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Definition

Definition

Let E ⊂ Rd be a set and let X be a collection of subsets in Rd .

1. An affine copy of E is a copy of the form t + T (E ) where
t ∈ Rd and T is an invertible linear transformation on Rd .

2. A similar copy of E is an affine copy such that T = λO
where λ > 0 is a scalar and O is an orthogonal transformation.

3. We say that E is universal in X if for every K ∈ X , there
exists an affine copy of E , t +T (E ), such that t +T (E ) ⊂ K .

E.g. A bounded set is universal in
X = {set with non-empty interior}
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Background Results I Main Result Main Result

Definition

Definition

Let E ⊂ Rd be a set and let X be a collection of subsets in Rd .

1. An affine copy of E is a copy of the form t + T (E ) where
t ∈ Rd and T is an invertible linear transformation on Rd .

2. A similar copy of E is an affine copy such that T = λO
where λ > 0 is a scalar and O is an orthogonal transformation.

3. We say that E is universal in X if for every K ∈ X , there
exists an affine copy of E , t +T (E ), such that t +T (E ) ⊂ K .

E.g. A bounded set is universal in
X = {set with non-empty interior}

Chun-Kit Lai, San Francisco State University On Erdő’s similarity problem and its variants
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Measure universality

Definition

We say that P is measure universal if every set of positive
Lebesgue measure contains an affine copy of P.

Theorem (Steinhaus, 1920)

Let K be a measurable set of positive Lebesgue measure on R1,
and P be any finite sets. Then K contains an affine copy of P.

Indeed, the set

{x ∈ K : ∃δ ̸= 0 s.t. x + δP ⊂ E}.

contains all Lebesgue points and has full Lebesgue measure.
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Main problem

Conjecture (Erdős Similarity conjecture, 1977)

There exists no infinite measure universal sets.

“I hope there are no such sets’”. Erdős
He bet $100 for a proof.
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Progress

Progress:

1. It is known that it suffices to consider P = {an} is a
decreasing sequence to 0.

2. Falconer (independently by Eigen) confirms the conjecture for
xn such that

lim
n→∞

an+1

an
= 1

This solves all polynomial/subexponential decay rate.

3. Some generalization by Humke and Laczkovich (1999) and
Kolountzakis (1997).

4. Kolountzakis showed that the conjecture is “almost surely”
true: there exists E ⊂ R such that

F = {(x , t) : x + tP ⊂ E}

has two-dimensional Lebesgue measure 0.

5. It is still open for {2−n : n = 1, 2, ...}.
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Background Results I Main Result Main Result

Progress

Progress:

1. It is known that it suffices to consider P = {an} is a
decreasing sequence to 0.

2. Falconer (independently by Eigen) confirms the conjecture for
xn such that

lim
n→∞

an+1

an
= 1

This solves all polynomial/subexponential decay rate.

3. Some generalization by Humke and Laczkovich (1999) and
Kolountzakis (1997).

4. Kolountzakis showed that the conjecture is “almost surely”
true: there exists E ⊂ R such that

F = {(x , t) : x + tP ⊂ E}

has two-dimensional Lebesgue measure 0.

5. It is still open for {2−n : n = 1, 2, ...}.

Chun-Kit Lai, San Francisco State University On Erdő’s similarity problem and its variants
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measure universal

Other results

1. Bourgain (1987) showed that S1 + S2 + S3 is not measure
universal if Si are infinite sets.

2. Kolountzakis (1997) showed that {2−n} + {2−n} is not
measure universal.

3. Gallagher, L. and Weber (2022) showed that Cantor sets with
positive Newhouse thickness are not measure universal.

4. Bradford, Kohut and Mooroogen considered the problem “in
the large”. They showed that for any unbounded sequence of
certain restricted increasing rate and p ∈ (0, 1), there always
exists L(E ) > 0 such that L(E ∩ [x , x + 1]) ≥ p for all x ∈ R
and E does not contain an affine copy of this sequence.

5. Improving this result, Keleti et al showed there exists a
Lebesgue point in a set E such that there is no affine copy of
{2−n} around that point.
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Related problems

1. (Keleti, 1999) There exists a compact set of H-dim 1 not
containing arithmetic progression of 3-terms.

2. (Keleti, 2009) There exists a compact set of H-dim 1 not
containing any affine copy of a given countable pattern.

3. (Davis, Mastrand and Taylor, 1906) There exists compact set
of H-dim 0 such that it contains affine copies of all finite sets.

4. ( Laba and Pramanik, 2009) Suppose a set has a large H-dim
and supports a measure with certain Fourier dimension
condition. Then it contains 3-AP.

5. (Shmerkin, 2016) There exists Salem sets without 3-AP.

6. (Pramanik, Liang, 2022) A rationally independent compact
set must have zero Fourier dimension.
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Background Results I Main Result Main Result

Related problems

1. (Keleti, 1999) There exists a compact set of H-dim 1 not
containing arithmetic progression of 3-terms.

2. (Keleti, 2009) There exists a compact set of H-dim 1 not
containing any affine copy of a given countable pattern.

