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1. Introduction

Throughout the paper we assume that w is a (Borel) probability measure on RY with compact support. We call a family
E(A) ={e?™**: % e A} (A is a countable set) a Fourier frame of the Hilbert space L(uw) if there exist A, B > 0 such that

AIFIZ < |(F. 27> <BISIZ, VS e (). (11)

reA

Here the inner product is defined as usual,

(f’ eZJTiAx> — / f(X)eszﬂ.)LXdu(x).
Rd

E(A) is called an (exponential) Riesz basis if it is both a basis and a frame of L?(w). Fourier frames and exponential Riesz
bases are natural generalizations of exponential orthonormal bases in L2(u). They have fundamental importance in non-
harmonic Fourier analysis and close connection with time-frequency analysis [2,8,9]. When (1.1) is satisfied, f € L>(xt) can
be expressed as f(X) =", 4 c;e27** and the expression is unique if it is a Riesz basis.

When E(A) is an orthonormal basis (Riesz basis, or frame) of L%(u), we say that u is a spectral measure (R-spectral
measure, or F-spectral measure respectively) and A is called a spectrum (R-spectrum, or F-spectrum respectively) of L%(u). We
will also use the term orthonormal spectrum instead of spectrum when we need to emphasis the orthonormal property. If
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E(A) only satisfies the upper bound condition in (1.1), then it is called a Bessel set (or Bessel sequence); for convenience, we
also call A a Bessel set of L2(1).
One of the interesting and basic questions in non-harmonic Fourier analysis is:

What kind of compactly supported probability measures in RY belong to the above classes of measures?

When p is the restriction of the Lebesgue measure on K with positive measure, the question whether it is a spectral
measure is related to the well known Fuglede problem of translational tiles (see [7,22,14,26] and the reference therein).
While it is easy to show that such p is an F-measure, it is an open question whether it is an R-spectral measure. If K is
a unit interval, its F-spectrum was completely classified in terms of de Brange’s theory of entire functions [23]. In another
general situation, Lai [13] proved a sharp result that if p is absolutely continuous with respect to the Lebesgue measure,
then it is an F-spectral measure if and only if its density function is essentially bounded above and below on the support.

The problem becomes more intriguing when w is singular. The first example of such spectral measures was given by
Jorgensen and Pedersen [11]. They showed that the Cantor measures with even contraction ratio (o = 1/2k) is spectral, but
the one with odd contraction ratio (p = 1/(2k + 1)) is not. This raises the very interesting question on the existence of an
exponential Riesz basis or a Fourier frame for such measures, and more generally for the self-similar measures [15,16,6,25,
10]. In particular Dutkay et al. proposed to use the Beurling dimension as some general criteria for the existence of Fourier
frame [4]. They also attempted to find a self-similar measure which admits an exponential Riesz basis or a Fourier frame
but not an exponential orthonormal basis [5]. However, no such examples have been found up to now.

In this paper, we will carry out a detail study of the three classes of spectra mentioned. It is known that a spectral
measure must be either purely discrete or purely continuous [16]. Our first theorem is a pure type law for the F-spectral
measures.

Theorem 1.1. Let 1 be an F-spectral measure on RY. Then it must be one of the three pure types: discrete (and finite), singularly
continuous or absolutely continuous.

For the proof, the discrete case is based on the frame inequality, and the two continuous cases make use the concept of
lower Beurling density of the F-spectrum.

To complete the previous digression on the continuous measures, we have the following conclusions for finite discrete
measures.

Theorem 1.2. Let ;t = )" .. PcSc be a discrete probability measure in RY with C a finite set. Then i is an R-spectral measure.

To determine such discrete 4 to be a spectral measure, we will restrict our consideration on R! and let C ¢ Z* with
0 € C. Then the Fourier transform of u is

() = po + P17 X + -+ 4 prq U = my, (x),

where P = {pi}g‘:‘g is a set of probability weights. We call m,, (x) the mask polynomial of . Let Z, = {x € [0, 1): m,(x) = 0}

be the zero set of m;, (x), and A is called a bi-zero set if A — A C Z;, U{0}. Denote the cardinality of E by #E. It is easy to
see the following simple proposition.

Proposition 1.3. Let ;1 = Y. pcSc with C € Z* and 0 € C. Then p is a spectral measure if and only if there is a bi-zero set A of my,
and #A = #C. In this case, all the p. are equal.

