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Introduction

Consider the following coupled nonlinear system of parabolic
equations:

Oru(x,t) = F(x,t,u,v,Vu,Vv,Au, Av) in Q2 x (0, 7),
Orv(x,t) = G(x, t,u,v,Vu, Vv, Au, Av) in Q2 x (0, 7),
u,v>0 inQx[0,T),
(1)
Q CcR" n>2,isa bounded Lipschitz domain,

T € (0, 0],

F(x,t,p1,q1, P2, 92, P3,G3) : 2 x (0, T) x R?"™4 R,
G(x,t,p1,q1,p2,G2,P3,93) : 2 x (0, T) x R2"** 5 R are
real-valued functions with respect to p; and g;, i = 1,2, 3.



Introduction

Consider the following coupled nonlinear system of parabolic
equations:

Oru(x,t) = F(x,t,u,v,Vu,Vv,Au, Av) in Qx (0, 7),
Orv(x,t) = G(x, t,u,v,Vu,Vv,Au, Av) in Qx(0,7),
u,v>0 inQx[0,T),
(1)
Q CcR" n>2,is abounded Lipschitz domain,

T € (0, 0],

F(x,t,p1,q1, P2, G2, P3,G3) : 2 x (0, T) x R?"™4 R,
G(x,t,p1,q1,p2,G2,P3,93) : 2 x (0, T) x R2"** 5 R are
real-valued functions with respect to p; and g;, i = 1,2, 3.



Inverse Problem

Define the measurement map M;_-“,G:
/\/l',_t’G(u|Z) dyu(x,t)|y, L :=02x(0,T)

where " 4" signifies that the boundary data of u (or, v) are
associated with the non-negative solutions of the coupled parabolic
system.

The inverse problem mentioned above can be formulated as

Mt — F,G.



Inverse Problem (Unique Identifiability)

Can one establish the following one-to-one correspondence for two
configurations (F/, G/), j =1, 2:

ME o =Mb g ifandonlyif  (F',GY) = (F? G?).
Our main result is given, formally, as follows: In this paper, we aim
to prove, in formal terms, the following theorem.

Theorem
Let MFJ cirJ

Assume FJ, G/ € A, where A is a certain admissible class. Suppose

= 1,2, be the measurement map associated to (1).

M;I,Gl(u|8§2) = M;_-rz’Gz(ubQ) for all ulpq € S,
where S is a properly chosen function space on ¥. Then

(F1, ) = (F%, 6?).



Motivation

m Fokker-Planck equation:
ur = L*u, Lv = tr(AAp) + (b, Vo) + cp
m Mean field games:
—uy — Au+ H(x,Vu) = F(x,t, m),
my—Am—V - (mVpH(x,Vu)) =0
m Gas-liquid interaction problems:
ur — D1Au = fi(x,u,v), vi — DaAv = f(x,u,v),
fi(x,u,v) = —oju™v" + qi(x), myn>1,qi(x) >0,i =1,2
m Belousov-Zhabotinskii oregonator model:
up — D1Au = u(a— bu—cv), vi — DyAv = —c'uv
m Volterra-Lotka model: vy — D1Au = u(a; — byu £ c1v),
ve — DhAv = v(ax £ bhu — cv)
m Epidemic Kermack-McKendrick equation:
ur — D1Au = —aju — biu [o K(x,&)v(t,§)dE,
Vi — DoAv = —ayu — bou fQ K(x,&)v(t,&)d¢E
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fi(x, u,v) = —0;u™" + gi(x), myn > 1,q; The)( may model different
physical phenomena, but

for all of them, u,v >0

m Belousov-Zhabotinskii oregonator model:
ur — D1Au = u(a— bu — cv), vi — DA
m Volterra-Lotka model: u; — D1Au = u(a: £ )
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Motivation

Also for equations where solutions are not necessarily non-negative,
but non-negative solutions have additional properties

m Burgers' equation: uy + uu, = vAu + f(x, t)

m Allen-Cahn equation: ¢; = €2A¢p — e%W/(qﬁ)

m Fisher-KPP equation: vy — DAu = F(u)

m Nonlinear Schrodinger equation: i), = —%Az,b + k|2
m Hamilton-Jacobi equation: §; = —H(x, VS, t)
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parabolic partial differential equations (PDEs).
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Here, f2(x, t) may possibly be positive or negative at different
x, t, but for all small positive €, the positivity of f; ensures
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Main Novelty

We consider inverse boundary problems for coupled nonlinear
parabolic partial differential equations (PDEs).

The solutions of the PDEs are required to be non-negative.

We used the classical high-order linearisation technique
around a pair of trivial solutions (0, 0):

u(x, t;€) Za‘f, onY forf >0.

Here, f2(x, t) may possibly be positive or negative at different
x, t, but for all small positive €, the positivity of f; ensures
that u(x, t;e) > 0on X.

Our measurement map only involves u, and no information is
required for v.



Main Idea

Previous results:
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Solution is not non-negative/positive!



Main Idea

Our method with higher order variation:



Mathematical Setup

Oru(x, t) — pAu(x, t) = F(x, t,u,v) in Q,
Orv(x, t) — vAv(x,t) = G(x, t,u,v) in Q,
u,v>0 in Q, (2)
u(x,0) = up(x) >0, v(x,0)=w(x)>0 in €,
u=f>0, v=g2>0 on X

where Q :=Q x (0, T) for a bounded Lipschitz domain Q C R”",
Y =0Qx(0,T), T e (0,00].