3. (Davis, Mastrand and Taylor, 1906) There exists compact set
of H-dim 0 such that it contains affine copies of all finite sets.

4. ( Laba and Pramanik, 2009) Suppose a set has a large H-dim
and supports a measure with certain Fourier dimension
condition. Then it contains 3-AP.

5. (Shmerkin, 2016) There exists Salem sets without 3-AP.

6. (Pramanik, Liang, 2022) A rationally independent compact
set must have zero Fourier dimension.

Chun-Kit Lai, San Francisco State University On Erdő’s similarity problem and its variants
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Main Result

Bi-Lipschitz Embedding
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Main Result

Let’s consider bi-Lipschitz maps: ∃L > 1 such that

L−1|x − y | ≤ |f (x) − f (y)| ≤ L|x − y | for all x , y ∈ R.

Definition

We say that A is bi-Lipschitz measure universal if A can be
bi-Lipschitz embedded into every measurable set of positive
Lebesgue measures. i.e. for all L(E ) > 0, there exists bi-Lipschitz
f such that f (A) ⊂ E.
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1. Fast decaying sequences: Yes

Theorem (Feng, L. Xiong, 2023)

Let (an)∞n=1 be a strictly decreasing sequence of positive numbers
with an → 0 as n → ∞. If there exists an integer N ≥ 1 such that

lim sup
n→∞

an+N

an
< 1,

then for any measurable set E ⊂ R with positive Lebesgue
measure, there exists a bi-Lipschitz map f : R → R such that
f (an) ∈ E for all n ≥ 1 and f ′(0) = 1.
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2. Slow Decaying sequence: No!

Theorem (Feng, L. Xiong, 2023)

Let (an)∞n=1 be a strictly decreasing sequence of positive numbers
with an → 0 as n → ∞. If

lim
n→∞

an+1

an
= 1,

then there exists a compact set E ⊂ R with positive Lebesgue
measure such that (an)∞n=1 can not be bi-Lipschitz embedded
into E.
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Sketch of Proof (Fast sequence):

We only work on N = 1. Assumption tells us that there exists
δ < 1 such that

an+1

an
< δ < 1.

i.e. [δan+1, an+1] ∩ [δan, an] = ∅. Let In = [δan, an].

Without loss of generality, assume 0 is the Lebesgue point. We
have

lim
n→∞

L(E ∩ In)

L(In)
= 1, or lim

n→∞

L(In \ E )

L(In)
= 0.

If we pick a point bn ∈ In and define f (an) = bn, we obtain a
bi-Lipschitz map by linear interpolation. If we want to make sure
f ′(0) = 1, we pick bn much closer to an as n → ∞, which is
possible by the density condition.
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Sketch of Proof (Slow sequence):

Proposition

Let (an)∞n=1 be a strictly decreasing sequence of positive numbers
with an → 0 as n → ∞. Suppose that

sup
m>n>1

am−1 − am
an−1 − an

< ∞, and lim sup
n→∞

an+1

an
= 1.

Then there exists a compact set E ⊂ R with positive Lebesgue
measure such that (an)∞n=1 can not be bi-Lipschitz embedded
into E.

limn→∞
an+1

an
= 1 =⇒ ∃ank such that

lim
k→∞

ank+1

ank
= 1, and ank − ank+1

≤ 2anm − anm+1 ∀k > m.
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Sketch of Proof (Slow sequence):

Assumption implies

an − an+1 ≤ C (am − am+1) for all n > m.

lim inf
n→∞

an − an+1

an
= 0,

Choose a subsequence (nk)∞k=1 such that

ank − ank+1

ank
≤ k−24−k for k ≥ 1.

Let
ℓk = ⌈k/ank ⌉, δk = k(ank − ank+1)

Then
1

ℓk
≤ ank

k
<

2

ℓk
, ℓkδk < 2 · 4−k .
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Sketch of Proof (Slow sequence):

Define E =
⋂∞

k=1 Ek where

Ek = [0, 1] \
ℓk⋃
j=0

(
j

ℓk
− δk

2
,

j

ℓk
+

δk
2

)
.

Ek is a union of intervals of length 1−δkℓk
ℓk

and gap length δk .

Suppose we can biLipschitz embed (an) into E (thus also Ek).

1. L(E ) ≥ 1 −
∑∞

k=1 L
(
[0, 1] \ Ek ]

)
> 0.

2. Upper Lipschitz bound: for all m > nk and k > CL

|bm−bm+1| ≤ L|am−am+1| ≤ CL|ank−ank+1
| ≤ k(ank−ank+1

) = δk .

(bm cannot jump the gap, so all bm all in one basic interval at
stage k, so is its limit)
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Sketch of Proof (Slow sequence):

Lower Lipschitz bound:

|bnk − b∞| ≥ ank
L

≥ ank
k

>
1

ℓk

It must jump over some gaps of Ek , contradiction.
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Infinite limit points

We also find a set with infinitely many limit points that are
bi-Lipschitz measure universal.

Theorem (Feng, L. and Xiong, 2023)

Let A = (an)∞n=1 be a sequence of positive numbers such that

a1 +
∞∑
n=1

an+1

an
<

1

8
.