The determination of the bi-zero set is, however, non-trivial, as the zeros of a mask polynomial is rather hard to handle.
As an implementation of the proposition, we work out explicit expressions of the set C and the bi-zero set when #C =3, 4.
It is difficult to have such expression beyond 4 directly. On the other hand, there are systematic studies of the zeros of the
mask polynomials by factorizing the mask polynomial as cyclotomic polynomials (the minimal polynomial of the root of
unity). This has been used to study the integer tiles and their spectra (see [3,14,19]). We adopt this approach to a class of
self-similar measures (which is continuous) in our consideration:

Let n> 0 and let A C Z* be a finite set with 0 € A, we define a self-similar measure @ := 1 4., by

1
WE) = a;u(nls —a)

where E is a Borel subset in R. Note that the Lebesgue measure on [0, 1] and the Cantor measures are such kind of
measures. The following theorem is a combination of the results in [24,14] and [15]:

Theorem 14. Let A C Z be a finite set with 0 € A. Suppose there exists B C Z such that A® B =N, where N, ={0,...,n—1}.
Then 8 4 = ) 4 4 8a is a spectral measure with a spectrum in %Z: the associated self-similar measure (4 4 , is also a spectral measure,
and it has a spectrum in Z if gcd A = 1.
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Note that the 1/4-Cantor measure fi(o 2} 4 Satisfies the above condition, but not the 1/3-Cantor measure. In fact, it is an
open problem whether the 1/3-Cantor measure is an F-spectral measure. To a lesser degree we want to know the existence
of a singularly continuous measure that admits an R-spectrum but is not a spectral measure. Our final goal is to search for
new R-spectral measures and to obtain such an example as corollary.

To this end, we let n be a discrete probability measure with support C C Z™. Let v be another probability measure on
R with support £2 € [0, 1], and let & = n * v be the convolution of n and v. Our main result is

Theorem 1.5. Let ;1 = 17 x v be as the above, and assume that v is an R-spectral measure with a spectrum in Z. Then j is an R-spectral
measure.
In addition, if Z,, C Z. Then w is a spectral measure if and only if both n and v are spectral measures.

We can modify the theorem slightly with the spectrum I" and Z, to be some subsets of rationals (Theorems 5.1, 5.3),
this covers some more interesting cases (e.g., the Cantor measures). Finally by taking 1 to be a non-uniform discrete measure
(Proposition 1.3) and v = 4, in Theorem 1.4, we conclude from Theorem 1.5 that

Example 1.6. There exists a singularly continuous measure which is an R-spectral measure, but not a spectral measure.

For the organization of the paper, we prove Theorem 1.1 in Section 2 and Theorem 1.2 in Section 3. We then deal with
the discrete spectral measures in Section 3; Proposition 1.3 is proved, and explicit expressions of C (with #C = 3, 4) for ¢
to be a spectral measure (Examples 3.3, 3.4) are sought. In Section 4, we make a further discussion of the discrete spectral
measures in connection with the class of integer tiles. In Section 5, we prove the two statements in Theorem 1.5 in two
theorems, and Example 1.6 follows as a corollary. An Appendix A is included for a number-theoretic proof of Theorem 1.4.

2. Law of pure types

Recall that a o -finite Borel measure 1 on RY can be decomposed uniquely as discrete, singularly continuous and absolutely
continuous measures, i.e., |t = [bqg + s + Uq. The measure u is said to be of pure type if u equals only one of the three
components.

In our proof of the pure type property of the F-spectral measures, we need to use the lower Beurling density of an infinite
discrete set A c RY:

#AN X
D™ A :=liminf inf M
h—o0 xeRd hd
where Qp(x) is the standard cube of side length h centered at x. Intuitively A is distributed like a lattice if D~ A is positive.
In the seminal paper [17], Landau gave an elegant and useful necessary condition for A to be an F-spectrum on L?(£2):

D~ A > L(£2) where L is the Lebesgue measure. The following proposition provides some relationships between the lower
Beurling density and the types of the measures.

Proposition 2.1. Let 1« be a compactly supported probability measure on RY, and A is an F-spectrum of 1, we have
(i) If L =" .cc Pcdc is discrete, then #A < oo and #C < oo;

(ii) If w is singularly continuous, then D~ A = 0;

(iii) If w is absolutely continuous, then D~ A > 0.

Proof. (i) By the definition of Fourier frame, we have for all f € L%(u),

Z Z f(c)ez’”“‘)pc

reA'ceC

2
<BY |f©pe.

ceC

Taking f = x¢,, where p¢, > 0, we have (#A) - p?ﬁ < Bpg,. Hence #A < B/p¢, < oo. This implies #C < oo by the complete-
ness of Fourier frame.

(ii) Suppose on the contrary that D~ A > ¢ > 0. We claim that Z¢ is a Bessel set of L2(1). By the definition of D~ A, we
can choose a large h € N such that

inf (#(A N Qx(x))) =ch? > 1.
xeRd

Taking x = hn, where n € Z¢, we see that all cubes of the form hn+ [—h/2, h/2)¢ contains at least one points of A, say Ap.
Since A is an F-spectrum, {An},c7¢ is a Bessel set. By the stability under perturbation (see e.g., [4, Proposition 2.3]) and

|An — hn| < diam([—h/2, h/2)%) = Vdh,
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we conclude that hZ? is also a Bessel set of L2(i). As a Bessel set is invariant under translation, we see that the finite

,,,,,

Now consider
G =Y |ac+m|’.
nezd

G is a periodic function (mod Z%). As Z¢ is a Bessel set, applying the definition to eZ7i*:) we see that G(x) < B < oc.
Hence G € L1([0, 1)?) and

/‘ﬂ(x)‘zdx:z /‘ﬂ(x—}-n)‘zdx: / |G(x)| dx < oo.
Rd

neZp 1)d [0,1)¢

This means that 2 € L?(RY), which implies . must be absolutely continuous. This is a contradiction.