Here, u, v > 0 are positive constants, which may represent the
viscosity coefficient in the Burgers' equation, thickness of the layer
between two phases in the Allen-Cahn equation, additive noise in
the Fokker-Planck equation, or diffusion coefficients in population
or chemical models.

Observe that (0,0) is a solution to the problem.



Mathematical Setup

The functions F(x, t,p,q), G(x,t,p,q) 1 Q2 x (0, T) x RxR—=R
are analytic with respect to p and g, and are of the form

o0

Fx,t,p,q) = Y amn(x,t)p"q"
m,n>0
m+n>3

and

oo
G(x,t,p,q) == > Bmn(x,1)p"q",
m,n>0
m—+n>1

such that
ﬁol(X, i‘) <0. (3)



Mathematical Setup (Inverse Problem)

We want to determine the coefficients amp, and Bmp, using
knowledge of u at the boundary of some bounded domain .
We introduce the measurement map MJ,E G

M o(uly) = Bu(x,1)]s -
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Physically, this means that we assume that all agents follow the
parabolic system (i.e. on a macro scale, they follow laws of
nature), and the observer only knows the value functions of the
agents at the boundary of some chosen domain. The main goal is
to recover some information regarding the environment, such as
source functions or forcing functions.



Mathematical Setup (Inverse Problem)

We want to determine the coefficients amp, and Bmp, using
knowledge of u at the boundary of some bounded domain .
We introduce the measurement map MJ,E G

M o(uly) = Bu(x,1)]s -

Physically, this means that we assume that all agents follow the
parabolic system (i.e. on a macro scale, they follow laws of
nature), and the observer only knows the value functions of the
agents at the boundary of some chosen domain. The main goal is
to recover some information regarding the environment, such as
source functions or forcing functions.

We measure/observe the space-time boundary data of u, from
which we can determine the interacting functions F and G over
the space-time domain Q.



Mathematical Setup (Inverse Problem - Unique
|dentifiability)

In particular, we are mainly concerned with the unique
identifiability issue, which asks whether one can establish the
following one-to-one correspondence:

ME g =Mb g ifandonlyif  (F',GY) = (F? G?)

two configurations (F/, G/), j = 1,2.



Mathematical Setup (Classic Forward Problem)

Theorem

Suppose that the first derivatives of F, G are continuous with
respect to x, t,u,v. For o € (0,1), assume ug, vo € C>T*(Q),
f,g € C2tol+a/2(%) such that ug, vo, f,g > 0 with the
compatibility conditions

up(x) = f(x,0) and fi(x,0) = pAug(x)+F(x,0, up(x), vo(x)) on X
and

vo(x) = g(x,0) and gt(x,0) = vAv(x)+G(x, 0, up(x), vo(x)) on .
Then, the system (2) admits a unique non-negative solution

(u,v) € [CEFoT+2( Q)R



Mathematical Setup (Admissible Class)

Suppose F and G are analytic, and we impose the following
condition a priori on F and G.

Definition
U(x,t,p,q) : R" xR x C x C — C is admissible, denoted by
Ue A, if:

The map z — U(:, -, p, q) is holomorphic with value in
C2tel+e/2(Q) for some a € (0, 1),

U(x,t,0,0) =0 for all (x,t) € Q.
If U satisfies these conditions, U has a power series expansion

U(x,z) = Z U(m’”)(x)(n:ﬁci)!v

m,n=1

where U(m")(x, t) = 8‘%5?;” U(x, t,0) € CHre1te/2(Q).




Main Result

Let M}, ; be the measurement map associated to (2) for j = 1,2.
Assume FJ, G/ € A such that (3) holds. Suppose, for any

where f; € C2+1+2/2(T) with |e| small enough such that
fi(x,0) = up(x) and fi(x,0) = 0 for | > 2, one has

M gi(ulog) = M ga(ulon)  for all ulog € S = C2Holta/2(F),

Fixm=1,...M, M < oo.
For m =1, if 11 = Po2 = 0, and Bo1, B20 are known, fixed, then

5%0(X7 t) - /B%O(Xv t) in Q. (4)



Main Result

Let M}, ; be the measurement map associated to (2) for j = 1,2.

Assume FJ, G/ € A such that (3) holds. Suppose, for any

one has
My gi(ulon) = M, co(ulan)-
m > 2: if 510, &m,n, are known, fixed for all my+ ny = m+1, and
Omn, =0 forall2<mi+n <m,m #m,

then alo(x,t) = a2o(x,t) in Q.



Main Result

Suppose, for any

one has
M;:r17G1(U|8Q) = MJ,_E2762(U|8Q)-

m > 2: suppose Ctmn, Bm,,n, are known, fixed for
my+nmnm=m-+1ormy+n <1,

Bmym =0 forall2 < my+n <m,m; #m,

If either  amp, =0 forall2<my+nm <m or [ip=0,
then BLo(x,t) = B2o(x,t) in Q.



Main Result (Remark)

Observe that the recovery of these coefficients is not simultaneous.
On the other hand, as long as the assumptions are satisfied for
some m > 2, it is possible to obtain that the results of (2) and (3)
separately by choosing the same u(x,t) = 72;1 e'fyon X.



Proof (Linearisation)

Let
(x, t;¢) ZE fi onX,
where
f/ c C2+a,l+a/2(i)
with |e| small enough, satisfying
fi(x,0) = up(x) and fi(x,0) =0 for / > 2.
Assume
fi(x,t) >0 V¥xeQ,te(0,T),

so that
for all small e >0, u(x,t;¢) >0on X.

