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Single Layer Potential and NP Operator
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Assume ⌦ be a simply connected, bounded domain with boundary @⌦ in Rd. Let
�(x) be the fundamental solution to the Laplacian 4.

�(x) =

(
1
2⇡ log |x|, if d = 2,

� 1
4⇡

1
|x| , if d = 3.

The single layer potential of '(x) on @⌦ is defined by

S@⌦['](x) =

Z

@⌦
�(x� y)'(y) d�(y), x 2 Rd.

The Neumann-Poincaré operator K@⌦ is a boundary integral operator on @⌦.

K@⌦['](x) =

Z

@⌦
@⌫y�(x� y)'(y) d�(y)

=
1

wd

Z

@⌦

hy � x, ⌫yi
|x� y|d

'(y) d�(y), x 2 @⌦,

where w2 = 2⇡ and w3 = 4⇡, and @⌫y is the outward normal derivative to @⌦ w.r.t.
y variable.



Symmetrization of NP Operator
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Let K
⇤

@⌦ be the L
2(@⌦)-adjoint operator of K@⌦. It is well-known that the Plemelj’s

symmetrization principle holds:

S@⌦K
⇤

@⌦ = K@⌦S@⌦.

Denote by H
1/2 = H

1/2(@⌦) the 1/2-Sobolev space on @⌦, and by H
�1/2 =

H
�1/2(@⌦) its dual space. It is known that there exists a domain on which S@⌦ :

H
�1/2

! H
1/2

is not invertible.

By changing the definition of S@⌦ on a finite dimensional space, we have S
�1
@⌦ :

H
1/2

! H
�1/2

. We can define the following inner product on H
1/2

:

h', i
H

= �
⌦
',S

�1
@⌦ [ ]

↵
, ', 2 H

1/2
,

which induces k·k
H

' k·k1/2.

H
1/2

equipped with the inner product h·, ·i
H

is a Hilbert space, which is denoted

by H. By the Plemelj’s symmetrization principle, K@⌦ is self-adjoint on H:

h',K@⌦[ ]iH = hK@⌦['], iH , ', 2 H
1/2

.



Spectral Properties of the NP Operator
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These spectral properties of the NP operator on H are well-known:

1. The spectrum of the NP operator �(K@⌦) ⇢ (�1/2, 1/2].

2. If @⌦ is smooth, at least C1,↵, then the NP operator K@⌦ is compact.

3. In 2D case, if � is an NP eigenvalue, then so is ��, except the simple eigen-
value � = 1/2.

4. The NP eigenvalues coincide with those on L2(@⌦).

5. The NP spectrum �(K@⌦) is scale invariant.



Examples
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Disk (2d): x2 + y2 = 1,

�n =
1

2
, 0 (1-multiplicities)

Ellipse (2d):
x2

a2
+

y2

b2
= 1, a > b,

�n =
1

2
,±1

2

✓
a� b

a+ b

◆n

, n = 1, 2, . . . ,

Sphere (3d): x2 + y2 + z2 = 1,

�n =
1

2 (2n+ 1)
, n = 0, 1, 2, . . . ,

with 2n+ 1 multiplicity for each �n.



Known Results (thin convex lens shape domains)
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If the planar domain has corners, the essential spectrum of the NP operator is⇥
� 1

2 (1� ✓/⇡), 1
2 (1� ✓/⇡)

⇤
, where ✓ is the smallest angle of the corners (Perfekt,

Putinar (2014, 2017)).If ⌦ is an intersecting discs, �(K@⌦) =
⇥
� 1

2 (1� ✓/⇡), 1
2 (1� ✓/⇡)

⇤

is absolutely continuous (Kang, Lim, Yu (2017)). The angle gets thiner (✓ ! 0),
the spectrum approaches [�1/2, 1/2].