(iii) If w is absolutely continuous, then the density function must be bounded above and below almost everywhere on
the support of 4 [13, Theorem 1.1]. Hence, A is an F-spectrum of L(£2), where £2 is the support of x. By Landau’s density
theorem, D™ A > L(£2) >0. O

Now it is easy to conclude that an F-spectral measure is of pure type.

Proof of Theorem 1.1. First let us assume that if u is decomposed into non-trivial discrete and continuous parts, p =
Wd + Me. Let A be an F-spectrum of . As L?(pq) and L?(us) are non-trivial subspaces of L2(j), it is easy to see that A is
also an F-spectrum of both L2(14q) and L%(u¢). Then #A < oo by Proposition 2.1(i); but #A = oo since L2(j4) is an infinite
dimensional Hilbert space. This contradiction shows that u is either discrete or purely continuous.

Suppose w is continuous and has non-trivial singular part us and absolutely continuous part (4. By applying the same
argument as the above, A is an F-spectrum of L2(us) and L2(ug). This is impossible in view of the Beurling density of A
in Proposition 2.1(ii) and (iii). O

The following corollary is immediate from Theorem 1.1.

Corollary 2.2. A spectral measure or an R-spectral measure must be of pure type.

3. Discrete measures

In this section, we will show that all discrete measures on RY are R-spectral measures. By Proposition 2.1(i), we only

need to consider measures with finite number of atoms. Let C = {co, ..., cn—1} C R? be a finite set and let
p=) Dbede, Withpi>0, ) pe=1. (3.1)
ceC ceC
For A € RY, we denote the vector [eZ7i(* o) @27ilk 1) py v,

Proposition 3.1. Let C = {co, ..., ca_1} C R? and let p be as in (3.1). Let A = {Aq, ..., Am—1} C RY be another finite set. Then

(i) Ais an F-spectrum of w if and only if span{v,,, ..., Vy, ,} =C".
(ii) A is an R-spectrum of w if and only if m = n in the above identity.

Proof. (i) Suppose first A is an F-spectrum of p. Let w=[ug, ..., us—1]" be such that (u,v,;) =0 for all i. Consider f as a
function defined on C with f(c;) = u;/p;. By using the lower bound of the Fourier frame, we have

2
2 i 2
AD1F©@) e <D 1D F@e™ ®p | =3 "|qu,v)|" =0.
ceC reA'ceC reA
It follows that f(c) =0 for all c € C, hence u=0 and the necessity in (i) follows.
Conversely, the assumption implies that the vectors vy, ..., Vv, , , form a frame on C" (see [2, Corollary 1.1.3]), i.e.,, there
exist A, B > 0 such that for all u=[ug, ..., up_1]t € C"
n—1 ) n—1
A P <) Jwv)|T<B Y juif’.
i=0 reA i=0
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For any f e L%(u), we take u= [f(co)Pcys - --» f(Cn—1)Pc,_, 1", we see that A is a frame with lower bound (min; p;)A and
upper bound (max; p;)B.
(ii) is clear from (i). O

Proof of Theorem 1.2. Let C = {cg, ..., cn—1}. We first establish the theorem for C ¢ R!. Let W = span{v,: A € R!}, it suffices
to show that W = C". Then we can select {Xg, ..., An_1} C R! so that {Vig,---»Va,_;} @ basis of C". The theorem for R!
will follow from Proposition 3.1(ii).

To see W =C", it suffices to show that if (u,v;) =0 for all A € R, then u=0. To this end, we write u=[ug, ..., up_11’,
and the given condition is

n—1
Z uiEZmACi —0.
i=0

We differentiate the expression with respect to A for k times with k=1,...,n—1, then
n—1
> uicke?™ i =,
i=0
This means
1 1 ... 1 uge?Tirco
Co 1 N o u]eZniAq
. =0.
n—1 n—1 n—1 27T
G G - G Up e o1

As all ¢; are distinct, the Vandermonde matrix is invertible. Hence,

2miACo

[qu , ule27'n)»c17 )

. 1,[,1,1827”‘)‘C’7_1 ]t =0,
and thus u = 0. This completes the proof of the theorem for R!.

On RY, we note that by Proposition 3.1, {co, ..., ca—1} admits an R-spectrum {Aq, ..., Ay—1} if and only if {Qco, ..., Qcn_1}
admits an R-spectrum {Q Ao, ..., QAz—1}, Where Q is any orthogonal transformation on RY. Now given any {co, ..., Cn_1}
on R4, we let £ij be the line passes through two points c;, ¢j, and choose a line £ such that ¢ is not perpendicular to any ¢;;.
Apply an orthogonal transformation Q so that the first axis coincides with the direction of ¢. In this way the construction
shows that the first coordinates of Qco, ..., Qcp_1 are all distinct.

