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Besicovitch spaces

(X,d): a metric space having the Besicovitch property:

There exists an integer constant Cg such that one can extract Cg countable
families {{Bj.x}x},;c, from any collection # of balls so that

(1] U Bj.« contains the centers of the elements of %,
Jok
@ forany jand k # k', Bj x N B = 0.
B(x, r) stands for the open ball B(x,r) = {y € X; d(x,y) < r}. The letter B

with or without subscript will implicitly stand for such a ball. When dealing with a

collection of balls {B;};c; the following notation will implicitly be assumed:
B,' = B(X,', I’,').
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Coverings and packings

o0-cover of E C X: a collection of balls of radii not exceeding 6 whose union
contains E. A centered cover of E is a cover of E consisting in balls whose
centers belong to E.

d-packing of E C X: a collection of disjoint balls of radii not exceeding § centered
in E.

Besicovitch d-cover of E C X: a centered d-cover of E which can be decomposed
into Cg packings.
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Packing measures and dimension

?;(E) = sup{z ri i {Bj} d-packing of E},

FUE) = Jim P(E),

PUE) = inf{Z?(Ej); EcUEj},

AE) = inf{teR; P (E)=0}=sup{teR; 7 (E)= oo}
dimpE = inf{teR; P(E)=0}=sup{t e R; P*(E)= o0}

One has A(E) = dimgE.
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Centered Hausdorff measures

Hs(E) = inf {Z ri ; {Bj} centered d-cover of E},
. —t
HE) = lm (E),

#HE) = sup{F'(F); FCE}.

dimy E =inf{t e R; #'(E) =0} =sup{t € R ; H#'(E) = o}
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Lower bounds for dimensions

v: a non-negative function defined on the set of balls of X.

Lemma
If V*(E) > 0, then

= inf {Z v(B;j) : {B;} centered d-cover of E}

= limvs(E
6@01/5( )

= sup(F)
FCE

. _logu(B(x,r))
esssup liminf ————=
x€E, vt ™SO log r

IogV(B(x, r))

dimy E >

(1)

dimp E > esssuplimsup , (2)
x€E, Ut P\O log r
v
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log v (B(x,r))

og 7 and consider the set

To prove (1), take v < esssup,cg ¢ liminf\ o
Iogu(B(x,r))

log r

F = {x € E; liminf, o

there exists § > 0 such that, for all r < §, one has v(B(x,r)) < r?. Consider the
set

> ’y}. We have v#(F) > 0. For all x € F,

F(n)={x€eF;Vr<1/n, v(B(x,r)) <r'}.

We have F =, F(n). Since v¥(F) > 0, there exists n such that

v#(F(n)) > 0, and therefore there is a subset G of F(n) such that 7(G) > 0.
Then for any centered §-cover {B;} of G, with § < 1/n, one has

7s(G) < ZI/(BJ') < er’.

Therefore,

vs(G) < H5(6),
and
0<7(G) < H'(G)<#(G),

which implies dimyg E > dimy G > ~.
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log v (B(x,r))

| and consider the set
ogr

To prove (2), take 7 < esssup,cg .+ limsup, o
Iogu(B(x,r)) >

log r

F = {x € E; limsup, g . We have v#(F) > 0, so there exists

a subset F’ of F such that Z(F’) > 0. Let G be a subset of F’. Then, for

all x € G, forall § >0, there exists r < 4 such that v(B(x, r)) < r?. Then for
all §, by using the Besicovitch property, there exists a collection {{vak}f}1<k<c,3
of d-packings of G which together cover G and such that v(B; x) < rﬂk. Then

one has
75(G) <> v(Bjuk) <Y rl
Jok
1
This implies that there exists k such that Z r!. > —Us(G). So we have
.]7 CB
Z5(G) > A~ 7s(G). This implies 27 (G) > & V(G). Soif F' =JG;, one has

Y 7G> Cizy(c)z CiB (F') >0,

so P7(F') > 0. Therefore, dimp F > ~.
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Level sets of local Holder exponents

1 : a non-negative function of balls of X such that
w(B)=0 and B'Cc B= pu(B’)=0.
S,., the support of i, is the complement of U“(B):O B.

I B
{XGS#; IimsupM ga},

X
#(Oé) 0 |Ogr

X, (o) = {XESM;Iiminfwza},

™0 log r
Xu(o, B) = X, (a)NX,.(B),
and
X,u(a) = K,u,(a)myﬂ(a)
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Olsen's packing measures

—q,t * .
92,5(5) = sup {Z riu(B;j)?; {Bj} d-packing of E} ,
where * means that one only sums the terms for which p(B;) # 0,

—q,t . —q,t
Ty (E) = Jim PL5(E),

) = nf {3 70(E); EcUE},

7.(q) = inf{teR; PV (S,) =0} =sup{teR; Z7(S,) = oo}
inf{t e R; 27(S,) =0} =sup{t e R; PP(S,) = o0}

tll)

—~

Q

~
|

7, and B, are convex.