Known Results (thin rectangle shape domains)



Main Result 1 (2d thin domains)
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Let ⌦R, R � 1, be a rectangle-shaped domain whose boundary is:

@⌦R = �+
R [ ��

R [ �s
R, �±

R = [�R,R]⇥ {±1},

and the side �s
R consists of the left and the right sides �s

R = �l
R [ �r

R, where �l
R

and �r
R are curves connecting points (⌥R, 1) and (⌥,�1), respectively.

We assume that �l
R and �r

R are of any fixed shape independent of R and @⌦R is
Lipschitz continuous. We call R the aspect ratio of @⌦R.

Theorem 1. If {Rj} be an increasing sequence such that Rj ! 1 as j ! 1,
then

[1
j=1�(K@⌦Rj

) = [�1/2, 1/2].



Test Functions
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To prove the Theorem 1, we construct test functions to approximate the NP
eigenfunction. For a given compactly supported f on (�R,R), define

'(x) = '(x1, x2) =

(
f(x1), if x 2 �+

R [ ��
R

0, if x 2 �s
R.

Put KR = K@⌦R for simplicity. Note that KR['](x1, x2) is written as

� 1

2⇡

Z

R

x1 � 1

(x1 � y1)2 + (x2 � 1)2
f(y1)dy1+

1

2⇡

Z

R

x1 + 1

(x1 � y1)2 + (x2 + 1)2
f(y1)dy2.

Thus, if (x1, x2) 2 �+
R [ ��

R (i.e., x2 = ±1),

KR['](x1, x2) =
1

2⇡

Z

R

2

(x1 � y1)2 + 22
f(y1)dy1 =

1

2
P2 ⇤ f(x1),

where Pt is the Poisson kernel on the half space,

Pt(x1) =
1

⇡

t

|x1|2 + t2
, t > 0.
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For a given � 2 (0, 1/2], we look for h such that

�h� 1

2
P2 ⇤ h = 0.

Using the Fourier transform bf(⇠) = F [f ](⇠) =
R
R e�2⇡i⇠xf(x)dx, we have the

following, since P̂t(⇠) = e�2⇡t|⇠|:

✓
�� 1

2
e�4⇡|⇠|

◆
bh(⇠) = 0.

Let ⇠0 > 0 such that �� 1
2e

�4⇡|⇠0| = 0. Then, if we can construct bfR ! bh = �⇠0 ,
bfR should be an approximate eigenfunction w.r.t. the eigenvalue �.

We can construct such fR as follows:

fR(x) = e2⇡i⇠0x(� )(R�1x),

where � is a smooth cut-o↵ function such that supp� ⇢ [�1/2, 1/2] and � = 1

on [�1/4, 1/4], and b is a non-negative compactly supported smooth function such
that

R
R
b (⇠)d⇠ = 1. We note that R b (R(⇠ � ⇠0)) converges weakly to �⇠0(⇠).



Outline of Proof of Main Theorem 1
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We denote by k·k1/2 the Sobolev 1/2-norm on R. We can prove the followings.

Lemma 1.1 For � 2 (0, 1/2], let fR be the function defined as above. Then, it
holds that

R
1/2 . kfRk1/2 and

�����fR � 1

2
P2 ⇤ fR

����
1/2

. R
�1/2

.

Proposition 1.1 Let � 2 (0, 1/2]. There is a sequence 'R 2 H
1/2(@⌦R) s.t.

lim
R!1

k(�I �KR) ['R]kH1/2(@⌦R)

k'RkH1/2(@⌦R)

= 0.

Theorem 1 is a immediate consequence of Proposition 1.1. In fact, if � 2 (0, 1/2]

and � /2 [1
j=1�(KRj ), then dist

⇣
�,[1

j=1�(KRj )
⌘

> 0. Thus, there is C > 0

independent of j such that

��'Rj

��
H1/2(@⌦Rj )

 C
����I �KRj

�
['Rj ]

��
H1/2(@⌦Rj )

,

which contradicts Proposition 1.1.
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Lemma1.1 For � 2 (0, 1/2], let fR be the function defined as above. Then, it

holds that

R1/2 . kfRk1/2 and

�����fR � 1

2
P2 ⇤ fR

����
1/2

. R�1/2.