We then apply the same argument as in R! above, using partial differentiation with respect to the first coordinates
which are all distinct, the Vandermonde matrix is invertible, hence the theorem follows. O

Remark 1. If ¢, ..., cy,—1 have rational coordinates, then we can choose elements A to have rational coordinates also. To
see this, by multiplying an integer, we can assume that {co,...,cy—1} are in 74, we consider the determinant function
e2mifho.co) ... 27i(A1.Cn-1)

©A) =@(ro, ..., An—1) =det

927“‘()»"71,60) e 627Ti<)‘nflxcn—l)
with A = (Ag, ..., An_1) on R%", Then ¢(2) is a trigonometric polynomial on R4, whose zero set is a closed set of Lebesgue
measure zero. We can choose 2 so that ¢(A) # 0 and A is rational, and Proposition 3.1(ii) shows that A ={Ag, ..., Ap—1} is

an R-spectrum will rational coordinates.

Remark 2. The R-spectrum shown in Theorem 1.2 is not explicit. It is also not easy to see whether a given set A is an
R-spectrum since the invertibility of the matrix is not easy to establish in general. A probabilistic approach of finding such
A in the case of trigonometric polynomials was given in [1]. The work gave a theoretical background on the theory of
reconstruction of multivariate trigonometric polynomials via random sampling sets.

To carry out Theorem 1.2 further, we consider the condition that a discrete measure to be an orthogonal spectral mea-
sure. We will restrict our consideration on the one-dimensional case, and by translation, we can assume, without loss of
generality, that C C Z* and 0 € C. The mask polynomial of u =" . pcdc is

me p(X) =[A(X) =Y _ pce”™ .
ceC

In case P is a set of equal probability, then we just use the notation m¢(x). We call a set A a bi-zero set of m¢ p if 0 € A
and m¢ p(A; — Aj) =0 for distinct A;, Aj € A. It is clear that such E(A) is an orthogonal set in L*(w).
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Proposition 3.2. Let C C Z be a finite set, and let (1 =" .. pcSc. Then w is a spectral measure if and only if there is a bi-zero set A
ofme p and #C = #A. In this case, all the p.’s are equal.

Proof. Note that  is a spectral measure if and only if there exists a set A ={A1,..., A5} with n=#C such that (A —Aj) =
0 for all i # j. Since [i(x) =mc_ p(x), this is equivalent to A is a bi-zero set of m¢ p and #C =#A.
To see that all the p. are equal, we put f = x. into the Parseval’s identity.

i 2
)[Rt R T
reA
We obtain Y, _, p2 = pc. Hence, p. =1/#A=1/#C. O

In the following we use Proposition 3.2 to obtain explicit expressions of C with #C < 4 that are discrete spectral mea-
sures. It is trivial to check that when #C =1, 2, the associated w is always a spectral measure.

Example 3.3. Let C = {co = 0,1, ¢z} C Zt with ged(C) = 1. Then ;=Y .8 is a spectral measure if and only if ¢; =
2cq1 (mod 3) (i.e., C is a complete residue (mod 3)).

Proof. For the sufficiency, we write ¢y =3k +1i,i=1,2 and k € N. Then ¢; =3[+ 2i and

{0,c1,c2}=1{0,1,2} (mod 3).
It is direct to check that A = {0, % %} is a bi-zero set of m¢(x) with #A4 = #C and hence w is a spectral measure.
For the necessity, we let A = {0, A1, A2} be such that m¢(b1) =m¢(bz) = me (b2 —b1) = 0. Note that me (x) = 1 Je2micix
e2™ic2X Then me(x) has roots in (0, 1) if and only if e27ic1X = ¢27i/3 e27ic2 — ¢47i/3 (or the other way round). Hence there
exists k,l € Z* such that

2 4
2nc1x=2kn+§n, chzx=21n+§n.

It follows that x = 3;‘;1 = 33’%22 Since ged(cq, cz) = 1, we have 3k+1=cym and 3[4 2 = c;m. Hence 3tm, and 3 | (c; — 2c1).

This implies the sufficiency. O

Example 3.4. Let C = {co =0, ¢1, ¢2,c3} C ZT with gcd(C) = 1. Then u is a spectral measure if and only if after rearrange-
ment, ¢y is even, ¢y, c3 are odd, and ¢; =2%(2k + 1), c; — c3 =2%(2¢ + 1) for some « > 0.

