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l. Classic results

@ « an irrational real number.

@ || - || the distance to the nearest integer.

Minkowski (1907) : If y € Z + aZ, then for infinitely many n € Z,

e — gl < —
no—y 2]’

Khintchine (1926) : For any real number y, there exist infinitely many
n € N satisfying the Diophantine inequalities :

1
no—y| < —.
Ina =l < —=
Cassels (1950) : The following set E(c,c) is of full measure for any
constant ¢ > 0 :

E(a,c) = {y eR:|na—y| < € for infinitely many n} .
n
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Il. About Hausdorff dimension
Define
w(a) :=sup{d >1: lirr_1>infn9||na\| =0}.

Remark that « is a Liouville number if w(a) = oco.
Bernik-Dodson 1999 : the Hausdorff dimension of the set

1 -
E\(a):= {y ER: lna—y| < — for infinitely many n} (y=1),
n

satisfies
1
w(a) -y

Bugeaud/Schmeling-Troubetzkoy 2003 : for any irrational «,

S dlmH E,Y(Oé) S

2|

1
dimy B, (o) = —.
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I1l. With a general error function
Let ¢ : N — R™ be a function decreasing to zero. Consider the set

Ey(a) :={y € R: |[na—y| < ¢(n) for infinitely many n}.

For an increasing function 1) : N — R™, define the lower and upper
orders at infinity by

M) = timinf 2BY) nd k(@) = limsup 2BYM)

n—oo  logn e logn

Denote
1 1

Uy ly : .
Mg T k(1)
The results of Bugeaud and Schmeling, Troubetzkoy imply the inequality

l, <dimp(E,(a)) < u,.
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IV. Some known results

A.-H. Fan, J. Wu 2006 :
(1) If v is of bounded type

dim (E, (@) = u,

(2) There exists a Liouville number « and an error function ¢ such that
dimg Ey(a) =1, < .

J. Xu preprint :

(1) For any «,

i 10g dn
im sup

———— <dimg(F,(a)) < uy,
n—oo —logp(gn) ~ ( W( ) v

where ¢,, denotes the denominator of the n-th convergent of the
continued fraction of a.
(2) For any irrational number o with w(a) =1,

dimpy (Ey(a)) = ug.
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V. Our results

Theorem (L-Rams 2012)

For any o with w(a) = w € [1, 00|, we have

1
min {“w max{lw 1—:%’ }} <dimpg(Ey(a)) < ug.
w

Corollary : If w < 1/u, then
dimp (Ey()) = .

Example : Take w = 2, u =1/2 and [ = 1/3. Construct « such that for
all n, ¢2 < gns1 < 2¢2. Define

©(n) = max {n_l/l,qlzl/l} if qull <n< qz/l.
By Corollary,

Thus the lower bound of Xu is not optimal.
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V1. Our results-continued

Theorem (L-Rams)

For any irrational « and for any 0 <1 < u < 1, with u > 1/w, there
exists a decreasing function ¢ : N — R, with [, =1 and u, = u, such
that

. 1+u
dimpy (E,(or)) = max {l, 1+w} <u

Theorem (L-Rams)

Suppose 0 < | < u < 1. There exists a decreasing function ¢ : N — RT,
with I, =1 and u, = u, such that for any o which is not a Liouville
number,

dimpg (Ey(a)) = u.
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L
VIl. Method

— Upper bound is OK. We treat the lower bound.
Let B > 1 and suppose there exists {n;} such that

log QTL7 +1

— B.
log gn,;

Let {m;} be such that g,, < m; < qn,+1. By passing to subsequences,

we suppose the limit

1 3
N = lim 27
i—oo log gn,

exists. (Obviously, 1 < N < B.)
Let K > 1. Denote

1
E; = {y eER:||na—yl||l < gq;f( for some n € (mi,l,mi]}.

Let
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VIIl. Method-continued

Proposition (L-Rams)

If {n;} is increasing sufficiently fast then

N 1 1
dlmHE = dlmHF = min (K, max (K, ]WV)) o

Choose a sequence m; of natural numbers such that

. log m;
lm ——— =

i—00 — log @(ml) L0

and choose n; such that ¢,, < m; < gn,+1-
Take K = N/u,. We have E C E,, and then

1
dlmH E@ Z min <u¢,max <1;\f7 M)) .

Optimize the above value for B € [1,w], N € [1, B].
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