Outline of Proof. Note that cfR(⇠) = R[(� )(R (⇠ � ⇠0)). Thus, we have

kfRk21/2 = R

Z

R

✓
1 +

����
⇠

R
+ ⇠0

����

◆ ���[(� )(⇠)
���
2
d⇠ � R

Z

R

���[(� )(⇠)
���
2
d⇠.

On the other hand, F(�fR� 1
2P2 ⇤fR)(⇠) = (�� 1

2e
�4⇡|⇠|R[(� ))(R(⇠� ⇠0)). We

split
���fR � 1

2P2 ⇤ fR
��2
1/2

= I + II as follows: if |⇠| 
p
R,

����� 1
2e

�4⇡| ⇠
R+⇠0|

��� .
|⇠|/R, so

I := R

Z

|⇠|
p
R

✓
1 +

����
⇠

R
+ ⇠0

����

◆ ������ 1

2
e�4⇡| ⇠

R+⇠0|
����
2 ���[(� )(⇠)

���
2
d⇠ . R�1,

and

II . R

Z

|⇠|>R
(1 + |⇠|)1�2N d⇠ . R1�N .
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Proposition 1.1 Let � 2 (0, 1/2]. Then, there exists a sequence 'R 2 H
1/2(@⌦R)

such that

lim
R!1

k(�I �KR) ['R]kH1/2(@⌦R)

k'RkH1/2(@⌦R)

= 0.

Outline of Proof. Define 'R on @⌦R by

'R(x1, x2) =

(
fR(x1), if x 2 �+

R
[ ��

R
,

0, if x 2 �s

R
.

By Lemma 1.1, we only have to show k(�I �KR) ['R]kH1/2(@⌦R) . 1.

We choose a constant C > 0 independent of R such that

�l

R
⇢ {(x1, x2) : x1 < �R+ C} , �r

R
⇢ {(x1, x2) : x1 > R� C} .

Let ⇣1(x1, x2) = ⇣1(x1) be a smooth function such that supp ⇣1 ⇢ (�R+C,R�C)
and ⇣1 = 1 on [�R+ 2C,R� 2C], and let ⇣2 = 1� ⇣1. Then we have

k(�I �KR) ['R]kH1/2(@⌦R) 
2X

j=1

k⇣j (�I �KR) ['R]kH1/2(@⌦R) .
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We have

k⇣1 (�I �KR) ['R]kH1/2(@⌦R) =

����⇣1
✓
�fR � 1

2
(P2 ⇤ fR)

◆����
1/2

. R
�1/2

.

Let � := @⌦R \ {(x1, x2) : x1 < �R+ C or x1 > R� C}. To estimate the sec-
ond term, we use the following characterization of H1/2(�):

khk2
H1/2(�) = khk2

L2(�) +

Z

�

Z

�

|h(x)� h(z)|2

|x� z|2
d�(x)d�(z).

Note that ⇣2 (�I �KR) ['R] = ⇣2KR['R]. If x, z 2 supp (⇣2) and y 2 supp ('R),

|x� z| . 1, |x� y| & R, |z � y| & R.

Thus, |kR(x, y)| . R
�1. So, k⇣2KR['R]k2L2(�) . R

�1
R
R |fR(x1)|2 dx1 . 1. We

also have|⇣2(x)kR(x, y)� ⇣2(z)kR(z, y)|  R
�1 |x� z|. Then it follows

Z

�

Z

�

|⇣2(x)KR['R](x)� ⇣2(z)KR['R](z)|2

|x� z|2
d�(x)d�(z) . 1.