Proof. We first prove the necessity. The mask polynomial of w is me(x) = 1 + e2™iC1x  e2micax 4 p27ic3X That me(x) = 0
implies

}] + eZniqx‘ _ |1 + eZ]Ti(Cg—Cz)XL (3.2)

which yields (i) 271X = e2Ti(3=CX o (jj) e2Ti1X = ¢=27I(E=C2)X Pytting (i) into me(x) = 0, we have (1 4 e™i1%)(1 +
e?7ic2Xy — 0, Hence we have two sets of equations:

2c1x=2k+1; 2(c3 —c)x=2l+1. (3.3)
or
200x =2k +1; 2(c3 —cp)x=20+1. (3.4)
From (3.3), we have x = 2’2‘%1 = Z(Eét]cz)' Let a =gcd(cq, c2 — c3). It is easy to show that there exists m such that
cm 3 —C)m
2k+1=17, 2412 Gz Dm (3.5)

Hence m, cq/a, (c3 —cz)/a must be odd. Also note that gcd(cq, c2, c3) =1, it follows from a direct check of the above that
two of the cq, ¢, c3 must be odd, and one must be even (all three cases can happen).

The same argument applies to (3.4) and to (ii). The last statement also follows in the proof.

To prove the sufficiency, we first observe from the above that for c; even, c2, c3 odd, there are solutions x1,x; € (0, 1)
from (i) (see (3.3)-(3.5)):

241

2j+1
X1 = =
2a

0<i<a =5 0<j<b,
, i<a X2 b j<
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where gcd(cq, c2 — c3) as above, and b = gcd(cz, c3 —¢1). Since b is odd, we can take 2j+1=b, so that x, = % is a solution

of me(x) =0. Let

1 1 2%gcd(r,s) + 1
)\'12_’ )\22_, )\'3=M’

2 2a 2a

where ¢; =2%r,cp =2%s and r, s are odd integers as in the assumption. We claim that A = {0, A1, A2, A3} is a bi-zero set
of me(x). Indeed, since a = 2% gcd(r, s), A1 — Az = (@ — 1)/2a is of the form x; for i = 2% 1gcd(r,s) — 1, A3 — A1 = A2 and
A3 — Ay = A1, the claim follows. O

For #C large, it is difficult to evaluate the zero set of the mask polynomial. However there is a number-theoretical
approach to study such zeros related to the spectrum and integer tiling, this is to be discussed in the next section and in
Appendix A.

4. A connection with integer tiles

In this section we will give a brief discussion of the relationship between discrete spectral measures and integer tiles,
and provide the tools we need in the next section. Let A C Z* and assume that 0 € A, we say that A is an integer tile if
there exists 7 such that A® T =7, i.e,, A+ [0, 1] tiles R. Equivalently, A is a tile if there exists B and n such that

A®B=7Z, (modn). (4.1)

Recall that the Fuglede conjecture asserts that for £2 ¢ R? with positive measure, £2 is a translational tile if and only if
the restriction of the Lebesgue measure L|p is a spectral measure. Although the conjecture is proved to be false in either
direction [26,12], it remains unanswered for dimension 1 and 2, and for some special classes of tiles in any dimension.

Let A be a finite subset in Z, then the Fuglede conjecture reduces to A is an integer tile if and only if A + [0, 1] is a spectral
set, i.e., L] A+{o,1) is a spectral measure. It is also known that the latter part is also equivalent 64 =), 4 8¢ is a discrete
spectral measure [22]. This also follows from Theorem 5.3 in Section 5. In Example 3.3, the spectral condition for #C =3
is equivalent to C is a complete residue (mod 3), which trivially satisfies (4.1). Hence the conjecture is true for #C = 3. In
Example 3.4, the spectral condition is equivalent to

C={0,2Q2k+1), 2r+1, 2r+1+2%Q2¢+ 1}

for some non-negative integers k,r, £. If we let B=1{0,2} @ --- @ {0,2%"!}, then it is direct to check that C ® B = Z,u+1
(mod 2%*1). Hence by (4.1), the conjecture is true for #C = 4. Actually, by using some deeper number-theoretic argument
(see Appendix A), it can be shown that if #C = p®g® where p, q are distinct primes, then C is an integer tile implies it is a
spectral set [3,14].

The following is a useful sufficient condition of a discrete spectral measure. The condition trivially imply the underlying
set is an integer tile.

Theorem 4.1. Let A C Z be a finite set with 0 € A. Suppose there exists B C Z such that

A B=N,

where Ny = {0, ..., n — 1}. Then the discrete measure § 4 = ). 4 8a (with equal weight) is a spectral measure with a spectrum
contained in %Z.

The theorem was due to [24] (and also in [6]), and the proof involves an inductive construction of the spectrum. The
spectrum is implicit and the proof is long. We will provide an alternative proof using the properties of the root of unity as
the zeros of the mask polynomial. The framework is from [3] and the spectrum is explicitly given in [14]. Because of the
number-theoretical notations and techniques, we will leave the details in Appendix A.

Finally, we state a related theorem of the self-similar measures which follows from the known results, and will be needed
in the next section.