Jacques Peyriere (F. Ben Nasr & J. Peyriere) Multifractal b # B CUHK, December 14, 2012 10 / 28



Alternate definition of Ty
Fix A < 1 and define

@:‘j:g(E) = sup {Z rf Huk(Bj)qk ; {B;j} packing of E with \d < r; < 5} ,
k=1

— [
ZRE) = Jm ZINE)
and -

Twe(q) = sup{tER , PTHE) =+oo}.
Proposition

For any A <1, one has 7, s, = 7, and

Tu(q) =

g@o Togd log sup {Z /];[luk(Bj)qk ; {Bj} packing of S,, with \d < r; < 5} .

W
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Olsen’s Hausdorff measures

%Z’;(E) = inf {Z riu(B;j)? ; {Bj} centered d-cover of E} ,
—q,t . —q,t
‘%u (E) = ('!@0 %mé(E))

ATHE) = sup {%‘“(F) CFC E}.

m

bu(q) = inf{t € R; H7N(S,) =0} =sup{t € R; H7Y(S,) = oo}

In general, b, is not convex. One always has

b, < B, <74
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Legendre transform: f*(y) = infyer xy + ().

Theorem (Olsen, Ben Nasr-Bhouri-Heurteaux)
© dimy X, < b*(a).
Q dimp X, < B*(a).
@ If —a = B'(q) exists and dimy X, = B*(q), then B(q) = b(q).
Q If for some q, #,7%9(S,)) > 0 and —a = B(q) exists, then

dimy X(«) = :2]11; B(r) + ar = B(q) — g¢B'(q).
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Main lemma

EZ:Z,&(E) = sup {Zr w(Bj)7v(Bj) ; {Bj} d-packing of E},
27 (E) = 1im 2% J(E),
Qv 5N0 uv&
2,,(6) = inf{> 2,.(6) : Ec|JE}.
Buula) = inf{teR; 27(S,) =0} =sup{t € R; Z,(S,) = oo}
ouv(q) = inf{teR; QZ’L(SM) =0} =sup{teR; QZ:Z(SH) = oo}
Lemma

Assume that ¢,,,(0) = 0 and v#(S,,) > 0. Then one has

v (“Xu (—¢(0), ~¢1(0)) ) =0

The same result holds with @, ,,.
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Take v > —¢}(0), and choose 4" and t > 0 such that v > " > —¢j(0) and
<p( t) < +'t. Then ‘@(u f/)l) 2 “(S,) = 0, so there exists a countable partition
S, = JEj of S, such that

Z? D) <1,

It results that 220, """ (E;) = 0 for all j.

Consider the set
) Iog,u(B(x, r))
E =dx€S,; limsup——m—~ > .
(7) { 13 N0 |Og r ’y

If x € E(7), for all § > 0, there exists r < & such that u(B(x,r)) < r7. Let F be
a subset of E(7). Set Fj = F N E;.
For § > 0, for all j, one can find a Besicovitch d-cover {B; «} of F; such that

1(Bj k) < rly.
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We have,

<> v(Biw) =
k
> (B~ u(Bra) W(Bj k) < Y p(Bjk) v (B k),

which, together with the Besicovitch property, implies

1
75(F) < Ce Py (E)):

SO
WF) < P " (B) = 0.

(k,v)

This implies 7(F) = 0, and v*(E(7)) = 0.
We conclude that

| B
Vi ({x €S, ; lim supM > —@?(0)}) —0.
O log r
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An example

Take X = {0,1}"" endowed with the ultrametric which assigns diameter 2~" to
cylinders of order n.

We are given two numbers such that 0 < p < p < 1/2 and a sequence of integers
l=t<tp <---<t,<-- such that nli)ngot,,/t,,ﬂ =0.

