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e (FC) for Group Representation Frames
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The Frame Conjecture

Feichtinger's Frame Conjecture

7

" Every bounded frame is a finite union of Riesz sequences ’
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The Frame Conjecture

Feichtinger Frame Conjecture

Another Formulation of (FC)

For any (orthogonal) projection matrix A = (a;;); jen on £?(N)
with main diagonal entries bounded away from 0, there is a finite
partition N = Uézll\g such that the principal submatrice (ajj); jen,
are bounded invertible.
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The Frame Conjecture

FC and its Equivalences

o |[FC| < |KSP| < |PC]
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The Frame Conjecture

FC and its Equivalences

o |[FC| < [KSP| < |PC| < [BTC]|
o KSP — Kadison-Singer Pure State Extension Problem, 1959
@ PC — Anderson’s Paving Conjecture, 1979

@ BTC — Bourgain-Tzafriri Restrictive Invertibility Conjecture,
1978/91
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The Frame Conjecture

@ H — a separable Hilbert space.
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The Frame Conjecture

@ H — a separable Hilbert space.

@ A frame for H is a sequence {x,} such that there exist
Ci, G > 0 with the property

GIXIP <3, <xx > P < Gllx|?, xeH
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The Frame Conjecture

@ H — a separable Hilbert space.

@ A frame for H is a sequence {x,} such that there exist
Ci, G > 0 with the property

GIXIP <3, <xx > P < Gllx|?, xeH

@ Parseval frame:

Yool <x,xp > \2 = HXH2, x e H
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The Frame Conjecture

@ Orthonormal bases are Parseval frames, and Riesz bases are
frames
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The Frame Conjecture

@ Orthonormal bases are Parseval frames, and Riesz bases are
frames

@ Riesz sequence — Riesz basis for its closed linear span

o If a frame is a union of finitely many Riesz sequences then it
is a bounded (from below) frame (i.e., ||xa|| > d > 0 for all n)
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The Frame Conjecture

@ Orthonormal bases are Parseval frames, and Riesz bases are
frames
@ Riesz sequence — Riesz basis for its closed linear span

o If a frame is a union of finitely many Riesz sequences then it
is a bounded (from below) frame (i.e., ||xa|| > d > 0 for all n)
So the Frame Conjecture asks for the converse.
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The Frame Conjecture

@ Orthonormal bases are Parseval frames, and Riesz bases are
frames

@ Riesz sequence — Riesz basis for its closed linear span

o If a frame is a union of finitely many Riesz sequences then it
is a bounded (from below) frame (i.e., ||xa|| > d > 0 for all n)
So the Frame Conjecture asks for the converse.

@ While it is extremely difficult to construct a counterexample
(if there exists one, as widely conjectured), it is also extremely
difficult to confirm the conjecture for any nice subclass of
frames!
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The Frame Conjecture

@ Orthonormal bases are Parseval frames, and Riesz bases are
frames

@ Riesz sequence — Riesz basis for its closed linear span

o If a frame is a union of finitely many Riesz sequences then it
is a bounded (from below) frame (i.e., ||xa|| > d > 0 for all n)
So the Frame Conjecture asks for the converse.

@ While it is extremely difficult to construct a counterexample
(if there exists one, as widely conjectured), it is also extremely
difficult to confirm the conjecture for any nice subclass of
frames! FOr example, the question remains open for
Weil-Heisenberg (Gabor) frames, wavelet frames, Fourier
frames.
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Fourier Fames

The Classical Fourier Frames

Let E C [0, 1] be any (Lebesgue) measurable subset with
p(E) > 0. For A € R, define e (t) = >t
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Fourier Fames

The Classical Fourier Frames

Let E C [0, 1] be any (Lebesgue) measurable subset with
p(E) > 0. For A € R, define e (t) = >t

e Fourier/Exponential frame — {ey|g : n € Z} is a (Parseval)
frame for L2(E)

Deguang Han University of Central Florida Fourier and Group Representation Frames



Fourier Fames

The Classical Fourier Frames

Let E C [0, 1] be any (Lebesgue) measurable subset with
p(E) > 0. For A € R, define e (t) = >t

e Fourier/Exponential frame — {ey|g : n € Z} is a (Parseval)
frame for L2(E)

e £ =[0,1] or contains any interval, then the frame
{ea|le : A € A} is a finite union of Riesz sequences

Deguang Han University of Central Florida Fourier and Group Representation Frames