Then the set

F =
∞⋃
n=1

3−n(1 + A)

is bi-Lipschitz measure universal.

For the sake of time, we are not going to prove this theorem.
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Background Results I Main Result Main Result

Main Result

Main Results II: Cantor Sets
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Cantor sets

Theorem (Gallagher, L. and Weber, 2022)

There exists a dense Gδ set G with L(R \ G ) = 0 such that it does
not contain any Cantor sets of positive Newhouse thickness.

Definition (Newhouse thickness)

Let u be an endpoint of a bounded complement interval G of K.
The bridge B is the interval until you hit the interval whose length
is at least |G |

τ(K , u) =
|B|
|G |

, τ(K ) = inf τ(K , u).

Corollary

If a Cantor set is bi-Lipschitz measure universal, then it must have
Newhouse thickness zero.
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Background Results I Main Result Main Result

Cantor sets

Lemma (Newhouse Gap Lemma)

Let K1,K2 be two Cantor sets such that τ(K1)τ(K2) ≥ 1. Suppose
that one is not contained in the gap of the other. Then
K1 ∩ K2 ̸= ∅.

Sketch of Proof of GLW Theorem:

1. Let KN be Cantor set with τ(Kn) ≥ N, conv(Kn) = [0, 1] and
L(E ) = 0.

2. Define

F =
∞⋃

N=1

⋃
r∈Z

⋃
t∈Z

N r (KN + t).

3. Using Newhouse gap lemma, any Cantor sets of positive
thickness must intersect F .

4. L(F ) = 0, the complement is the desired set.
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Background Results I Main Result Main Result

Cantor sets

Lemma (Newhouse Gap Lemma)

Let K1,K2 be two Cantor sets such that τ(K1)τ(K2) ≥ 1. Suppose
that one is not contained in the gap of the other. Then
K1 ∩ K2 ̸= ∅.

Sketch of Proof of GLW Theorem:

1. Let KN be Cantor set with τ(Kn) ≥ N, conv(Kn) = [0, 1] and
L(E ) = 0.

2. Define

F =
∞⋃

N=1

⋃
r∈Z

⋃
t∈Z

N r (KN + t).

3. Using Newhouse gap lemma, any Cantor sets of positive
thickness must intersect F .

4. L(F ) = 0, the complement is the desired set.

Chun-Kit Lai, San Francisco State University On Erdő’s similarity problem and its variants
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Main Result

Main Results III: Topological
universality
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Background Results I Main Result Main Result

Topological universality

Definition

We say that a set E ⊂ Rd is topologically universal if E is
universal in the collection of all dense Gδ sets in Rd

1. a set of positive Lebesgue measure may be nowhere dense (e.g
Fat Cantor sets).

2. a dense Gδ set may be of measure zero (e.g. Set of all
Liouville’s numbers, Hausdorff dimension 0 indeed!).

3. All countable set are topologically universal.

4. Sets with interior is not topologically universal.
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Topological Erdős universality problem

Theorem (Gallagher, L. Weber, 2022)

There is no topologically universal Cantor sets on Rd .

Idea of the Proof:

1. For every gauge function g , there exists a dense Gδ set E such
that Hg (E ) = 0.

2. For every Cantor set K , there always exists a gauge function
such that Hg (K ) > 0.

3. Need Baire Category theorem to take care of all affine
transformations.
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Topological Erdős universality problem

This is a classical definition traced back to Borel.

Definition

A subset X of R is a strong measure zero set if for each sequence
(ϵn)n of positive reals, there exists a sequence of intervals (In)n
such that X ⊂ ∪n∈NIn and |In| < ϵn.

Theorem (Galvin-Mycielski-Solovay, 1973)

A set is strong measure zero if and only for every meagre set M,
X + M ̸= R.
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Topological Erdős universality problem

Observation: A set A is topologically non-universal if and only if
there exists a meager set M such that for all r > 0,

A + rM = R.

(Reason: (⇐=) ∃ meager M such that A ∩ (rM + t) ̸= ∅ ∀r̸= 0
and t ∈ R)

Theorem (Jung and Lai, 2023 in preparation)

A subset A of R is topologically universal if and only if A is a set
of strong measure zero.
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Topological Erdős universality problem

Conjecture (Borel Conjecture )

There is no uncountable strong measure zero sets.

Theorem

BC is independent of ZFC.

1. Consistency of negation of Borel Conjecture in ZFC. is proven
by Sierpiński (1928).

2. Consistency of Borel Conjecture in ZFC. was proven by
Carlson (1993).

Theorem (Jung and L.)

Existence of uncountable topologically universal set is independent
of ZFC.
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Topological Erdős universality problem

A set A is full-measure non-universal if and only if there exists a
meager set M, with L(M) = 0 such that for all r > 0,

A + rM = R.

Theorem (Erdős-Kunen-Mauldin, 1981)

Let C be a Cantor set on R1. Then there exists a Cantor set M
with m(M) = 0 such that C + M = R.
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The End!

Thank you for your time!

Chun-Kit Lai, San Francisco State University On Erdő’s similarity problem and its variants
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