Then, by the classical result for the forward problem, there exists a
unique solution (u(x, t;€), v(x, t;€)) of (2).



Proof (First Order Linearisation)

Let (u(x,t;0), v(x, t;0)) = (0,0) be the solution of (2) when
e=0.

Define
U(l) = aaU’ =0 — = lim (X’ t; 8) — U(X’ £ O),
e—0 I
V(l) = 0 V|5 00— = lim (X7 t;E) _ V(X’ t 0)7
e—0 £

and consider the new system associated to (u(), v(1)):

0:uW(x, t) — pAuM(x, t) = in Q,
v (x, t) — vAV(x, t) =
W (x, t) + Bor(x, t)vV(x, t) in Q,

Bro(x, t)u (
uW(x,0) = wp(x) >0, v (x,0) = vo(x) >0 in Q,
uD(x,t) = fi(x,t) >0, vD(x,t)=g(x,t)>0  onX.
(10)




First Order Linearisation — u

OruW(x, t) — pAuM(x, t) = in Q,
OevW(x, t) — vAVD(x, t) =
Bro(x, )uM (x, t) + Boa (x, )vD(x,t)  in Q,

M(x,
u(x,0) = wp(x) >0, v(x,0) = vp(x) >0 in Q,
uD(x,t) = fi(x,t) >0, vD(x,t)=g(x,t)>0  on X.
(11)
Then, u(M) € C?te1+2/2(Q) is the strictly positive solution of the
heat equation,




First Order Linearisation — u

e (x, t) — pAuM(x, t) = in Q,
v (x, t) — vAV) (x, t) =
Bro(x, t)uM(x, t) + Boa(x, t)vD(x, t) in Q,
u(x,0) = wp(x) >0, v(x,0) = vp(x) >0 in Q,
u(x,t) = fi(x,t) >0, vD(x,t)=g(x,t) >0 on ¥.
(11)
Then, u(M) € C?te1+2/2(Q) is the strictly positive solution of the
heat equation,




First Order Linearisation — u

e (x, t) — pAuM(x, t) = in Q,
OevW(x, t) — vAvD(x, t)
Bro(x, t)ut) ( t) + Bor(x, v (x,8)  in Q,
u(x,0) = wp(x) >0, v(x,0) = vp(x) >0 in Q,
uD(x, t) = fi(x,t) >0, (1)( t)=g(x,t)>0 onX.
(11)
Then, u(M) € C?te1+2/2(Q) is the strictly positive solution of the
heat equation, given by

t
///CD(x—y—z,t—s)fl(y,s)f2(z)dydzds+fl(x,t)>0,
o Jata

where @ is the fundamental solution of the generalised heat
equation

2
Ix|

O(x, t) = (4rt) "2 ar




First Order Linearisation — v
Next, consider two different values of B1g, given by 6110 and ,6’%0.
Then for j =1,2, vj(l) satisfies
v — vV — Boy(x, vV = plou). (12)

Therefore, vj(l) is the unique solution given by

T—t ,
Vj(l)(x, t) = /0 /Q\Il(x—y, T—t—s)B(y, T—s)uW(y, T—s) dy ds,

where W is the fixed, known Green's function for the operator
0 — VA — Po1.
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First Order Linearisation — v

Next, consider two different values of B1g, given by 6110 and ,6’%0.
Then for j =1,2, vj(l) satisfies

3tvj(1) — VAVJ-( ) — Poi(x, t) BJ (12)

Therefore, vj(l) is the unique solution given by

T—t ,
Vj(l)(x, t) = /0 /Q\Il(x—y, T—t—s)B(y, T—s)uW(y, T—s) dy ds,

where W is the fixed, known Green's function for the operator

0y — VA — Bo1.

Note that v(l) is not yet determined.

But, for (x t) >0, Boi(x,t) <0, we have that v( ) > 0 since
u® > 0.



Proof (Second Order Linearisation — m = 1)

Consider
u® = 9%y . v =92y .
e=0 e=0
Then, (u®, v(?) solves
0:u® — uAu® =0 in Q,

9ev® — vAVR) = 28[uM]? + 281 M v

+2B02[vV]? + B1ou® + Borv(?) in Q,
u@(x,0) = v@®(x,0)=0 in Q,
u@(x,t) = K(x,t), vP(x,t)=0 on X.




Second Order Linearisation (m = 1) Main Theorem

Theorem

Assume that F, G € A are such that 511 = Bo> = 0, and Bo1, P20
are known and fixed, such that the compatibility and regularity
assumptions are satisfied.

Let sz be the measurement map associated to (2) for

2
u(x, t) = Za’f/ onX.
=1

If
ME(ulag) = ME,(ulag),
then it holds that

Blo(x, t) = Bio(x, t) in Q.



Second Order Linearisation (m = 1) Theorem Proof

(u}z), \/1(2)) satisfy
6tu}2) — uAuJ(z) =0 in Q,
0evi? = vAv?) = 280 [uM + Broul” + B in Q,
u}ﬂ(x, 0) = v?(x,0)=0 in Q,
a2 t) = B0, v t)=0 on T,
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Second Order Linearisation (m = 1) Theorem Proof

(“j v; ) satisfy
0 — it = 0 n Q.
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Then, uJQ) € C?tol+a/2(Q) satisfies the heat equation for
j=172.