Theorem 4.2. Let A C Z™ be a finite set with 0 € A. Suppose there exists B C Z* such that A & B = Ny, Let 1 be the self-similar
measure satisfying

1
pO= 2 ) pn —).
acA

Then  is a spectral measure. Moreover, if gcd(A) = 1, then the spectrum A of p can be chosen to be in Z.
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Proof. Denote the spectrum of § 4 in Theorem 4.1 by S with S C %Z, then (A, S) form a compatible pair as in [15], ie.,

1
VH#A

is a unitary matrix. The theorem follows from [15, Theorem 1.2]. For the last part, since we can change the residue repre-
sentatives of I" with S = %F and I' c {—(n — 2),...,n —2}. With gcd(A) =1, Theorem 1.2 in [15] states that

[eznms]aeA,SES

A=TonFeon’re.--

is a spectrum. This spectrum clearly lies in Z. O

Remark. For the 1/4-Cantor measure, u(-) = %pt(4~) + %,u(4~ —2). It is easy to compute the Fourier transform is [i(§) =

e2mizé [152; cos(2m&/47) and the zero set of fi is Z, = {4/a: a is odd and j > 0}. Note that A = {0,2} and the condition
of the theorem is satisfied, the spectrum of w can be taken as [11]

A={0,1}®4{0,1}®4°{0, 1} @ C 2.

However the condition A @ B =N, in Theorem 4.2 is quite restrictive. For the 1/6-Cantor measure, (-) = %M(G) +
%,u(ﬁ - —2), according to [11], it is again a spectral measure and the spectrum is

A= ;({o, 1}@6{0,1}®6%(0, 1} ®---).

But for A = {0, 2} in this case, we cannot find B so that A ® B = Ng. Also, 1 does not admit spectrum A’ C Z. The proof
is as follows: If so, observe that
Acz, = {6ja/4: aisoddand j > 1}.

As A is an integer, we see that for A € A’, A =6"a/4, and n > 2 necessarily. Let x=3/2, then xe Z, \ A’ and x—A=
6(1—6"lay/4¢ Z,,. This means ), 4 | (x — 1)|? = 0, which shows that A’ cannot be a spectrum by Proposition 5.2.

5. Convolutions

Let v be a probability measure with compact support §2 C [0, 1] and let n be a discrete probability measure with support
on C C Z* and probability weight P, i.e. n =8¢ p =Y ¢ Pcdc. Then =1 v has support on C + £2. Given a non-negative
integer q, we let g = dqc,p.

Theorem 5.1. Let v be an R-spectral measure with a spectrum I and assume that there exists an integer q > 1 such that qI" C Z.
Then pu :=ngq = v is an R-spectral measure.

Proof. We write A =qC ={0=ao,ay,...,a,_1}. By Theorem 1.2, there exists an R-spectrum of .A which we denote it as
S ={0=s0,51,...,S¢1}. By Proposition 3.1(ii), we see that

det[ezmas]aeA,ses 70.

We will show that S @ I' is an R-spectrum of p.
Since £ = supp(v) C [0,1], for any f € L2(w), f is uniquely determined by the vector-valued function [f(x + ag),
o fx a1t on 2. Let M = [e27195], 4 scs, it is invertible. We define
t _ t
[20®)..... &1 0] =M [f(x+ao),.... fx+a;-1)], xeK.

Clearly gj L?(v) for 0 < j < k—1. It is easy to see sj+ I' is also an R-spectrum of v, so that g; can be uniquely expressed
as

X _ 2wi(si+y)x
gj(x) = chﬁ-ye J .
yell

Hence, we have

k—1 k—1 t
M([go(X), ..., &k—1 (x)]t = |: Z 20 gi(x), ..., Z eznia"lsjgj(X)i| ,

j=0 j=0
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and therefore
k—1 k—1
fx+a) = Ze wia;s; Z Csjy@ Ti(sj+YIX _ Z Z L Ti(sj+y) (x+ai) (5.1)
j=0 yell j=0yer

Note that the last equality follows from ya; = (qy)c; is an integer by the assumption qI" C Z. By a change of variable with
y =x+a; for each i, we have

k-1
F =YY ey @Yy eC 4 2 = supp(u).
j=0yerl

It is easy to see that the above representation is unique, this means E(S + I') is both a basis and a frame of L2(u). Hence
E(S+ I') is a Riesz basis. O

We now recall a general criterion of spectral measures due to Jorgensen and Pedersen [11].

Proposition 5.2. Let (1 be a probability measure on RY with compact support. Then A is an orthogonal spectrum of ( if and only if

QW= |ax+1[’=1. xeR.

reA
In particular, if 4 =73"..c Pcdc is a discrete spectral measure with spectrum A, then p. = 1/#C by Proposition 3.2 and
2
Y |mepx+n[ =1.

reA

To determine whether w in Theorem 5.1 is a spectral measure, we have the following simple characterization.

Theorem 5.3. Let v be an R-spectral measure and suppose g2, C Z. Then u = ngq * v is a spectral measure if and only if both n and
v are spectral measures.

