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Stationary Fields
on
Compact Abelien Groups




Stationary Random Fields

Data
@ (G : compact abelian group with Haar measure dz.
@ f,: G — C : Borel functions
@ 7, : G — G : endomorphism
@ {wn} : IID random variables with Haar distribution.

Stationary Random Field

W(2) © {fn(rnt+wa} © 3 falras +wn).

(W(z1), -+, W(zr)) £ (W(z1+y),-- , Wiz +)).
Examples : G =T =R/Z, a >0

o o]

. fnatw) O frtun) @0 w)
7;1 ne ’ ngl ne ’ ne

n=1

Problem How about the field

W (@) = falmaz + wn)?
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Paley, Zygmund, Wiener, Kahane and others

Paley, Zygmund, Wiener in 1930’s
@ Rademacher series : R(z) = 3 +a,e*™"".
@ Steinhaus series :  S(x) = 3. a,e?™ (@) our prototype
@ Gaussian series :  G(z) = Y £nane®™®

@ Brownian motion :  We(t) = Zot + 3,

Zn 2mint
2min :
Kahane in 1960’s Assumption : Z,, := X, e2™i®n independent and symmetric,

STE|Zn|? < 0o. The following series defines a nice random function

Z X, 27 i8n g2mint or Z Xn cos2m(nt + @,,).

n>0 n>0

Marcus-Pisier (Continuity), Talagrand (Boundedness) — Banach Geometry.
If S"E|X,|* = oo, the series doesn't define a function, neither a measure.
Problem What is the behavior of

)

i cos2m(nz +wn) (r <
—_— 7 T
n=1 nr B

N[ =

The partial sums are multifractal (Fan-Meyer?23).
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Example : subtle problem in Dvoretzky random covering

Setting : d = 1,a, = 1 and f,,(z) = ¢n1(0,a/n) () With ¢, > 0. We
consider the series

Z cnl(o,a/n) (T +wn).

199-1)

Theorem (Fan-Kahane

(1) For any a >0
Cn
SYEET, S ealoasm A Y2 <
a.s.Nt €T, cnl(0,a/n) (T + wn) <00 <= — <
(2) Fora>1

a.s.Nt eT, chl(o,a/n) (T + wp)=00 <= Z n _ 0.
n

NB. 1 An answer to a question of L. Carleson.
NB. 2 Another answer to the Carleson question (Fan?°°*, Barral-Fan
SN enl(o,am) (T + wy) is multifractal .

2005) .
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Convergence of 5°° | &= in Hilbert space

n=1 n7

<2021)

Theorem (Fan

Let {£n}n>1 be IID taking values in a Hilbert space H such that P(&, =0) < 1
Let 7 > 0 and denote p = %
5’71

(1) If the series >->° | n—, almost surely converges in H, then 7 > 1

(2) The series > | n, almost surely converges in H if and only |f

(a) (Case T < 1) E[? < 0o, E§ =0;

(b) (Case T =1) E[£| < o0, E€ =0, 320, n 'E(£1lyj¢|<n}) converges in H ;

(c) (Case 7> 1) E|¢]P < 0.
Proof. Consequence of Kolmogorov's three series theorem.
Remarks

(R1) We assumed that {£,} are IID, but no integrability is assumed.
(R2) What about Banach-valued series? (Open problem)

(R3) (Other motivation) Izumi question about 3~ "% (]ID answer see (b)).
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a.s. almost every convergence of

Assupmtion
@ v : probability measure on G (e.g. Haar measure)
@ f : Borel function defined on G (non null function with respect to Haar)
@ A, : endomorphisms (or any map)
@ Let 7 > 0 and denote p = L.

Theorem (Fan<202!)

1) 1>, W a.s. v-almost everywhere converges, then 7 > 1.
(2) o= f(Anztwn)
P

n=1

almost surely v-almost everywhere converges iff
a) (Caset < 1) [|f|Pdm < oo, [ fdm =0;

b) (Case 7 =1) [|fldm < oo, [fdm=0,3>2" n" f1<n M
converges ;

(c) (Case 7 >1) [|f]? < oco.

(
(

Proof. Preceeding Thm + Fubini.
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y o0 - d
a.s. LP-convergence of > ", a, fn(Anx + wy) on T

Assumption
0 2<p<x
© fu € LP(T%) : [ fadm =0, full, = O(1)
@ A, : endomorphisms.

Theorem (Fan<202!)