In this case, since fJ(x t) can be positive or negative, u;
strictly positive,

2.

is not
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Second Order Linearisation (m = 1) Theorem Proof

(“j v; ) satisfy
0 — it = 0 n Q.
8tv{(2) - uAvJ(Q) = 2f0[uM]? + 51011 + Bo1 VJ-(Z) in Q,
0P (x,0) = v/(x,0) = 0 in Q,
UJQ)(X, t) = f.2j(X7 t)7 V_j(z)(X? t) =0 on z’

Then, uJ(Z) € C?tol+a/2(Q) satisfies the heat equation for
j=172.

In this case, since fJ(x t) can be positive or negative, u;
strictly positive, given by

t .
Pty = [ [ ox—y.t—5)8(r.5) dy o5
0 Q
@ _

2.

is not

When MGI = MGZ,

the input data satisfy £} = £2, so u;” = u”’.



Second Order Linearisation (m = 1) Theorem Proof

Next, take the difference of the two equations for j =1, 2:

0: — VAV — Bo1 ¥ = Brou® — Broul?)

= f1o(uy (2) _ (2)) + (P10 — 510)

where v = V1(2) — v2(2),
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satisfying the initial condition vj(l)(x, 0)=0forj=1,2.



Second Order Linearisation (m = 1) Theorem Proof

Next, take the difference of the two equations for j = 1,2:
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where ¥ = v1(2) - v2(2), since ugz) = ugz) when le = Mgz.
Therefore, the unique solution v satisfies

/0 ' W (Bl — B20)ul™)| (x, T = s) ds = 0.

satisfying the initial condition vj(l)(x, 0)=0forj=1,2.



Second Order Linearisation (m = 1) Theorem Proof

Next, take the difference of the two equations for j = 1,2:

0tV — VAV — Bor1V = 510U§2) — 510U£2)
= Bro(uf? — uf?)) + (Bro — Bro)us”)
= (B10 — Bro)u?,
(2) (2)

where 7 = v;”/ — v,”/, since ugz) = ugz) when le = Mgz.
Therefore, the unique solution v satisfies

/0 ' W (Bl — B20)ul™)| (x, T = s) ds = 0.

This holds for all _ugz), which depends on the input
e C2+a,1+a/2(z)_
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Choosing u( )( , t) to be the CGO solution e * which
satisfies the second order linearised system, and is dense in the
solution space.
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| vl = Bu)] (e T-s)ds =0 (13)

Since G’ is continuous with respect to x and t, so is B{o, so there
exists [3,(t) such that

B%O(Xa t) - B%O(X, t) = / Bn(t)eZTrin-x'
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Choosing u( )( , t) to be the CGO solution e * which
satisfies the second order linearised system, and is dense in the
solution space.

Applying the Fourier transform (in x) to (13),
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Second Order Linearisation (m = 1) Theorem Proof

)
| vl = Bu)] (e T-s)ds =0 (13)

Since G’ is continuous with respect to x and t, so is B{o, so there
exists [3,(t) such that

B%O(Xa t) - B%O(X, t) = / Bn(t)e%rir]-x'

42|22 Cx

Choosing u( )( , t) to be the CGO solution e * which
satisfies the second order linearised system, and is dense in the
solution space.

Applying the Fourier transform (in x) to (13),

— B,(t) =0 for all n € R",

= Bl(x,t) = B3(x, t) for all (x,t) € Q.



Extra Remark

Having determined 5{0, we can now return to the first order

. . . . 1
linearisation to determine vj( ):

T—t i
D(x, 1) = /0 /Q W(x—y, T—t—5)8o(y, T—5)uD(y, T—s) dy ds.



Extra Remark

Having determined 5{0, we can now return to the first order
linearisation to determine vj(l):

(1) T : .
Vi (x, t) = /0 /Q\U(x—y, T—t—5)B(y, T—s)uM(y, T—s) dy ds.
Furthermore, since v(®) satisfies

9:v® — AV = 2850 [uM]2 + 281 @ v
+2B02[vV? + Brou® + Borv®  in Q,
v(2)(x,0) =0 inQ, V(2)(X, t)=0 onX.

for 11, Bo2 known, fixed and not necessarily equivalent to 0,

T—t :
VA (x,t) = / / W(x—y, T—t=)[VA+5{ou)(y, T—s) dy ds,
0 Q

where V(x; t) := 2350[uM]? + 28110 v) + 2600[v(D]2,



Proof (Third Order Linearisation — m = 2)

Third order linearisation:

2:u® — pAUB) = 6a30[uM]? + 6agz[vV]?
+6a12uM[vD]2 4 6051 [uM]2vD) in Q,
v — v AVB) = 6830[uM]? + 6803[vV]?
+6812uM[v(D]2 + 685 [uM]2v(1)
+6620uM 12 4+ 6855v (v ()
+3B11 0@ v 4 38170y (2)

+B10u + Borv® in Q,
u®(x,0) = v®(x,0) =0 in Q,
u®(x,t) = fB(x,t), vO(x,t)=0 on X.

(14)



Third Order Linearisation (m = 2) Main Theorem

Theorem

Assume that F, G € A are such that the compatibility and
regularity assumptions are satisfied,

B11 = Bo2 =0,

and all the remaining coefficients are known and fixed except for
Boo. Let M, ; be the measurement map associated to (2) for

I ML gi(ulog) = ML co(ulog), then

Bho(x, 1) = B3(x,t)  in Q.