We define a probability measure p on {0, 1}N*: the measure assigned to the
cylinder [e1e2...6,] is

p(lerez .. €n]) = ij(gj)a

where

o (p,l — p) if tox—1 < j < tox for some k,
I (B, 1 —p) if tox <j < tog41 for some k,
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,U,([Elffg .. .En]) = ij',

where
) (p1—=p) if tag—1 < j <ty for some k,

wi =
/ {([3, 1-— [3) if tox < j < togy1 for some k.

e160...en1j)? = p([eren. . . € 9 (p? + (1= p)9)
je%,:l}u([ ez €n-ul) = (fenez o] {(f?‘“r(lﬁ)q)

Sl e) = (P74 (1= p)) 7 (B + (1= B)) "

0<X <1 liminfX® =0, limsup " =1
n n n
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7, b. and B

Set
0(q) = log(p?+(1—p)9)
b(a) = log(p?+(1-p))
Then
lim sup % log Z,u([aleg . .5,,])q = max{6(q),0(q)}

lim inf % log ZM([8152 . .5,,])q = min{0(q),f(q)}

It has been shown (Ben Nasr, Bhouri, and Heurteaux) that these are respectively
B,.(q) and b,(q).
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b(g) = min{6(q), ~(q)} blue curve
max{6(q),6(q)} red curve

oy
Q
Il
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Results

Theorem
Q Fora € (—logy(1— p),—log, p), we have

dimy X, (a) = ci’réﬂfQ b(q) + aq.

© For o < (~oga(1 — ), ~logs )\ (1=B/(0).~ /0] U [-8/1) ~Bi(D)
dimp X, (o) = ‘;2}; B(q) + aq.

4

We already know the upper bounds. Indeed, it is known that, if « = —B’(q), then

dimp X, < B*(a) = —qB'(q) + B(q) = inf ot + B(t).

It is also known that dimy X, < inf;at + b(t). In particular, if & can be written
as —b/'(q) then dimy X, < —q b'(q) + b(q).
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Proof

Given two numbers r and ¥ in the interval (0,1), we perform the same

construction as with p and p, but using the same sequence (t;). We get a new
measure v.

We compute @, ,:

Z pler - ea))v(ler...en)) =

€1...€p

(rp+ (1= ) (1= p)) " (B + (L= F) (1= B))" "

Py (t) = logomax{rp*+ (1—r)(1—p)",p"+(1-F)(1-p)}

If rlogp+(1—r)log(l—p)="Flogp+ (1—7)log(l—p),
then @, ,(0) exists.

= —,,,(0) = rlogy p+ (1 — r)logy(1 — p) = Flogy p + (1 — 7) log,(1 — p)
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rlogp+ (1 —r)log(l—p)=Flogp+ (1 —F)log(l— p) plus constraints
0 < r,7 < 1 imply that « can assume any value between —log,(1 — p) and

—log, p.
One has

- Iog2 v([er .. Z log, @j(e;)

so, due to the strong law of large numbers, for n-almost t,

min{h(r), h(7)}

Iimsupfilogzu(C,,(t)) = max{h(r),h(F)},

lim inf —% log, v(Cy(t))

where C,(t) stands for the n-cylinder which contains t and
h(r) = —log, r — log,(1 — r).
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it results from the preceding lemmas that

dimy X, () > min{h(r),h(F)}
and

dimp X, (o) > max{h(r),h(7)},
where r, ¥, and « are linked by relations

o =rlogyp+ (1 —r)logy(1—p) =TFlogy p+ (1 —F)logy(1 - p).
We have

|0g 1—r pq
a=—0 if g= ' je r=
(a) 1F log 152 p? + (1 - p)d
and - }
~ log =< pa
a = —0/(6) if a = g 11" 3 i.E, r= P
log =52
has

p)d
Now, fix g and g as above. One can check that, for these values of g and g, one
0(q) —q0'(q) =h(r) and 6(a) -6 (g) = h(F)
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In order to have 6(q) = b(q), we must have 0 < g < 1, which means

1
logy, —————— < a < logy ——. 3
2 pp(1—p)-r 2/p(1—p) (3)
In order to have 8(§) = b(§), we must have § < 0 or § > 1, which means
> log ! (4)
@ 2 T
VB(1—p)
or
< logy (5)
) 52 Bp(1—p) 7
One can check that at least one of the conditions (3), (4) and (5) is fulfilled.
But for any g such that b'(q) exists, we have
dimy X, (~b'(q)) < b(q) — qb'(q). (6)
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The Gray code

w :01

p(w): 01

w :00011011

©(w): 0001 11 10

w : 000 001 010 011 100 101 110 111

(w): 000 001 011 010 110 111 101 100

w  : 0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 ---
»(w): 0000 0001 0011 0010 0110 0111 0101 0100 1100 1101 1111 1110 ---

Let v be the image of the measure [w] — p[p(w)] under the map

X1x0 - Xp - € {0, 1N an2_".

n>1
This is the measure considered by Ben Nasr, Bhouri, and Heurteaux. It is
doubling and exhibits the same phenomenon as p concerning b and B.

Recently, Shen Shuang proved that one gets the same result without composing
with the Gray code.
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Thank you!
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