The series > >° | an fn(Anx + wy) converges in LP(T)-norm a.s. if there exists
an increasing sequence of positive integers {/V,, } such that

oo
> Y wcw
m=1 Ny <n<Nppy1
Remarks

(R1) This condition is stronger than 3" |a,|? < oo
(R2) This condition is satisfied by a, = - with 7> 1/2.
(R3) Rosenthal inequality is used (Restriction 2 < p < 00).
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Rosenthal inequality

Assume

(H)p=2

(2) {&} are independent and centered.
Then for every positive integer n,

E

D
k=1

p n p/2 n
< <ZE§k|2> + ) Elg P
k=1 k=1
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a.s. uniform convergence of >, a, f,(A,z + w,) on T

Assumption

e f, € C(TY )+ J fadm =0, |falloc = O(1). Denote Q(8) = sup,, (fn, 9)
where Q(fn, ) is the modulus of continuity of f,

@ A, : endomorphisms with polynomial growth

 loglAul _
n—ooo  logn

<20‘21)

Theorem (Fan

The series Zf;l an fn(Anx 4+ wy) converges a.s. uniformly if

i Q272" Z lan| < oo, i 2o Z |an|? < oco.

m=0 22" <n<p2m ! 7= 22™ <pco2m L

Remarks
(R1) Good case : an = -= with 7 > 1/2 and Q(6) = O(9).
(R2) Bad case : Y ﬁ cos(nx + wy,)—first condition is not satisfied.
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Trigonometric Multiplicative Chaos

with Yves Meyer




Random distribution > X, cos(n -z + w,,) on T

Assumption
® X, : independent, subgaussian i.e. Ee*X < ¢o"2*/2
@ {X,} and {w,} are indenpendent, S"E|X,|?> = oo, S E|X,|* < 0.
Partial sums
Sn(x) i= Sn(x,w) := Z Xy cos(n-x+ ®p).

0<n<N

ESN(t)Sn(s) = Hn(t — s), where Hy(z) = %ZO<n§N EX2cosn -2 and
1
Hy(z) = H(z) = EZEX,QLCOSTL~$.

This is a Function or Distribution of positive type.
For simplicity, we assume in the following
@ d=1; X,, = pn > 0 deterministic.
® When p, = = (a > 0), we have
2

a? X cosnt
Ho =3 ———log(

n=1

sin — !
2

Ho () o
|sin

Ai-Hua FAN Chaos 13/28

2 .
and the S--order Riesz kernel e

E

[CTR .



Trigonometric chaotic measures on T

Trigonometric multiplicative chaos

@ The following measure (trigonometric chaotic measure) can be defined

dpe, = H exp (pn cos(nt + wr) — log In(pn)) dt,

n=1

@ Iy : the modified Bessel function of first order :

2

27
_ asinzd‘r o a 4
Io(oz)—/0 e = _1_'_74 +0(a") ( € R).

@ The u. # 0 with positive probability if (the energy integral)

//eH(t_S)dtds < o0. (1)

@ Under (1), we define Peyriere probability measure Q on T x

Eoh(t,w) = EAh(t,w)duw(t)

@ {cos(nt + wy)} defined on T x Q are Q-independent
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Result : Dimension of chaotic measures

@ Assume p, = ‘nl%“.

@ More generally, for any finite Borel measure o on T, we define
dQao(t) = H exp (pn cos(n -t + wn) — log Io(prn)) do(t)
n=1
@ Denote

/2 2
7(d) = W, 7(1)=1,72)=x,7(3) =2m,7(4) =

Theorem (Fan-Meyer, 2023)

For any unidimensional measure o on T% we have
(1) If dimo < "‘TzT(d), we have Qoo =0 ass.;
(2) If dimo > o‘TzT(d), we have

2

dim Qa0 = dimo — %T(d).
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Developments in Multiplicative Chaos

Kolmogorov (1962) : log-normal model of turbulence

Billard (1965) : martingale method in Dvoretzky covering
Mandelbrot (1972-1974) : random cascades

Kahane-Peyriere (1975-1976) : rigourous results for random cascades
Kahane (1985) : gaussian multiplicative chaos

Kahane (1987) : general theory of multiplicative chaos

Fan (1989) : Lévy multiplicative chaos

Fan (1990) : percolation on trees

Fan (1990) : a.e. convergence of lacunary series/Riesz product
Fan-Kahane (1993) : covering numbers in Dvoretzky covering

Liu, Barral (1990's) : random cascades

Fan-Kahane (2001) : covering numbers on trees

Barral-Fan (2002/2005) : covering numbers in Dvoretzky covering
Kahane-Katznelson (2008) : ergodicity of random integers/Sidon
property

@ quantum gravity : Barral, Duplantier, Kupiainen, Rhodes, Sheffield,
Vargas, ...
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General Theory (JP Kahane, Chinese Ann. Math. 1987)

o (T, ) localemnt compact and metric space
e (Q, A, P) : probability space with filtration { A, },>1
@ P,(t) := P,(t,w) (n > 1) : processes satisfying
(a) P.(t,*) is A,-mesurable pour tout ¢;
(b) P, (-,w) is Borel measurable for any w;
(c) P,(t) >0, EP,(t)=1foranyteT.
Then we get a T-martingale :

VieT, Qn(t):=Qn(tw)= H P;(t,w) is a martingale.
j=1

For positive Radon measure ¢ € M™(T'), define a random measure Q,,c

Qno / Onh)dolt) (A€ B(T)
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Multiplicative chaos : Fundamental theorem A

Theorem A (JPK 1987)

For any 0 € M (T), almost surely @,o converges weakly to a random
measure, denoted Qo.