Third Order Linearisation (m = 2) Theorem Proof

O:u®) — pAUB) = 6a30[uM]? + 6a93[v(V]?

+6a12uM[vD]2 4 6051 [uM]2vD) in Q,
8tv( ) —vAVB) = 6ﬁ3o[u ]3 + 6503[V ]3

+6812uW v + 6,6’21[u )2yt

+6820uV u(? + 6802vHv(2)

+3011 U( ) + 3810V

+B10u®) + B v in Q,
u®(x,0) = v®(x,0) =0 in Q,
u®(x,t) = f(x,t), vO(x,t)=0 on X.




Third Order Linearisation (m = 2) Theorem Proof

O:u®) — pAUB) = 6a30[uM]? + 6a93[v(V]?

+6012uM[vD]2 4 601 [uM]2v (D) in Q,
8tv( ) —vAVB) = 6ﬁ3o[u ]3 + 6503[V ]3

+6812uM V]2 4 6/321[11 )12v(

Jr652ou(1 (2) + 6502v (D v(2)

+30611 U( ) + 36110y

+B10u® + Borv(®) in Q,
u®(x,0) = v®(x,0) =0 in Q,
u®(x,t) = f(x,t), vO(x,t)=0 on X.

Recall
E)tv( ) I/AV /601V = 2620[U(1)]2 + 2511U(1) V(l)

+2B02[vIV]? + B1ou®
is coupled with u(®,



Third Order Linearisation (m = 2) Theorem Proof

O:u®) — pAUB) = 6a30[uM]? + 6a93[v(V]?

+6012uM[vD]2 4 601 [uM]2v (D) in Q,
8tv( ) —vAVB) = 6ﬁ3o[u ]3 + 6503[V ]3

+6812uM [V + 68y [uM]2v

+6820uV @ + 6555V v(2)

+3511U( 1) + 3810 v(2)

+B10u® + Borv(®) in Q,
u®(x,0) = v®(x,0) =0 in Q,
u®(x,t) = f(x,t), vO(x,t)=0 on X.

Recall
E)tv( ) I/AV /301V = 2620[U(1)]2 + 2511U(1) V(l)

+2B02[vIV]? + B1ou®
is coupled with u(®,



Third Order Linearisation (m = 2) Theorem Proof

O:u®) — pAUB) = 6a30[uM]? + 6a93[v(V]?

+6a12uM [y 4 6ag; [uM]2v) in Q,
8tv( ) —vAVB) = 6ﬁ3o[u ]3 + 6503[V ]3

+6812uM [vD]2 + 6851 [uM]2v

+6820uV @ + 6555V v(2)

+3511U( 1) + 3810 v(2)

+B10u® + Borv(®) in Q,
u®(x,0) = v®(x,0) =0 in Q,
u®(x,t) = f(x,t), vO(x,t)=0 on X.

Recall
v — uAVv® — By v = 2850[uM]? + 2811 M VD)

+2B02[vIV]? + B1ou®
is coupled with u®, so we need 11 = Bp2 =0



Third Order Linearisation (m = 2) Theorem Proof

O:u®) — pAUB) = 6a30[uM]? + 6a93[v(V]?
+6a1ou 1)[v(l)]2 + 6a21[u(1)]2v(1) in Q,
Ov® —vAVB) = 6530[U ]3 + 6603[v ]3
+6812u [v )12 + 6621 [uM]2v()
+6820uV @+

+ +

+B10u® + o1 v in Q,
u®(x,0) = vB®(x,0)=0 in Q,
u®(x,t) = f(x,t), vO(x,t)=0 on X.

Recall
E)tv( ) I/AV /601V = 2620[U(1)]2 + 2511U(1) V(l)

+2B02[vIV]? + B1ou®
is coupled with u®, so we need 11 = Bp2 =0



Third Order Linearisation (m = 2) Theorem Proof

Since all the coefficients of (14) are known and fixed except for
20, we can compute u(b), uJ@ and v(1) (given B1o known, fixed)
using the first and second order linearised systems.
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and known, we first compute u(3) and obtain a solution
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Third Order Linearisation (m = 2) Theorem Proof

Since all the coefficients of (14) are known and fixed except for
20, we can compute u(b), uJ@ and v(1) (given B1o known, fixed)
using the first and second order linearised systems.

Consequently, since all the coefficients a;,,, m+ n = 3, are fixed
and known, we first compute u(3) and obtain a solution

u® e c2ralte/2(Q), which may be positive or negative.
Taking the difference for j = 1,2, we have

8:V — VAV — Bor v = 6(B3 — 520)ult (2)

when M, ¢ = M} co.

F1,G1



Third Order Linearisation (m = 2) Theorem Proof

Since all the coefficients of (14) are known and fixed except for
20, we can compute u(b), uJ@ and v(1) (given B1o known, fixed)
using the first and second order linearised systems.
Consequently, since all the coefficients a;,,, m+ n = 3, are fixed
and known, we first_compute u®) and obtain a solution
u® e c2ralte/2(Q), which may be positive or negative.
Taking the difference for j = 1,2, we have
. . - 2

OtV — VAV — Bp1V = 6(5%0 520) ( )
When MFI Gl - M‘;I G2-
Applying the same argument with the same CGO solution for u,

(B30 — 520) =0 VY(xt)eQ.

