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Heisenberg group H" is R?"*! equipped with a non-abelian
group structure, with a left invariant metric and with natural
dilations.
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Pertti Mattila H - (C X R, p - (W, S), q = (Z, t) 6 H
p-q=(w+zs+t+2imwz))

llpl| = (|z|* + t2)*/

d(p,q) =|lp~t-qll = (jw — z|* + |s — t — 2Im(wZ)[>)1/*
5-(p) = (rz, r’t)

d(ér(p)v 5r(q)) = rd(p, CI)

d(p-q1,p-q2) = d(q1,q2)

dimy H = 4, Heisenberg Hausdorff dimension
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o Vy={tep:t €R},ep=(cosb,sinh,0),0<0<m,
horizontal line in H

o Wy= VeL vertical plane in H!

o H! = W - Vp, that is, for p € HI,
p = Qu(p) - Po(p), Po(p) € Vo, Qo(p) € Wy

° P92H1—>V9,QQZH1—> Wp,0 <6 <,
are the group projections
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° p:(Z,t):(X+iy,t)€H1
e Py(p) = ((xcosh + ysinf)ey, t);

Py is the standard linear projection
° Qy(p) =
((y cos® — xsin@)ey, t — 2(cos B)xy + sin(20)(x* — y?));
Qp is a non-linear projection



Marstrand’s projection theorem

B  If A C R? is a Borel set, then (dimg is the Euclidean Hausdorff

slicing

st  dimension) for almost all 6 € [0, 7),
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Pertti Mattila dimg Py(A) = dimg A for almost all § € (0, 7) if dimg A <1,

HY(Py(A) > 0 for almost all § € (0,7) if dimg A > 1.

Kaufman's proof for the first part:

Let 0 < s < dimg A. Then there is a non-trivial Borel measure
pon Asuch that Is(u) = [ |x — y| " *duxduy < oo. Let Pyu
be the push-forward under Py: Pyu(B) = ,u(Pa_l(B). Then

[ tudo= [[[ 19— i~ axanyes
0

Rﬁ/ 10| °dOls(p) < 0.
0
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SN (ot A C H' be a Borel set. Then for almost all § € [0, ),

dimH PQ(A) > dimHA —2if dimHA < 3,

H(Py(A)) > 0 if dimy A > 3.

This is sharp: consider
A={(x,0,t):xe C,t €[0,1]},C C R. Then
dimy A =dimg C + 2 and
dimy Py(A) = dimg Py(A) = dimg Py(C) = dimg C

for all but one 0.
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Let A C H! be a Borel set. If dimy A < 1, then for almost all
6 €[0,m),

dimHA S dimH QQ(A) S 2dimH A.

For A with dimy A < 1 this is sharp:
if A C t-axis, dimy Qg(A) = dimy A for all 6,
if A C x-axis, dimy Qg(A) = 2dimy A for all but one 6.
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p=I(zt),qg=(¢7) € H', 1 = arg(z — (), po = arg(z + ()

d(p.q)* = |z = ¢|* + (t — 7+ [2° = (®Jsin(p1 — ¢2))?
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d(Qs(p), Qo(q))"
= |z = ¢[*sin*(p1 = 0) + (t — 7 — |22 = ¢*[sin(i02 + 1 — 20))°

To get for 0 <s <1, [ d(Qu(p), Qu(q))~°d0 < d(p,q)~*,

one needs for a € R,
™
/ do <1
o la+sing|s/2 ™
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If dimy A > 1, we have some estimates which quite likely are
not sharp.

For example, we don't know if dimy A > 3 implies
H2(Qy(A)) > 0 for almost all § € [0, 7).

A related Euclidean question: does dimg A > 2 imply
H2(Qp(A)) > 0 for almost all § € [0, 7)?
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H"=C"xR, p=(w,s),g=(z,t) € H"
p-qg=(w+zs+t+w(w,z)),

w(w,z) = 2Im(w - z) = 3771 (vix; — ujy)),

w = (uj + ivj), z = (x + iyj)

llpll = (|z|* + t2)1/4

d(p,q) = llp™ - qll = (Iw — z[* +|s — t — w(w, 2)|})1/*
5,(p) = (rz,r’t)

d(6-(p),0r(q)) = rd(p, q)

d(p-q1,p-q2) = d(q1,q2)

dimy H" = 2n + 2
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e Gp(n,m)={V e G(2n,m):w(w,z)=0Vw,z € V},
0 < m < n, isotropic subspaces

@ unitary group U(n) C O(2n) acts transitively on Gx(n, m);
g e U(n): w(g(w)g(z) =w(w,z)Yw,ze C"

o H" = VL.V, VL cR?>™1L V¢ Gy(n,m),
p = Qv(p) - Pv(p), Pv(p) € V,Qv(p) € W, for p € H"

@ Py :H" — V is the standard linear projection

o Qu(z,t) =(PyL(2),t —w((Py.(z),Pv(2)))is a
non-linear projection, Qy : H” — V+

Pertti Mattila
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dim Py (A) > dimy A — 2

for jinm almost all V€ Gp(n, m). Furthermore, if
dimy A > m+ 2, then

H™(Py(A)) > 0 for jinm almost V € Gp(n, m)

This is again sharp.
Above fip m is the unique U(n)-invariant Borel probability
measure on Gp(n, m).
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Let AC H" be a Borel subset with dimy A < 1. Then for pip m
almost V € Gp(n, m),

dimHA < dimH Q\/A < 2dimH A.

This is again sharp when dimy A < 1. Some, probably rather
weak, partial results are known when dimy A > 1.
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dr(Qu(p), Qu(a)* = [Py (z = O)I*+
(t =7 = 2w(Py.(2), Pv(2)) + 2w(Py(C), Pv(¢))—
2w(Py1(¢), Pyi(2)))%.

The key estimate in the proof is
/ la — 2w(v, Py(w))| =/ 2dppmV < 1
Gp(n,m)

forall0 <s<1,acRandv,we S?" 1
This estimate is false for s > 1.
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Let A C H" be a Borel set with dimy A > m+ 2. Then for
fnm almost V € Gp(n, m),

H™({v e V :dimy(AN (VL v)) =dimyA— m}) > 0.

The assumption dimy A > m + 2 is necessary.
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Let A C H" be a Borel set with 0 < H3,(A) < oo for some
s > m+ 2. Then for H3, almost all p € A we have

dimy(AN(V* - p)) =s—m for pupm almost all V € Gy(n, m).
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Thank you

Thank you Ka-Sing, De-Jun and all others



