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Deterministic fractals

Affine iterated function system (AIFS)
• Family {fi}M

i=1, fi(x) = Ti(x) + ai

• Ti : Rd → Rd bijective linear contraction, translation ai ∈ Rd

• Attractor E =
⋃M

i=1 fi(E)

Theorem (Falconer 1988)
If ‖Ti‖ < 1

3 for all i, then dimH Ea = dimp Ea = dimB Ea = s0 for
LMd-almost all a ∈ RMd, where p(s0) = 0 and p is the pressure.

• p(s) = limn→∞
1
n log

∑
i∈{1,...,M}n Φs(Ti)

• Ti = Ti1 ◦ · · · ◦ Tin

• Φs(Ti) singular value function
• p exists since Φs is submultiplicative
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Theorem (Solomyak 1998)

‖Ti‖ < 1
2 enough in Falconer’s theorem

• Example by Przytycki and Urbański: 1
2 optimal bound

• Not for all a ∈ RMD

• OSC or SSC are not useful

Theorem (Jordan, Pollicott, Simon 2007)
Random perturbation on a =⇒ ‖Ti‖ < 1 enough in Falconer’s
theorem
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Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}

• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node

• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.

(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}

• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist

• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0

• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Code tree fractals

• Family of AIFS’s {{fλi }
Mλ

i=1 | λ ∈ Λ}
• code tree ω, label λ at each node
• Mλ ≤M

Theorem 1
(1) ‖Ti‖ ≤ σ < 1

2 for all i implies dimH Eωa = dω for almost all a.
(2) Other statements in Falconer’s and Solomyak’s theorem are not
valid.

Proof

• Carathéodory’s construction, Φs premeasure→Ms

• dω = inf{s | Ms = 0} = sup{s | Ms =∞}
• p may not exist
• p may exist and dω 6= s0, p(s0) = 0
• dimH Eωa 6= dimp Eωa 6= dimB Eωa possible

Esa Järvenpää Dimensions of random affine code tree fractals AFRT, Hong Kong 2012



Random code tree fractals

• Barnsley, Hutchinson, Stenflo (2008): V-variable fractals

• Random V-variable fractals: Existence of neck levels

• Ω̃ = (Ω,NN), Ω is the space of code trees, NN the space of neck lists

• Ξ : Ω̃→ Ω̃ shift by neck levels

• P a probability measure on Ω̃
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Theorem 2
Assume
• ‖Ti‖ ≤ σ < 1 and ‖T−1

i ‖ < L for all i

• P ergodic and Ξ-invariant
•
∫

N1 dP <∞, where N1 is the first neck level
Then there exists s0 with p(s0) = 0 almost surely
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Theorem 3
Assumptions of Theorem 2 and

(1) ‖Ti‖ ≤ σ < 1
2

(2) P(∃ v such that TiN1
(v) are parallel for all TiN1

) < 1

(3) R2

(4) A bit more than
∫

N1 dP <∞
(5) Independence between different necks

Then P-almost surely dimH Ea = dimp Ea = dimB Ea = s0 for
almost all a, where s0 is the zero of the pressure.
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Theorem 3’ (with B. Li)
Assumptions (5), (4) and (3) are not needed

• Proof simpler than the one in Theorem 3
• Condition (2): replace v by m-vector (Falconer and Sloan 2009),

also Feng (2009)
• (1) is necessary but (2) is not
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