Since u(1) satisfies the generalised heat equation with positive
initial and boundary conditions, by the maximum principle,
u®) > 0 for all X, t,

(2)



Third Order Linearisation (m = 2) Theorem Proof

Since all the coefficients of (14) are known and fixed except for
20, we can compute u(b), uJ@ and v(1) (given B1o known, fixed)
using the first and second order linearised systems.
Consequently, since all the coefficients a;,,, m+ n = 3, are fixed
and known, we first_compute u®) and obtain a solution
u® e c2ralte/2(Q), which may be positive or negative.
Taking the difference for j = 1,2, we have
. . - 2

OtV — VAV — Bp1V = 6(5%0 520) ( )
When MFI Gl - M‘;I G2-
Applying the same argument with the same CGO solution for u,

(B30 — 520) =0 VY(xt)eQ.

Since u(1) satisfies the generalised heat equation with positive
initial and boundary conditions, by the maximum principle,
u® >0 forall x, t, s0  Bl,(x,t) = Ba(x,t) . inQ.

(2)



Fourth Order Linearisation m = 3

(8tu(4) — uAu® = 240,40[uM]* + 24004 [vD]*
46031 [uMPvD) 4+ 6030 [vD]3
+2022 [uMP[vI]? + 18030 [uM]?u(?)
+18a03[vV2v® + 6a1u@ V]2
+12a12u(1)v(1)v(2) + 12an MOMCIVE
46001 [uM]2v(2) in Q,
u®(x,0)=0 in Q,
u®(x, t) = f(x, t) on ¥.




Fourth Order Linearisation m = 3

(8tu(4) — pAu® = 24a40[u(1 14+ 24a04[v 1)]4
+60531[U ]3 + 60413U(1)[V(1)]3
42000 [uM]?[v 1)]2 + 18azp[uM]2u®
‘|’180¢'03[V ]2 ) + b6ao u(2)[v ]2
+120715uM v () 1 12007 0 @) (1)
+6a:21[u(1)]2v(2) in Q,
u(4)(X7 0) =0 in Q,
u®(x, t) = f(x, t) on ¥.




Fourth Order Linearisation m = 3

(8tu(4) — pAu® = 24a40[u(1 14+ 24a04[v 1) ]4
46031 [uMPvD) 4+ 6030 [vD]3
42000 [uM]?[v 1)]2 + 18azp[uM]2u®
+18a03[vN2v® + 6au@ V]2
1120300V § 120150 @)

+6(1:21[u(1)]2v(2) in Q,
u®(x,0) =0 in Q,
u®(x, t) = f(x, t) on ¥.

Need g3 = a1p = ap1 = 0 because we cannot control the
oscillation of v(2).



Fourth Order Linearisation m = 3

(8tu(4) — pAu® = 24a40[u(1 14+ 24a04[v 1)]4
46031 [uMPvD) 4+ 6030 [vD]3
42000 [uM]?[v 1)]2 + 18azp[uM]2u®
+18a03[vN]2v?) + 60a1uP [vV]?
+12a1uM vy £ 12050 4(2) Q)

+6(1:21[u(1)]2v(2) in Q,
u®(x,0) =0 in Q,
u®(x, t) = f(x, t) on ¥.

Need g3 = a1p = ap1 = 0 because we cannot control the
oscillation of v(2).



Fourth Order Linearisation m = 3

(8tu(4) — pAu® = 240440[u(1)]4 + 24a04[v(1)]4
+6a31[u(1)]3v(1) + 60413U(1)[V(1)]3
42005 [uMP[vD]2 + 18a30[uM]?u(?)

+ +

+ +

+ in Q,
u®(x,0) =0 in Q,
u®(x, t) = f(x, t) on X.

Need g3 = a1p = ap1 = 0 because we cannot control the
oscillation of v(2).



Fourth Order Linearisation m = 3

(Gtu(“) — uAu(4) = 24a40[u(1)]4 + 240{04[V(1)]4
+6031 [uMBvD) 4 60130 [vD]3
+20422[u(1)]2[v(1)]2 + 18a30[u(1)]2u(2)

+ +

+ +

+ in Q,
u®(x,0)=0 in Q,
u®(x, t) = fy(x, t) on X.

\

Need a3 = 12 = ap1 = 0 because we cannot control the
oscillation of v(2).



Fourth Order Linearisation m = 3

(Gtu(“) — uAu(4) = 24a40[u(1)]4 + 240{04[V(1)]4
+6031 [uMBvD) 4 60130 [vD]3
+20422[u(1)]2[v(1)]2 + 18a30[u(1)]2u(2)

+ +

+ +

+ in Q,
u®(x,0)=0 in Q,
u®(x, t) = fy(x, t) on X.

\

Need a3 = 12 = ap1 = 0 because we cannot control the
oscillation of v(2).
Obtain:

ado(x,t) = adp(x,t) in Q.



Main Result (2) (General Case)

Let M}, ; be the measurement map associated to (2) for j = 1,2.
Assume FJ, G/ € A such that (3) holds. Suppose, for any

o0

u(x,t) = Zslf/ on %,

I=1

one has
My gi(ulon) = M, co(ulan)-
m > 2: if 510, &m,n, are known, fixed for all my+ ny = m+1, and
Omn, =0 forall2<mi+n <m,m #m,

then alo(x,t) = a2o(x,t) in Q.