Fourier Fames

The Classical Fourier Frames

Let E C [0, 1] be any (Lebesgue) measurable subset with
p(E) > 0. For A € R, define e (t) = >t

e Fourier/Exponential frame — {ey|g : n € Z} is a (Parseval)
frame for L2(E)

e £ =[0,1] or contains any interval, then the frame
{ea|le : A € A} is a finite union of Riesz sequences

e Still an open problem when E C [0, 1] is an arbitrary
measurable subset
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Fourier Fames

The Classical Fourier Frames

Let E C [0, 1] be any (Lebesgue) measurable subset with
p(E) > 0. For A € R, define e (t) = >t

e Fourier/Exponential frame — {ey\|g : n € Z} is a (Parseval)
frame for L2(E)

e £ =[0,1] or contains any interval, then the frame
{ea|le : A € A} is a finite union of Riesz sequences

e Still an open problem when E C [0, 1] is an arbitrary
measurable subset

@ The same question can be asked for Fourier frames with
respect to some other (probability, fractal) measures, e.g,
one-third, one-fourth Cantor measure, Bernoulli Convolution
measure,
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Fourier Fames

The Classical Fourier Frames

Let E C [0, 1] be any (Lebesgue) measurable subset with
p(E) > 0. For A € R, define e (t) = >t

e Fourier/Exponential frame — {ey\|g : n € Z} is a (Parseval)
frame for L2(E)

e £ =[0,1] or contains any interval, then the frame
{ea|le : A € A} is a finite union of Riesz sequences

e Still an open problem when E C [0, 1] is an arbitrary
measurable subset

@ The same question can be asked for Fourier frames with
respect to some other (probability, fractal) measures, e.g,
one-third, one-fourth Cantor measure, Bernoulli Convolution
measure, or more generally, fractal measures for iterated
function systems (IFS).
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Fourier Fames

Let 1 be a Borel probability measure on R? and ey (t) = e2™/*t
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Fourier Fames

Let 1 be a Borel probability measure on R? and ey (t) = e2™/*t

Definition
A subset A C RY is called a spectrum/Riesz spectrum/frame
spectrum if the corresponding set of exponentials

E(N) = {ey: A € A}

is an orthonormal basis/Riesz basis/frame for L2(1).
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Fourier Fames

Let 1 be a Borel probability measure on R? and ey (t) = e2™/*t

Definition
A subset A C RY is called a spectrum/Riesz spectrum/frame
spectrum if the corresponding set of exponentials

E(N) = {ey: A € A}

is an orthonormal basis/Riesz basis/frame for L2(1).
If 1 has a spectrum then it is called a spectral measure.

Deguang Han University of Central Florida Fourier and Group Representation Frames



Fourier Fames

Other (Fractal) Measures

Let R be a d x d expansive integer matrix, let B be a finite subset
of Z9, 0 € B, and let N := #B. Define the affine maps

(x) = R~ Yx+b), (xeRY beB)

Then (7p)pes is called an affine iterated function system (IFS).
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Fourier Fames

Fourier Frames for Fractal Measures

Theorem (Hutchinson)

There exists a unique compact set such that

Xg = UpepTb(XB)
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Fourier Fames

Fourier Frames for Fractal Measures

Theorem (Hutchinson)

There exists a unique compact set such that
Xg = UpbepTh(XB)

There is a unique Borel probability measure i on RY such that

/fduzlilZ/fodeM, (f € C(RY))

beB

The measure  is supported on Xp.
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Fourier Fames

Fourier Frames for Fractal Measures

e R=3and B=1{0,2} = The Middle Third Cantor set.
e R=4and B={0,2} = The 1/4-th Cantor set
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Fourier Fames

Fourier Frames for Fractal Measures

e R=3and B=1{0,2} = The Middle Third Cantor set.
e R=4and B={0,2} = The 1/4-th Cantor set

o R=1 with o €(0,1) and B = {—1,1} = Bernoulli
Convolutions i,
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Fourier Fames

Fourier Frames for Fractal Measures

R =3 and B = {0,2} = The Middle Third Cantor set.
R =4 and B = {0,2} = The 1/4-th Cantor set

R =1 with a € (0,1) and B = {—1,1} = Bernoulli
Convolutions i,

@ (i, is spectral if and only if & = % [Jorgensen-Pedersen,
Dutkay-H-Jorgensen, Hu-Lau, Xinrong Dai etc.]
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Fourier Fames