Proof. Vo, [ p(t)Q,(t)do(t) is a convergent martingale. [J
Definition. We call Qo a chaotic measure. The chaotic operator
EQ : M(T) — M(T) is defined by

EQo(A) := E[Qo(A)].

Two extreme cases.
@ ( degenerates on o or ¢ is Q-irregular if EQo =0, i.e. Qo =0, i.e.;

e Q fully acts on o or ¢ is Q-regular if EQo = 0, i.e. Q,0(K)
L'-converges for any compact set K.
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Multiplicative chaos : Fundamental theorem B

Theorem B (JPK 1987)
EQ is a projection on M(T'). We have the decomposition

M(T) = ImEQ & KerEQ
Proof. Vo, 3 Borel set B such that

E(Qo(A)|A,) =1Qn0(A).

Fundamental problems.
o Im EQ =7
o KerEQ =7
o E[Qo(K)" < x?
o dim Qo =?
o multifractal analysis of dim Qo ?

BN. Im EQ and KerEQ for our trigonometric chaos can be "almost”
completely determined.
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Percolation on trees

@ 7 :infinite and locally finite tree .

o T = 0T : compact metric space with metric d(&,7) = e~ 16"

® p=Pn)n>1:0<p, <1

o p-Bernoulli percolation : Keep (with probability p,,) or Remove (with

probability 1 — p,,) edges in the n—th generation. All actions are
independent.

e Percolation occurs : if P(3 an infinite path) > 0.

Theorem (Fan'®%°, Lyons!990)

Problem : When does the percolation occur?

The p—-Bernoulli percolation occurs <= Cap 0T > 0 where

K(t,s) .= Kp(t,s):
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Percolation on the homogeneous tree 7 = [[_, Z/m,Z

nN—

The percolation occurs iff

= 1
,;1 @1 p)(ma )

If m, =m and p, = p, the condition means p > %
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Percolation chaotic operator

@ Percolation weights :

o ]-{the n—th edge of ¢ is kept}

Pa(€) .

@ Percolation chaotic operator : EQ)p.

Theorem (Fan, Thesis (1989))
Q 1€ Im(EQp) iff p =3 s with

[ [ e sautrans) < .

Q € Ker(EQp) iff

dB C 0T, w(B°) =0, Capg(B)=0.

Ai-Hua FAN Chaos 22/28



Stationary distributions on torus




-cos(nt +w,) : LLN, LD

Theorem (Fan-Meyer, 2023)

Let o € (—2,2). Almost surely QaA-almost everywhere we have

N—oo

N

. 1 cos(nt + wn)  «
1 g = — 2
= logN =~ vn 2 )

Moreover, for any n > 0, we have the following large deviation

N
. 1 1 cos(nt + wn) , « 2
lim 1 & ,w) ¢ E — 4+ [-n, — _n°,
NLOOIOgN 08 Q {(t w) log;Nn:1 Vn ¢ 2 ! 7777]} K

(3)

Remarks

(R1) The partial sums are multifractal and for o € (—2,2) we have

N
. . 1 cos(nt + wr) «a o?
d 1 =—3>1—-—
m {Nféo log N n; NG 2 } =17

(R2) Is1— %2 the exact dimension ? (Problem to be studied)
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(
(
(
(

i 7117 cos(nt + wy,)

Theorem (Fan-Meyer, 2023)

Let o € (—2,2). Almost surely Q. A-almost everywhere we have a.s. Qo A-almost
everywhere

SN ﬁ cos(nt +wn) — Glog N

lims 4
lNﬁ»llop Vlog N logloglog N (4)
If o] <2 and if 0 <r < 3, as. QaA-almost everywhere we have
N 1
_ . —=cos(nt + wnp,
lim sup Lin=in ( ) =+1-—2r. (5)

N—oo  4/N!=2"loglog N

Remarks

R1) Here we used a law of iterated logarithm due to R. Wittmann (1985).

R2) If 3 <7 <1, Q(Sr,8) = O(6* *\/log 1/8) (cf. Kahane’s SRSF, 1985).

R3) If r > 1, the sum function S,(z) is of class C*.
)

R4) If r =1, 3 «n24en) ghoyld have both differentiable and
non-differentiable points (Problem to be studied).
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Remarks (continued)

(R5) (on T?) For 1 <r <1, 30", - cos(A,z + wy) is not studied.

(R6) What is the relatlon of the above sum (random field) with gaussian
field with covariance

oo

Z cos A (z — ).

(R7) When 7 < 1, how about the generalized gaussian field with
covariance defined above. R is no longer continuous and
R(0,0) =
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Remarks (continued)

(R8)

(R9)

Trigonometric chaos on T% depends on the Jacobi function

G@)= Y |kl exp(ik-z)

kez\{0}

which is C°° in T%\ {0}, and there exists a bounded function E on T¢
such that

1
G(z) = sqlog Tl + E(z).

The partial sums

Sm(@)= > |k exp(ik - z)

Ik| <m, k0

satisfies

Sm(x) < sqlog Ell + Constant.

G is a generalized function of positive type (Schwartz). Is it of o-positive
type (Kahane)?

Ai-Hua FAN Chaos 27/28



Thank You