Fourth Order Linearisation m = 3

(8tv(4) — vAV® = 248,5[uM]* 4 24854[vV]*
46831 [uD]PvD) + 6830 [vV]3
+2622[uMPP [V ]2+18630[u(1)]2u(2)
+18803[vV]2v(D) 4 661512 [v (172
+12B1ouM v Dy (2) 4 12621u u@ (1)
+6521[U ]2V(2 + 68200 u®)
+6020[u]? + 68021 V()
+60802[v®]? + 68116 V()
+3811uGv®) 4 38;;0D VG
+B10u™ + Borv® + Bog in Q,
v®(x,0) =0 in Q,
v®(x,t) = on X.




Fourth Order Linearisation m = 3

(8tv(4) — vAV® = 248,5[uM]* 4 24854[vV]*
46831 [uD]PvD) + 6830 [vV]3
+2622[uMP[vV] + 18630 [uM]?u?)
+18803[v(V]2v(D) + 651ou? [v 1) ]2
+1281,uMv (1)v(2 + 12621u ) u@)y(1)
+6301 [uM]2v(2) + 652011(1 3
+6320[u®]? + 682v (D v(3)
+6Bog[v(2)]2 +6811u@ v
+3811uGv®) 4 38;;0D VG
+B10u™ + Borv® + Boo in Q,
v®(x,0) =0 in Q,
v®(x,t) = on X.




Fourth Order Linearisation m = 3

(8tv(4) — vAV® = 248,5[uM]* 4 24854[vV]*
46831 [uD]PvD) + 6830 [vV]3
+2B22[uMP[vV] + 18630 [uM]?u?)
+18803[v(V]2v(D) + 651ou? [v 1) ]2
+1281,uMy (1)V(2 + 1251 u® @ (1)
+6301 [uM]2v(2) + 652011(1) 3
+68320[u®]? + 682v(D V()
+6Bog[v(2)]2 +6811u@ v
+3811uGv®) 4 380Dy 0G)
+B10u™ + Borv® + Boo in Q,
v®(x,0) =0 in Q,
v®(x,t) = on X.




Fourth Order Linearisation m = 3

dev® — yAVv® = 24540[u(1)]4 + 24504[v(1)]4
46831 [uD]BvD) + 68,3uW[vV]3
+2B25[uMP[vD]2 + 18830[uM]2u?)
+6820uM u®) + 6850[u(D)]?
+B10u™ + Borv® + Boo in Q,
v®(x,0)=0 inQ, v®(x,t)=0 on X,




Fourth Order Linearisation m = 3

dev® — yAVv® = 24540[u(1)]4 + 24504[v(1)]4
46831 [uD]BvD) + 68,3uW[vV]3
+2B22 [P [vV]2 + 18830 [uV]u
+6820uM uB) + 6“820[u(2)]2
+B10u™ + Borv(® + Boo in Q,
v(4)(x,0) =0 in€, v(4)(x, t)=0 onX.




Fourth Order Linearisation m = 3

dev® — yAVv® = 24540[u(1)]4 + 24504[v(1)]4
46831 [uD]BvD) + 68,3uW[vV]3
+2B22 [P [vV]2 + 18830 [uV]u
+6820uM uB) + 6“820[u(2)]2
+B10u™ + Borv(® + Boo in Q,
v(4)(x,0) =0 in€, v(4)(x, t)=0 onX.

Recall
8tu(3) — [LAU(3) = 6a30[u(1)]3 + 60&03[V(1)]3

—1—60512u(1)[v(1)]2 + 6a21[u(1)]2v(1) in Q,
uB(x,00=0 inQ,  uO®(x,t)=A(x,t) onX.



Fourth Order Linearisation m = 3

dev® — yAVv® = 24540[u(1)]4 + 24504[v(1)]4
46831 [uD]BvD) + 68,3uW[vV]3
+2B22 [P [vV]2 + 18830 [uV]u
+6820uM uB) + 6€x320[u(2)]2
+B10u™ + Borv(® + Boo in Q,
v®(x,00=0 inQ, v®(x,t)=0 on X.

Recall

8tu(3) — [LAU(3) = 6a30[u(1)]3 + 60&03[V(1)]3
+6a12uM[vD]2 4 691 [uM]PvD) in Q,
uB(x,00=0 inQ,  uO®(x,t)=A(x,t) onX.

But we do not manipulate the input f3, but yes for. f.



Fourth Order Linearisation m = 3

dev® — yAVv® = 24540[u(1)]4 + 24504[v(1)]4

46831 [uD]BvD) + 68,3uW[vV]3

+2B22 [P [vV]2 + 18830 [uV]u

+

+B10u™ + Borv® + Boo in Q,
v®(x,0)=0 inQ, v®(x,t)=0 on X,




Fourth Order Linearisation m = 3

90V — VAV = 248,0[uD]* + 24304[v(D]?
46831 [uD]BvD + 68,3uMD[vV]3
+2622[uDP [V + 18830[uV]2u®
n
+510u™ + Borv™® + Boo in Q,
v®(x,0)=0 inQ, v®(x,t)=0 on X,




Fourth Order Linearisation m = 3

90V — VAV = 248,0[uD]* + 24304[v(D]?
46831 [uD]BvD + 68,3uMD[vV]3
+2622[uDP [V + 18830[uV]2u®
n
+510u™ + Borv™® + Boo in Q,
v®(x,0)=0 inQ, v®(x,t)=0 on X,

Recall

Aru™® — uAU® = 24040[uM]* + 28004[vV]* + 603 [uM]3v D)
+ 60130 v 4 2000 [uMP[vI]? + 18030 [uM]2u?)
+ 18a03[v(1)]2v(2) + 6012 u(2)[v(1)]2 + 120150 v D)y (2)
+ 12a21u(1)u(2)v(1) + 6a21[u(1)]2v(2) in Q