Main Result 2 (3d thin domains)
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Let U be a bounded domain with the Lipschitz continuous boundary @U , and let
UR := RU be the dilation of R, R � 1. We assume that U contains the unit disk
centered at 0. Let @⌦R be the 3D thin domain

@⌦R = �+
R [ ��

R [ �s
R, �±

R = {(x1, x2, x3) : x
0 = (x1, x2) 2 UR, x3 = ±1},

and the side �s
R connects �+

R and ��
R.

The side �s
R is of any fixed shape independent of R, and the boundary @⌦R is

smooth.

Theorem 2. If {Rj} be an increasing sequence such that Rj ! 1 as j ! 1,
then

[1
j=1�(K@⌦Rj

) = [�1/2, 1/2].

<latexit sha1_base64="VDQHwAjLzOg68mQlZ8pDqA8cyNY="></latexit>

�+
R

<latexit sha1_base64="gk+hUAuVTHI7TXtOIyOkX9QFvzQ="></latexit>

�s
R



Test Functions
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We can prove Theorem 2 in the same way as Theorem 1. We construct test
functions to approximate eigenvalues as follows:

'R(x) = 'R(x
0, x3) :=

(
fR(x0), if x 2 �+

R [ ��
R,

0, if x 2 �s
R.

Put KR for simplicity. KR['](') is written as

� 1

4⇡

Z

R2

(x3 � 1) fR(y0)dy0
⇥
|x0 � y0|2 + (x3 � 1)2

⇤3/2 +
1

4⇡

Z

R2

(x3 + 1) fR(y0)dy0
⇥
|x0 � y0|2 + (x3 + 1)2

⇤3/2 .

Thus, if x 2 �+
R [ ��

R, then

KR['R](x) =
1

2
(P2 ⇤ fR) (x0),

where Pt is the Poisson kernel on the half space in R2+1,

Pt(x
0) =

1

2⇡

t
�
|x0|2 + t2

�3/2 , t > 0.
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For � 2 (0, 1/2], we choose ⇠0 2 R2 so that

�� 1

2
e
�4⇡|⇠0| = 0.

We define
fR(x) := e

2⇡i⇠0x(�⌘)(R�1
x),

where � is a smooth cut-o↵ function such that supp� ⇢ B1/2 and � = 1 on

B1/4, and b is a non-negative compactly supported smooth function such thatR
R2

b (⇠)d⇠ = 1. We note that R
2 b (R(⇠ � ⇠0)) converges weakly to �⇠0(⇠). We

obtain the followings.

Lemma 2.1 For � 2 (0, 1/2], let fR be the function defined as above. Then it
holds that

R . kfRk1/2 , and

�����fR � 1

2
P2 ⇤ fR

����
1/2

. 1.

Proposition 2.1 Let � 2 (0, 1/2]. There is a sequence 'R 2 H
1/2(@⌦R) such

that

lim
R!1

k(�I �KR) ['R]kH1/2(@⌦R)

k'RkH1/2(@⌦R)

= 0.
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Then we can prove that

[1
j=1�(K@⌦Rj

) � (0, 1/2]

in the same as in Theorem 1. For � 2 [�1/2, 0), define

'R(x) = 'R(x
0, x3) :=

8
><

>:

fR(x0), if x 2 �+
R,

�fR(x0), if x 2 ��
R,

0, if x 2 �s
R.

Then on can see as before that

KR['R](x) =

(
� 1

2 (P2 ⇤ fR)(x0), if x 2 �+
R,

1
2 (P2 ⇤ fR)(x0), if x 2 ��

R.

Thus,

�'R(x)�KR['R](x) =

(
�fR(x0) + 1

2 (P2 ⇤ fR)(x0), if x 2 �+
R,

��fR(x0)� 1
2 (P2 ⇤ fR)(x0), if x 2 ��

R.

The rest of the proof is the same as that in the case for � 2 (0, 1/2].