Fourier Frames for Fractal Measures

@ In general there are many (essentially) different spectra for a
spectral measure
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Fourier Fames

Fourier Frames for Fractal Measures

@ In general there are many (essentially) different spectra for a
spectral measure

@ There exists maximal sets of orthogonal exponentials that are
not ONB.
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Fourier Fames

Fourier Frames for Fractal Measures

@ In general there are many (essentially) different spectra for a
spectral measure

@ There exists maximal sets of orthogonal exponentials that are
not ONB. For the 1/4-th cantor set, these sets can be
characterized by spectral labelings of binary trees, and many
new spectrum can be constructed with this characterization
[Dutkay-H-Sun].
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Fourier Fames

Fourier Frames for Fractal Measures

@ In general there are many (essentially) different spectra for a
spectral measure

@ There exists maximal sets of orthogonal exponentials that are
not ONB. For the 1/4-th cantor set, these sets can be
characterized by spectral labelings of binary trees, and many
new spectrum can be constructed with this characterization
[Dutkay-H-Sun].

@ For the 1/3-Cantor set, Jorgensen and Pedersen proved that
there are not more than two orthogonal exponentials in

L(p3).
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Fourier Fames

Fourier Frames for Fractal Measures

@ In general there are many (essentially) different spectra for a
spectral measure

@ There exists maximal sets of orthogonal exponentials that are
not ONB. For the 1/4-th cantor set, these sets can be
characterized by spectral labelings of binary trees, and many
new spectrum can be constructed with this characterization
[Dutkay-H-Sun].

@ For the 1/3-Cantor set, Jorgensen and Pedersen proved that
there are not more than two orthogonal exponentials in

L(p3).

Deguang Han University of Central Florida Fourier and Group Representation Frames



Fourier Fames

Cantor Measure

Does a frame/Riesz spectrum exist for the Middle Third Cantor
set? (or for other non-spectral measures)
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Fourier Fames

Cantor Measure

Does a frame/Riesz spectrum exist for the Middle Third Cantor
set? (or for other non-spectral measures)

What geometric properties of the measure 1 can be deduced if we
know a spectrum/ frame spectrum of p?
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Fourier Fames

Beurling dimension

Let @ = [0,1]? be the unit cube. Let A be a discrete subset of RY,
and let &« > 0. Then the a-upper Beurling density is

AN h
DI (A) := lim sup sup AN [+ Q))
h—oo xcRd h

Then the upper Beurling dimension is defined to be:

Dt (A) :=sup{a > 0: DX (A) > 0},
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Fourier Fames

Beurling dimension

Let @ = [0,1]? be the unit cube. Let A be a discrete subset of RY,
and let &« > 0. Then the a-upper Beurling density is

AN h
DI (A) := lim sup sup AN [+ Q))
h—oo xcRd h

Then the upper Beurling dimension is defined to be:
Dt (A) :=sup{a > 0: DX (A) > 0},

or equivalently,

DT (A) :=inf{a > 0: DI (N) < co}.
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Fourier Fames

Sometimes Hausdorff meets Beurling

Theorem (Dutkay-H-Sun-Weber)

(i) If {ex : X € N} is a frame for L2(u3), then (under a technical

condition) the upper Beurling dimension of N is equal to the
In2

Hausdorff dimension 15 of the Cantor set (This also true for

general (IFS) induced fractal measures)
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Fourier Fames

Sometimes Hausdorff meets Beurling

Theorem (Dutkay-H-Sun-Weber)

(i) If {ex : X € N} is a frame for L2(u3), then (under a technical

condition) the upper Beurling dimension of N is equal to the

Hausdorff dimension ::—g of the Cantor set (This also true for

general (IFS) induced fractal measures)
(ii) For 3, there exists Riesz sequences {ey : A € A} with \ having

positive Beurling dimensions

y
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Fourier Fames

@ The technical condition can not be removed (Dai-He-Lai, also
Y. Wang). But not sure if it can be removed for some special
measures.
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Fourier Fames

@ The technical condition can not be removed (Dai-He-Lai, also
Y. Wang). But not sure if it can be removed for some special
measures.

@ The existence question of frame spectral for the middle-third
cantor measure p3 remains open. In fact we even don't know
if weighted Fourier frames (or more generally “frame
measures” ) exist or not.

