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Moran sets

Compact J C R? with int(.J) # &. Integer sequence {n;, > 0}, .
Y =A{uug-ug 1 <y <ny,j <k}, Y=y ZF
(CkasCroy -y Chp, ) Satisfies E?il(cm)d < 1 for each k € N.

The collection F = {J, : u € ¥*} satisfies MSC:

(1). For each u € ¥*, J, is geometrically similar to J.

(2). Forall k€ Nand u € ¥*1 Jy; C Jy, int(Jy) Nint(Juy) = @

.o . Jui
for 1 #£ 4/, and, for all 1 < i < ny, ||Ju| = Cki,

The non-empty compact set

E=E(F)= ﬂ:il Uuezk Ju

is called a Moran set determined by F. 215



Dimension formulas for Moran sets

For all &' > k > 0, let dj s be the unique real solution of the
equation Ay y/(d) = 1, where

k,/

A (d) = Hi:k—i—l (Zjil(ci’j)d) ' (1)
Let d,, d* and d** be the real numbers given respectively by

d, =liminfdy,,, d*=limsupdy,,,

m—r 00

d™ = lim (supy dik+m) -

m—oo m—00

Theorem (Feng, Hua, Li, Rao, Wen, Wu, Xi): Giveninf{c; ;} > 0.
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Self-affine sets

An iterated function system (IFS) is a finite family of contractions
Si,..., Sy i R — R with N > 2. It is well-known that there is a
non-empty compact set &/ C R? such that

N
i—1
called the attractor.
If the IFS consists of affine contractions S;: RY — R?
Si(z) = T;(z) + aj, i=1,2,...,N, (3)

where a; € R? is a translation vector and 7} is a non-singular linear

mapping, we call the attractor E self-affine set.
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For 0 < s < d, the singular value function of T is defined by

¢*(T) = ar(T)oo(T) . .. cpr (TS ™ (T,

m

where m is the integer such that m — 1 < s < m.

Let d(T1,...,Ty) be the unique solution to

lim (Z ¢S(Ti>> =1,

icTk

which is often called affine dimension or Falconer dimension.
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Theorem (Falconer, Solomyak): Given || T;|| < 3 fori =1,2,... M,

it turns out that
dimp F' = dimp F' = min{d, d(T1, ..., Tu)}, (5)

for almost all a = (ay, . ..,ay) € RM9,

Theorem (Jordan, Pollicott and Simon): Given ||T;|| < 1 for i =
1,2,... M, it turns out that

dimp F(w) = dimp F(w) = min{d, d(T1,...,Tym)},  (6)

for almost all random perturbation w.
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Non-autonomous iterated function systems

Let {=Z)}x>1 be a sequence of collections of contractive mappings,

that is
Ezk = {:;k,la:;k,27' s é;kﬂlk}7 (7)

where each Sy ; satisfies that Sy j(x) — Sk ;(y)| < ksl — y| for

some 0 < ¢ ; < 1.

We say the collection J = {J,, : u € ¥*} of closed subsets of .J
fulfils the Non-autonomous Moran structure if it satisfies the

following conditions:
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(1).

(2).

For all integers k£ > 0 and all u € %71, the elements
Jut, Ju2, -+ 5 Jun, of J are the subsets of J,. We write
Jy = J for the empty word ().

For each u = w; ... u; € X%, there exists an transformation
U, : R — R? such that

Ja=Wa(J) =Wy, 000, . 00, (J]),

where U, (2) = S}, & + wy,...;, for some wy,. ., € R? and
Siuw €5, 5 =12, .k

. The maximum of the diameters of .J,, tends to 0 as |u] tends to

00, that is,

lim max|J,| = 0.
k—oco uexk

8/18



The non-empty compact set

E=E7) =_ U, (8)

is called a non-autonomous attractor determined by 7. For all

u € XF, the elements .J, are called kth-level basic sets of E.

If the non-autonomous attractor E satisfies that for all £ € N and
ue Xkt

int(Jy;) Nint(Jue) =0 fori#£i € {1,2,...,np},

we say E satisfies open set condition (OSC).
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Non-autonomous self-affine sets

Let {Z)}x>1 be a sequence of collections of contractive matrices,

that is
5&7:: {7251771;2a--' 772;nk}7 (9)

where T}, ; are d x d matrices with ||T} ;|| <1 for j =1,2,...ny.

We call the non-autonomous attractor E the non- autonomous

affine set or self-affine Moran set determined by 7.

For all u € XF, the elements J, are called kth-level basic sets of E.
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Box dimension

we always assume that

O0<a-<a; <Ll (10)

For each s > 0 and 0 < € < 1, let m be the integer such that

m — 1 < s < m and define
Yi(s,e)={u=wuy...ux € X" : € < ap(Ty-), and a,,(Ty) < €}
We define

s* = inf {s : lim sup Z o°(Ty) < oo} (11)

=0 ueX*(s,e)
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Box dimension

Theorem: Let E be the self-affine Moran set given by (8). Then

dimgE < min{s*, d}.

Theorem: Let E be the self-affine Moran set given by (8) and
satisfying OPC. Suppose that there exists ¢ > 0 such that

L4 projo(J N U5 (E))} > ¢
for all (d — 1)-dimensional subspaces © and all u € ¥*. Then

dimgFE = s*.
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Hausdorff dimension

For each integer k > 0, let
10(G) =it { 3 6° (1) : G < | JCu, Jul = k.

ME(G) = lim M3, (G), (12)

k—o0

for all G C 2.
We define

sa = inf{s : M*(X*°) = 0} = sup{s: M*(2%°) =o0}. (13)
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Hausdorff dimension

Theorem: Let E be the self-affine Moran set given by (8). Then

dimpg £ < min{su, d}.
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Hausdorff dimension

Let D be a bounded region in R?. For each u € ¥*, let w, € D be
a random vector distributed according to some Borel probability
measure P, that is absolutely continuous with respect to
d-dimensional Lebesgue measure. We assume that the w, are
independent identically distributed random vectors. We let P denote
the product probability measure P = [, ... Py on the family

w = {wy : u € X*}. In this context, for each u = wu; ... u; € ¥*, we

assume that the translation of \I/uj is an element of w, that is,
Vo, (2) = Tjuy @ + Wy Wap ooty € W = {wy tu € X7},

forj=1,2,... k.
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Hausdorff dimension

Theorem: Let E¥ be the self-affine Moran set with random trans-

lation. Then for P-almost all w,

dimyg £ = min{s4, d}
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Comparison of critical values

Theorem: The two critical values satisfy that
s4 < 5"

where the inequality may hold strictly.

Theorem: Suppose that =, = {11, Ts, ..., Ty} forallk > 0. Then

SA ::S*izid(jﬁ,...,jhg).
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Thank you !