Proof. It is clear that 7 is a spectral measure if and only if 74 is also a spectral measure. We first prove the sufficiency. Let
A=qC, and let S ={0, 51, ..., Sk—1} be a bi-zero set of m 4 p (note that P is a set of equal weights by Proposition 3.2). Let
I'" be a spectrum of v, then qI" € Z by the hypothesis that 2, C Z. The Fourier transform of p satisfies

&) =ma pE)D(E).
By the spectral property of S and I,

3o Ylactsienl= Y Y mar@ts; ) [pacts;+ )|

0<j<k—1yer o< j<k—-1yer

= Y Y maretsp)persi+ )

0 j<k—1yer

= Z |m,4,p(x—i—sj)|2 =1.
0<ji<k—1

Hence S @ I' is an orthogonal spectrum of & by Proposition 5.2.

Conversely, suppose that A is a spectrum of y and without loss of generality assume 0 € A. Denote x = {x} + [x] where
[x] is the maximum integer which is less than or equal to x. We claim that S = {q~'{qA}: A € A} is a bi-zero set of my.p.
Indeed, by writing > =q~'{qA} +q~'[gA], we have

0= =map(q {gr} +q ' [grl) D) =ma p(q " {gr}) D) (5.2)

for each A € A. Note that D(A) = 0 implies gA € Z (by the assumption qZ, C Z), so that {gA} = 0, (5.2) implies that
either g~ '{gA} =0 or it is a root of m 4 p. For any given distinct g Ygr1), g YHgrz)l € S and {gr1} > {gr2}, we have
g g1 —22)} =g 1({gr1} — {gA2}) is a root of m 4 p. This proves the claim.

Let us write A = U’;‘;é(SJ‘ + Aj),sjeS, where Aj = {q'[gr]: g~ Y{gr} =s;}. Since A is a spectrum of w, we must have
for all A1, € A},

0=/ —22) =mygphi —A2)V(A1 —A2).
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But a(qg~'[qr]) € Z for all a € A =qC, this shows m 4 p(A1 — A2) # 0 and hence V(A1 — A2) = 0. Therefore E(A),0<j<
k — 1, are the orthogonal set of v. By the Bessel inequality, erAj D(x+s;+ 2)|? < 1. Note further that S is a bi-zero set
of m 4 p. By Proposition 5.2, we have

k—1
1= |ac+n =33 |ac+s+ 0

reA j=0xreA;
k-1
=Z Z |mAyp(X+5j+)\-)\/>(X+S]’+)\.)|2
j=02%1eAj
k—1
=Z Z Ima, p(x+s;)D(x+5; —i—k)|2 (since ax € Z)
j=02%1eAj
k-1
< Z|m.A,P(X+Sj)|2 <1.
j=0

Hence S is the orthogonal spectrum of 14 by Proposition 5.2 again, so that 7 is a spectral measure. From the third line of
the above, we also have

k—1
1 EZ|mA,P(X+5j)|2 Z ‘f)(X-{-Sj +)L)|2.
j=0 AEA;

With ZIJ‘;}) Ima p(x+ sj)|2 =1, we must have ZAGAJ, D(x+sj+ M)|? = 1. Hence, v is a spectral measure and any one of
the A; is a spectrum of v. O

It has been an open question whether the 1/3-Cantor measure has an F-spectrum (or even an R-spectrum). To a less
extend, we do not know a non-trivial singularly continuous R-spectral measure. In the following, we can make use of
Theorems 5.1 and 5.3 to construct such measures.

Example 5.4. There exists a singularly continuous R-spectral measure which is not a spectral measure.

Proof. Consider the self-similar measure v 4 , in Theorem 4.2 with A satisfying A® B =N, and gcd(A) = 1. It is a spectral
measure and has a spectrum I" C Z. Moreover we claim that Z, C Z. Indeed, observe that

= §
D) =[]ma (n—j)
j=1
where m 4 stands for the mask polynomial of A under equal weight. As A & B =N, we have

MmAE)Mp(E) =1+ > 4 ... 4 2=,

The zero set of m 4 on [0, 1) is a finite subset Z C {1/n,...,n—1/n}. Let Z’ = Z + 7Z. This shows that Z, = Ufozl niZ’. This
proves the claim and the condition in Theorem 5.3 holds (taking g =1).

Now we let n =é¢c p be a discrete measure with any finite set C of non-negative integers and non-uniform weight P.
L =T1n%V4n is an R-spectral measure but not a spectral measure by Theorem 5.1 and Theorem 5.3. These measures is
clearly singular if #4 <n. O

Finally, if E is a Borel set with positive Lebesgue measure, we use L?(E) to denote the square integrable functions on E.
We remark that L%(E) always have an F-spectrum, and the existence of orthogonal spectrum is related to the translational
tile as in Fuglede’s conjecture. For R-spectrum, it is not known whether every Borel set E with positive Lebesgue measure, L(E)
has an R-spectrum. In regard to this we have the following simple result.

Corollary 5.5. If E be a finite union of closed intervals with rational endpoints. Then L2(E) admits an R-spectrum.