Main Result 3 (3d thin domains)
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Let DR be the bounded domain of cylinder shape such that its boundary consists
of three parts:

@DR = C+
R [ C�

R [ Cs
R, Cs

R = {(x1, x2, x3) : |x0| = 1,�R  x3  R},

and C+
R and C�

R are of arbitrary but fixed shape independent or R. We assume
that @DR is C1,↵-smooth for some ↵ > 0.

Theorem 3. If {Rj} be an increasing sequence such that Rj ! 1 as j ! 1,
then

[1
j=1�(K@⌦Rj

) � [0, 1/2].

<latexit sha1_base64="4BP4s/mBS5N9H/ox2/1xe8OBL2k="></latexit>

Cs
R

<latexit sha1_base64="Jf5KiaCom05A8qT3c6k+FANVqHs="></latexit>

C+
R

<latexit sha1_base64="C9YdKj8tx1fAmOsaoRQ3q2PC+eE="></latexit>

C�
R



Outline of Proof of Main Result 3
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Let TR = K@DR for simplicity. If  is supported in Cs
R, it can be written as

 (x) =  (✓, x3), where x0 = (cos ✓, sin ✓). If x = (✓, x3) 2 �s
R,

TR[ ](x) =
1

4⇡

Z

R

Z ⇡

�⇡

1� cos (✓ � �)
⇥
2
�
1� cos (✓ � �) + (x3 � y3)

2 �⇤3/2 (�, x3)d�dy3.

Taking the Fourier expansion of  w.r.t. ✓ variable  (✓, x3) =
1X

n=�1
 n(x3)e

in✓,

we have

TR[ ](✓, x3) =
1X

n=�1
ein✓

Z

R
Ln(x3 � y3) n(y3)dy3,

where

Ln(x3) =
1

2⇡

Z ⇡

0

(1� cos ✓) cosn✓
⇥
2
�
1� cos ✓

�
+ x3

2
⇤3/2 d✓

whose Fourier transformation is

cLn(⇠) =
1

4⇡

Z ⇡

0
cosn✓ bk(

p
2 (1� cos ✓)⇠)d✓, k(x3) :=

1

(1 + x3
2)3/2

.
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We have the following properties of cLn(⇠).

Lemma 3.1 Let k be defined as above. Then bk(⇠) is even, decreasing in ⇠ � 0,

continuously di↵erentiable, 0  bk(⇠)  bk(0) = 2, and

��bk(⇠)
�� . 1

1 + |⇠|N
for any positive integer N.

Outline of Proof. Note that

bk(⇠) = 2

Z 1

0

cos 2⇡⇠t

(1 + t2)3/2
dt = 2⇡⇠K1(2⇡⇠),

where K⌫ denotes the modified Bessel function of the second kind. Note also that

(⇠K1(⇠))
0 = �⇠K0(⇠) (See, e.g., “NIST Handbook of Mathematical Functions”).

Lemma 3.2 cL0(⇠) is even, decreasing in ⇠ � 0, continuously di↵erentiable on

R, 0 < cL0(⇠)  cL0(0) = 1/2, and for any � > 0

�� bL0(⇠)
�� . 1

1 + |⇠|1��
.
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We construct test functions as follows. For � 2 (0, 1/2], choose ⇠0 2 R so that

�� cL0(⇠0) = 0.

Put ⇢ = R1��
for � 2 (0, 1). Then, define

 ⇢ =

(
g⇢(x3), if x 2 Cs

R,

0, if x 2 C+
R [ C�

R ,

where

g⇢(x) = ⇢�1/2e2⇡i⇠0x(�1⇣1)(⇢
�1x).

Here, �1 is a smooth cut-o↵ function such that �1 ⇢ B(0, 1) and � = 1 on

B(0, 1/2), and ⇣1 is a smooth cut-o↵ function such that
R
R
b⇣1d⇠ = 1.

We can prove the following.

Proposition 3.3 Let � 2 (0, 1/2]. Then

lim
R!1

k(�I � TR)[ ⇢]kL2(@DR)

k ⇢kL2(@DR)

= 0.

The rest of the proof is in the same way as before.