Fourth Order Linearisation m = 3

90V — VAV = 248,0[uD]* + 24304[v(D]?
46831 [uD]BvD + 68,3uMD[vV]3
+2B22[uM[v(V]? 4 18830[uM]2u®)
i
+610u™) + Borvl® + oo in Q,
v®(x,0)=0 inQ, v®(x,t)=0 on X,

Recall

Aru™® — uAU® = 24040[uM]* + 28004[vV]* + 603 [uM]3v D)
+ 60130 v 4 200 [uMP[vV]? + 18030 [uM]? 1)
+ 18(103[v(1)]2v(2) + 6a12u(2)[v(1)]2 + 120150 vD ()
+ 1205, M @y 4 6@21[u(1)]2v(2) in Q



Fourth Order Linearisation m = 3

90V — VAV = 248,0[uD]* + 24304[v(D]?
46831 [uD]BvD + 68,3uMD[vV]3
+2B22[uM[v(V]? 4 18830[uM]2u®)
i
+610u™) + Borvl® + oo in Q,
v®(x,0)=0 inQ, v®(x,t)=0 on X,

Recall
Aru™® — uAU® = 24040[uM]* + 28004[vV]* + 603 [uM]3v D)
+ 60130 v 4 200 [uMP[vV]? + 18030 [uM]? 1)
+ 18(103[v(1)]2v(2) + 6a12u(2)[v(1)]2 + 120150 vD ()
+ 1205, M @y 4 6@21[u(1)]2v(2) in Q

— either 819 =0 or azg = a1 = o1 = g3z = 0.



Main Result (3) (General Case)

Suppose, for any

one has
M;:r17G1(U|BQ) = MJ,_E2762(U|8Q)-

m > 2: suppose Ctmn, Bm,,n, are known, fixed for
my+nmnm=m-+1ormy+n <1,

Bmym =0 forall2 < my+n <m,m; #m,

If either  amp, =0 forall2<my+nm <m or [ip=0,
then BLo(x,t) = B2o(x,t) in Q.



Biological Applications: Reactive-Diffusive Predator-Prey
Models

Our results can be applied to a variety of models. A group of
examples is ecological differential systems with self diffusion given
by diffusion constants pu,v > 0:

Oru — plAu = F(u,v) in Q,
Orv — vAv = G(u,v) in Q,
u,v > 0 in Q7 (15)

u(x,0) = up(x) >0, v(x,0)=w(x)>0 in Q,
u=f>0, v=g2>0 on X.
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A Concrete Example - Cubic prey growth with hunting
cooperation

Ot — pAu = aud — (A + pv)uPv in Q,
Orv — VAV = bu — cv + (au — Bv +yuv)v + (A + pv)u?v in Q,
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u=Ff>0, v=g2>0 on X.

Clearly, the origin (0,0) is an equilibrium point for this system.



A Concrete Example - Cubic prey growth with hunting
cooperation

Ot — pAu = aud — (A + pv)u?v in Q,
Orv — VAV = bu — cv + (au — Bv +yuv)v + (A + pv)u’v  in Q,
u,v>0 in Q,
u(x,0) = up(x) >0, v(x,0)=wv(x) >0 in Q,
u=f>0, v=g=>0 on X.

Clearly, the origin (0,0) is an equilibrium point for this system.
Result 1: Suppose a(x,t) = f(x,t) =0 and ¢(x, t) known and
fixed for each x, t. Let

2
u(x,t) = Ze’f/ on X.
=1

Then,
b'(x, t) = b*(x,t) in Q.



A Concrete Example - Cubic prey growth with hunting

cooperation

Ot — plAu = au® — (A + pv)u?v

Orv — VAV = bu — cv + (au — Bv +yuv)v + (A + pv)u?v
u,v>0

u(x,0) = up(x) >0, v(x,0)=w(x)>0

u=Ff>0, v=g2>0

Clearly, the origin (0,0) is an equilibrium point for this system.
Result 2: Suppose A(x,t) =0. Let

Then,

in Q,
in Q,
in Q,
in Q,
on X.



Concluding Remarks

m Our results can be easily extended to general second order parabolic
operators of the form 9; — V - (c'V) for some fixed known
measurable, bounded, coercive matrix o(x), by using the results of
Caro-Kian, 2018.
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means restrictive, this still limits the types of physical models we can
apply to, and the amount of information we can recover.
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Concluding Remarks

m Our results can be easily extended to general second order parabolic
operators of the form 9; — V - (c'V) for some fixed known
measurable, bounded, coercive matrix o(x), by using the results of
Caro-Kian, 2018.

m The restriction of positivity means that we can only derive the
coefficient for u™ for m > 1. Although such assumptions are by no
means restrictive, this still limits the types of physical models we can
apply to, and the amount of information we can recover.

m If positivity is not required, the boundary data of v and v can be
used to fully determine the semilinear terms F and G, applying the
results of Lin-Liu-Liu-Zhang, 2021.

m Yet, our measurement map only involves u, and no information is
required for v.

m But, positivity is still crucial, for the results obtained to be physically
realistic!



Publications

Thank you!

Hongyu Liu and Catharine W. K. Lo. Determining a parabolic
system by boundary observation of its non-negative solutions with
applications. In: arXiv: 2303.13045 (2023).
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