangles :

d
W(t) = {x € X : 2 € [[ B@aivi(Ba)), im. a e J}.

=1
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An simplest case : let ¥;(r) = p(r)® Tt for 1 <i < d.

Theorem (W-Wu, Math. Ann., 2021)

Assume p; is d;-Ahlfors. Under the hypothesis of u-local ubiquity for
rectangles, one has

arly — 17%0)
o bt I/V(t) > f{mg‘{ Z 5k + Z 5 + ZkEKg k kA_Zk€K2 k k}
i€ kEK, kEK, ¢

where
.A: {ai,aithi,l S ) § d}

and K1, Ko, K3 are defined as follows
IC1: {k}Az <ak}, ’CQZ {k:akthk SAi}, ]C3: [1,d}\(’C1 UICQ .

e Moreover, for any ball B in X,

HH(BOW(t)) = H(B).
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Result

| (2) : Dimension under full measure

Theorem (W-Wu, Math. Ann., 2021)
Assume p; is §;-Ahlfors. Under the full measure property that

p (11.212“1’ B(%m(%)"‘)) = p(X),

one has the same dimensional result for W (t) as above.
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Result
How to cover one rectangle

Let

e Falconer’s singular function :

@s(R):min{ H T—%-rf:lgigd}.

krg>r;

In other words, cover R by balls of radius being the sidelengths of R
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Result
How to cover a collection of rectangles R,

B 1
=1
=1
Red : big rectangles; Black : shrunk rectangles
d d
H B(xi,r™), H B(z;, ritt).
i=1 i=1

For example in R3 assume

Ta3+t3 < 703 < Ta2+t2 < o2 < ’I“a1+t1 < 701
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Result
Local part : transference from balls to rectangles

=
=l g

Red : big balls; Black : shrunk rectangles
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Result

[l : Measure theory

Definition (u-local ubiquity for rectangles)

3 ¢ > 0 s.t. for any ball B(x,r), 3 no(B) s.t. for all n > ng(B)

w(Bo U ﬁB(fﬂa,iapi(un))) > ¢ p(B).

aln <PBa<un, t=1

e Consider the limsup set defined by a sequence of rectangles :

d
W (o) = {x eX:xe HB(ma,i,wi(ﬁa)), i.o. € J}.

=1
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Theorem (Kleinbock-W, Adv. Math., 2023)

(1). 0;-Ahlfors regularity for p;,

(2). Ubiquity for rectangles.

(3). ¥ decreasing, either ¥ or p is \-regular.
Then

W@y =ux) i Y[ (L )6 .

n>1i=1

A-regular @ p(unp11) < A p(uy,) for some A < 1.

Baowei Wang, Huazhong University of Sci. & Tech Diophantine approximation



Result
An example

{(m,y) S12%z] < ¥1(n), [|13%y|| < ¢2(n), for infinitely many n € N}.

@ Resonant sets :

b
xaz(;L,Bn),oga<2",ogb<3",nz1

@ Ubiquitous function
p(n) =(27",37")
since

[0,1]* = U B<;L21n> x B

0<a<2m,0<b<3n

!
3n73n )
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Application 1

x € [0,1]" : ||lqzi|| < ¥i(q), 1 <i<m, im.qé€ N}

=
=
I
=

x €[0,1]" i |lqxi]] < ¢7T, 1<i<mn, im.q€ N}

Let v; decreasing for all 1 < i < n.

n+1+3 (i — )
1+ T;

dimyg W () = sup {5(7) ITE U},

dimyg W (r) = min{ 1<i< n} = s(1)

where U is the set of the accumulation points of

{(—logwl(q) —logwn(q)) :qu}.

logg ' log q
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Result

Application 2 : linear form

Wmn(¢) = {Jf S Rmn . HQ1-rli + LR Q'mxnn'H < ¢1(Q)Q7 1 S 'L S n, |m q S f

Wonn(7) = {@ € R™ i [qr1s + -+ + qmamill < ¢ g, 1< i<, im. g€ N

Let v; decreasing for all 1 < i < n.

dimyg Wi, (7) = min {(m —1)n+ m ot n 4 P (7 — ) } = s(7)

1<i<m Ti

dimyg W, (U) = sup {5(7’) 1T E I/l}.
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Other applications

e 3. Shrinking target problem :

d
S() = {(xh - za) € [[ G : I — zogll < %i(n), im. € N}.
=1

e 4. Multiplicative Diophantine :

M.(¢) = {(m,y) € CoxCp: |la"z—zo||- | y—1yol| < ¥(n), im.n € N}.
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Result
subsequent works

@ Beresnevich, Levesley & Ward (Math. Proc. Camb. Philos. 2023),
Diophantine approximation on p-adic fields.

Eceizabarrena & Ponce-Vanegas (Commun. Pure Appl. Anal., 2022),
convergence of the solutions of the Schrodinger equation;

@ Eceizabarrena & Ponce-Vanegas (arXiv : 2108.10339),
pointwise convergence of the solutions of dispersive equations;

e Li, Liao, Velani & Zorin (Adv. Math., 2023),
shrinking target problems on torus.

D. Allen & Wang, (arXiv :2103.06822)
Diophantine approximation on manifolds.

Robert, Hussain, Shulga & Ward, (arXiv : 2308.16603)
p-adic field, complex number field, formal Laurent series.
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Thanks for your attention!
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