Deguang Han University of Central Florida Fourier and Group Representation Frames



Fourier Fames

Frame Measures

Definition
A frame measure for 1 is a Borel measure v on R such that for
every f € L2(R)

20112 - P dulx
/R|f(r)| du(t)~/R|f( ) Pdpu(x)

where f(t) = [; f(x)e 2™ du(x).
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Fourier Fames

Frame Measures

Theorem (Dutkay-H-Weber)

Existence of frame measure = Existence of weighted Fourier frame

and the “Beurling dimension”’ of v < Hausdorff dimension :2—%

"
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?7int).
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?™). Then xg is a “frame vector” for 7, i.e,
{m(n)XE}nez is a Parseval frame for L?(E).
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?™). Then xg is a “frame vector” for 7, i.e,
{m(n)XE}nez is a Parseval frame for L?(E). More generally,
{m(n)f}nez is a frame for L2(E) in and only if |f(t)| > ¢ > a.e.,
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?™). Then xg is a “frame vector” for 7, i.e,
{m(n)XE}nez is a Parseval frame for L?(E). More generally,
{m(n)f}nez is a frame for L2(E) in and only if |f(t)| > ¢ > a.e.,
The Frame Conjecture for Fourier Frames asks: Does every “frame
representation”’ of Z admit a frame vector satisfying the
Feichtinger's frame conjecture?
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?™). Then xg is a “frame vector” for 7, i.e,
{m(n)XE}nez is a Parseval frame for L?(E). More generally,
{m(n)f}nez is a frame for L2(E) in and only if |f(t)| > ¢ > a.e.,
The Frame Conjecture for Fourier Frames asks: Does every “frame
representation”’ of Z admit a frame vector satisfying the
Feichtinger's frame conjecture?

Question: What about frame representations for some other
groups?
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?™). Then xg is a “frame vector” for 7, i.e,
{m(n)XE}nez is a Parseval frame for L?(E). More generally,
{m(n)f}nez is a frame for L2(E) in and only if |f(t)| > ¢ > a.e.,
The Frame Conjecture for Fourier Frames asks: Does every “frame
representation”’ of Z admit a frame vector satisfying the
Feichtinger's frame conjecture?

Question: What about frame representations for some other
groups? ( e.g. ICC groups, free groups)
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Fourier Fames

Fourier Frames

Observation: Let 7 : Z — B(L?(E)) be the unitary group
representation defined by m(n) = Mxin (the multiplication unitary
operator by e?™). Then xg is a “frame vector” for 7, i.e,
{m(n)XE}nez is a Parseval frame for L?(E). More generally,
{m(n)f}nez is a frame for L2(E) in and only if |f(t)| > ¢ > a.e.,
The Frame Conjecture for Fourier Frames asks: Does every “frame
representation”’ of Z admit a frame vector satisfying the
Feichtinger's frame conjecture?

Question: What about frame representations for some other
groups? ( e.g. ICC groups, free groups) Why do we care?
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Group Representation Frames

@ G — infinite countable group
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Group Representation Frames

@ G — infinite countable group

@ U(H)— group of unitary operators on a separable Hilbert
space H
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Group Representation Frames

@ G — infinite countable group

@ U(H)— group of unitary operators on a separable Hilbert
space H

@ unitary representation m of G on H — group homomorphism
from G to U(H)
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Group Representation Frames

G — infinite countable group

U(H)— group of unitary operators on a separable Hilbert
space H

(]

unitary representation m of G on H — group homomorphism
from G to U(H)

A — the left regular representation of G on /2(G):

/\(g)eh = €gh

@ subrepresentation T = A|p, € A(G)’ an orthogonal projection
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Group Representation Frames

o frame vector { — {7(g)&}gec is a frame for H
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Group Representation Frames

o frame vector { — {7(g)&}gec is a frame for H

o frame representation m — 7 admits a frame vector &
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Group Representation Frames

o frame vector { — {7(g)&}gec is a frame for H
o frame representation m — 7 admits a frame vector &

@ every frame representation is unitarily equivalent to a
subrepresentation A|p
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Group Representation Frames

Frames for groups

Question I: If a frame representation 7 admits one frame vector
satisfying (FC), what about the other frame vectors?
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Group Representation Frames

Frames for groups

Question I: If a frame representation 7 admits one frame vector
satisfying (FC), what about the other frame vectors?

Question Il: Identify some groups such that every frame
representation admits one frame vector satisfying (FC).
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Group Representation Frames

Frames for groups

Question I: If a frame representation 7 admits one frame vector
satisfying (FC), what about the other frame vectors?