Proof. By the hypothesis and by suitably rescaling and translation, there exist two integers r and s such that

rE4+s=[0,1]1+A:=F,
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where 0 € A and A € ZT is a finite set. By Theorem 1.3 with v being the Lebesgue measure on [0, 1], we see that F has an
R-spectrum, which implies L%(E) also has an R-spectrum. 0O

We remark that similar results were obtained in [21] who considered the problem from the sampling point of view and
used techniques in complex analysis. We do not know whether the condition of rational endpoints can be removed. In [18],
the case when the end-points lying in certain groups was considered, and the above also follows as a corollary.

Appendix A. Proof of Theorem 4.1

In this section, we will prove Theorem 4.1 using a number-theoretic method. The setup is in [3]. For the trigonometric
polynomial m4(§) = ,c4 e2TieE it is convenient to replace by the polynomial P4 (x) = 2 aea X*. Recall that a cyclo-
tomic polynomial @,(x) is the minimal polynomial of the nth root of unity. It follows that @(x)|P 4(x) is equivalent to
ma(s—hH=0.

For a finite set A C ZT, we write p as primes and define

Sa={p*>1: ®pe®)|Pa®} and Sa={s>1: Gsx)|Pax)} (A1)

and the following two conditions

(Tl) #AZ]._[SESA (Ds(l)v -
(T2) For any distinct prime powers S1,...,Sn € S, thensy,...,sp € S 4.

Intuitively, (T1) means if #.4 = ]_[lj‘-:l p(;j, then there is exactly «j prime powers of p; in S 4 (since @pr(1) = p). Also,

(T2) is a generalization from the basic identity 14+ x4 --- +x""1 = Hdln,d>1 @4(x) to P4(x). It is known that if a set A
satisfies these conditions, then it is an integer tile, i.e,, it tiles Z. Conversely, if a set A tiles Z, then it satisfies (T1); for (T2)
it holds when #A4 = p%q® for p,q distinct prime numbers, and is still an open question without the additional condition.
Theorem 5.8 we are going to prove is a special case of this. In another direction taba [14] showed that (T1) and (T2) imply
the spectral property:

Proposition 5.6. Suppose that a finite set of non-negative integers A satisfies (T1) and (T2). Then § 4 is a spectral measure and has a
spectrum

S={sts_1: kse{O,l,...,p—l}ifs:p"‘}.

seS
The following are basic manipulation rules for the cyclotomic polynomials.

Lemma 5.7. Let p be a prime, then

(i) @s(xP) = Py (x) if pls, and
(ii) @s5(xP) = Ds(x)Psp (x) if p is not a factor of s.

It follows that if p is a prime and @y« (x) divides P 4(x™) for some m > 0, then by Lemma 5.7, we have P pa+1(X) divides
P_4(x™P) if p|m (by (i), and ®pa (x) divides P4 (x™) if p{tm (by (ii)). If we let y = max{j: pi|m} (by convention y =0 if
p{m) and repeat the above argument, we have @ pa+y (X)|P 4(x). That is

Sma={p*7: p* € Sa, y =max|j: p/im}}. (A.2)

We reformulate Theorem 4.1 as the following
Theorem 5.8. Let A @ B = Ny, then A and B satisfies (T1) and (T2). Hence § 4 is a spectral measure with a spectrum in %Z.

Proof. It is easy to check that both A and B satisfy condition (T1) [3]. It remains to prove condition (T2) holds. Without
loss of generality we assume that 1 € 4. We use induction on the number of primes of n. If n consists only of one prime.
Then A equals {0,1,...,n— 1} and (T2) holds trivially.

Let A® B =Ny, then by [20, Lemma 1], there exists m > 2 with m|n and A’ & B' =Ny, such that

A=mA +N, and B=mB. (A3)
Induction hypothesis implies that (T2) holds for A’ and B'.
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To show that B has (T2), we observe that Pg(x) = P/ (x™). By (A.2)
Sp=1a""7: ¢’ € Sp, y =max{j: ¢/|m}}.

Taking distinct prime powers in Sg, say qf1+y1 by qf“'”. By (T2) of B/, cbq,sl 2 (x) divides P (x). Hence, <1>q,a1 e (x™)
dy Tdy
divides Pi(x) and so is ¢qﬁ1+y1 Lo (x) by iteratively applying Lemma 5.6. This implies B has (T2).
1 sy
Next we consider A, by (A.3),

Pa(x)=Pa(X™)(1+x+- +x"1) =Py (x")- ]_[ @y(x).
dim,d>1

We then have
Sa={p*"": p* € Sa. y =max{j: ¢/im}} U |r’: r prime, r/jm}.

We can apply the same argument as the above to check that the product of the prime powers in S 4 divides P _4(x), and
hence A also has (T2).
For the last statement, we just need to note that S 4 C {d: d|n} by A @ B =N;. Hence, S constructed in Proposition 5.6
liesin 1Z. o
n
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