Question Il: Identify some groups such that every frame
representation admits one frame vector satisfying (FC).

Question IlI: Find ONE group such that every frame vector
satisfies (FC).
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Group Representation Frames

Remark: Affirmative answer to Question Il for a group G =
Affirmative answer to Question Il for every subgroup of G.
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Group Representation Frames

Remark: Affirmative answer to Question Il for a group G =
Affirmative answer to Question Il for every subgroup of G. So an
affirmative answer to Question Il for a group G containing Z will
settle the frame conjecture for Fourier frames.
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Group Representation Frames

About Question Il

Theorem (Dutkay-H-Picioroaga,)

Let G be an ICC group, and T = A|p, with p € \(G)" and

tr(p) = 4. If there is a normal subgroup H such that [G : H] = N,
then there is a Parseval frame vector n such that

{V/Nr(g)n: g € G} is the union of N-orthonormal sequences.
Moreover, the associated partition of G is given by cosets of a
subgroup of G.
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Group Representation Frames

About Question Il

Theorem (Dutkay-H-Picioroaga,)

Let G be an ICC group, and T = A|p, with p € \(G)" and

tr(p) = 4. If there is a normal subgroup H such that [G : H] = N,
then there is a Parseval frame vector n such that

{V/Nr(g)n: g € G} is the union of N-orthonormal sequences.
Moreover, the associated partition of G is given by cosets of a
subgroup of G.
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Group Representation Frames

The free group case

Let G = F, (n>2). Then every frame representation of G admits
a Riesz decomposible frame vector. Moreover, the associated
partition of G is given by cosets of a subgroup of G
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Group Representation Frames

Frames for free groups

@ Question: Does every frame vector for the free group F,
(n > 1) satisfy (FC)?
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Group Representation Frames

Frames for free groups

@ Question: Does every frame vector for the free group F,
(n > 1) satisfy (FC)?

@ Vern Paulsen: If a frame vector satisfies (FC), then it has a
Riesz sequence decomposition such that each index set is a
“syndetic set”
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Group Representation Frames

Frames for free groups

@ Question: Does every frame vector for the free group F,
(n > 1) satisfy (FC)?

@ Vern Paulsen: If a frame vector satisfies (FC), then it has a
Riesz sequence decomposition such that each index set is a
“syndetic set” (A subset S of G is syndetic if the exists a
finite set F of G such that G = UpcphS)
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Group Representation Frames

Frames for free groups

@ Question: Does every frame vector for the free group F,
(n > 1) satisfy (FC)?

@ Vern Paulsen: If a frame vector satisfies (FC), then it has a
Riesz sequence decomposition such that each index set is a
“syndetic set” (A subset S of G is syndetic if the exists a
finite set F of G such that G = UpcphS)

@ Remark: Using Bourgain-Tzafriri and Halpern-Kaftal- Weiss
example, there exists a frame vector for F,, satisfying (FC),
but it can not be decomposed by the cosets of a subgroup of
Fn
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Group Representation Frames

Question |

Theorem (H-Larson)
Let m = A|p with P € X\(G)'. Then the following are equivalent:
(i) P € A\(G) N A(G)",

(ii) for every two frame vectors n) and £ for m, there exits an
invertible operator S € w(G)' such that n = S¢

Consequence: Question | has a positive answer for frame
representations m = A|p with p € A\(G) N A\(G)".
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Group Representation Frames

Question |

Theorem (H-Larson)

Let w be a frame representation and & be a Parseval frame vector
for m. Then

(i) n € H is a Parseval frame vector for w if and only if there exists
a unitary operator U € w(G)"” such that n = ¢

(i) n € H is a frame vector for 7 if and only if there exits an
invertible operator S € w(G)" such that n = S¢
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Frames for free groups

Theorem (Dutkay-H-Picioroaga)

Let m be a frame representation for a free group G. Then there
exist decomposable Parseval frame vectors &; (i = 1,..., N) (where
N is the cyclic multiplicity of 7(G)’)
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Frames for free groups

Theorem (Dutkay-H-Picioroaga)

Let m be a frame representation for a free group G. Then there
exist decomposable Parseval frame vectors &; (i = 1,..., N) (where
N is the cyclic multiplicity of 7(G)’) such that for any Parseval
frame vector n for m, there exist operators A1, ..., Ay € m(G)' such
that SN L AiAS =1 and = SN Aig;.
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THANK YOU!
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