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ABSTRACT. In this work, we are concerned with the mathematical modeling
of the electromagnetic (EM) scattering by arbitrarily shaped non-magnetic
nanoparticles with high refractive indices. When illuminated by visible light,
such particles can exhibit a very strong isotropic magnetic response, resulting
from the coupling of the incident wave with the circular displacement currents
of the EM fields. The main aim of this work is to mathematically illustrate
this phenomenon. We shall first introduce the EM scattering resolvent and
the concept of dielectric subwavelength resonances. Then we derive the a pri-
ori estimates for the subwavelength resonances and the associated resonant
modes. We also show the existence of resonances and obtain their asymptotic
expansions in terms of the small particle size and the high contrast parameter.
After that, we investigate the enhancement of the scattering amplitude and
the cross sections when the resonances occur. In doing so, we develop a novel
multipole radiation framework that directly separates the electric and mag-
netic multipole moments and allows us to clearly see their orders of magnitude
and blow-up rates. We prove that at the dielectric subwavelength resonant
frequencies, the nanoparticles with high refractive indices behave like the sum
of the electric dipole and the resonant magnetic dipole. Some explicit calcu-
lations and numerical experiments are also provided to validate our general
results and formulas.

1. INTRODUCTION

In the past decades, the plasmonic resonant nanostructures with localized sur-
face plasmons have been extensively studied in nanophotonics and used as the
building blocks to make novel optical devices and complex metamaterials [60]. The
plasmonic materials that are usually made of metals may have negative real per-
mittivity in the visible spectral range and can be strongly coupled with the electric
part of the incident field, inducing light enhancement and confinement [2T][44].
It has been mathematically demonstrated that the quasi-static plasmonic reso-
nance can be treated as an eigenvalue problem of the Neumann—Poincaré operator
[4\[T0LIT,T6L17)]. However, the metal structures suffer from a significant heat dissi-
pation caused by the imaginary part of the electric permittivity and the anisotropic
magnetic response. These physical properties severely limit the efficiency and func-
tionality of the optical plasmonic nanodevice, which motivates the search for alter-
natives to the metal subwavelength resonators [35].
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There is an immensely increasing interest in recent years in the study of the di-
electric and semiconductor resonators with high refractive indices. These dielectric
resonant structures have low absorbing properties and isotropic magnetic responses,
making it possible to complement the plasmonic elements in many potential appli-
cations [461/48]. In particular, the silicon nanoparticle has emerged as a popular
choice of the subwavelength resonator for designing the dielectric metamaterials
because of its high electric permittivity and very low dissipative loss [61]. It was
observed experimentally [35,B38/48] that for a single spherical silicon nanoparticle,
when the wavelength inside the particle is comparable to its diameter, the electric
and magnetic dipole radiations can have comparable strengths, and the magnetic
dipole resonance can be excited in the visible region. Nevertheless, compared to
considerable evidence from engineering and physics literature, the mathematical
understanding of the origin of the dielectric resonance and the mechanism under-
lying the strong magnetic response is still limited, apart from the case of spherical
nanoparticles which has been well illustrated and studied by the Mie scattering
theory [66]. In [3], the authors considered the Helmholtz equation and used as-
ymptotic analysis to characterize the quasi-static dielectric resonant frequencies for
the high contrast nanoparticles of arbitrary shape and obtained the corresponding
first-order corrections. In [55], the case of nonlinear scatterers of the Kerr type was
investigated and the corresponding asymptotic formulas for the resonances were
derived.

This work is devoted to modeling the EM scattering of strongly coupled nanopar-
ticles with high refractive indices by using the full Maxwell system. We shall provide
a solid mathematical framework generalizing the existing ones for the scalar case
[3,25,B55] to analyze the dielectric subwavelength resonances and the scattering
amplitude. The newly obtained results can help rigorously confirm the aforemen-
tioned physical phenomena, which are unique to the electromagnetic wave, from
the mathematical point of view. Our analysis is based on the volume potential op-
erators and the Lippmann—Schwinger equation, which can be naturally connected
with the scattering resolvent associated with the Maxwell operator. It is possible
to analyze the problem via other approaches, such as the variational formulation
with the matched asymptotic expansions method [7}[13}[63,54] and the boundary
integral equation with the asymptotic analysis [4l[16164]. But for both approaches,
the calculations and analyses would be much more involved. More precisely, for the
variational method we need to consider the transparent boundary condition involv-
ing DtN operators, while for the boundary integral equation there are additional
unknowns on the boundary to solve before we treat the original unknowns (EM
fields).

In this work, we first define the scattering resolvent of the Maxwell operator
associated with high refractive indices as an operator-valued meromorphic function
by exploiting the Lippmann—Schwinger representation and analytic Fredholm the-
orem. As in the scalar wave case [42L[50L[69], the EM scattering resonances are then
defined as the poles of the (Maxwell) scattering resolvent. In the current work,
we are mainly interested in the dielectric subwavelength resonances, namely, those
poles of the resolvent in the high contrast and quasi-static regime (cf. Definition 24)).
It turns out that the integral operator 75 (cf. (23)) and its resolvent (A — 75)~!
essentially determine the properties of the scattering resolvent and hence are of
central importance for our purposes. We would like to stress that both the surface
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plasmon resonances and the dielectric subwavelength resonances are closely related
to the integral operator 75, but with a very different underlying mechanism; see
the discussion after Lemma[3.0l Regarding the spectral properties of 75, in [29H31],
the authors gave a complete characterization of the essential spectrum of various
integral operators arising from the EM scattering problems for both smooth and
non-smooth (Lipschitz) domains. Along this direction, we showed in [§] that the
spectrum of 75 is a disjoint union of the essential spectrum on the real axis and
the eigenvalues of finite type in the upper-half plane with /2-summable imaginary
parts.

To analyze the dielectric subwavelength resonances, we consider the meromorphic
family of operators (7= — 75)~! of the complex variable w with the characteris-
tic size 6 = 1 by scaling. By the known spectral results of 7y and the theory
of trace class operators, we characterize the resonances in the concerned regime
as zeros of an analytic function (cf. Proposition B]). Therefore, one may regard
subwavelength resonances w(7) as a multivalued function (curve) with respect to 7.
Our first aim is to study the analytical properties of the subwavelength resonances
w(T), in particular, we will establish their a priori estimates and their existence,
and then derive their asymptotic behaviors as 7 — oco. To do so, we first note
that the standard asymptotic analysis was performed in the scalar case [3,[55] to
determine the limiting eigenvalue problem and further calculate the quasi-static
resonances and their first-order corrections. However, it is highly nontrivial to ex-
tend such analysis to Maxwell’s equations. The main difficulty comes from the fact
that the leading-order operator of 75 has an infinite-dimensional kernel consisting
of magnetostatic fields (cf. Lemma [B6). To cope with this technical issue, we shall
utilize the Helmholtz decomposition for divergence-free vector fields to reformulate
the considered operator-valued analytic function as a spectrally equivalent analytic
family of operator matrices (cf. (8I9))). Then we perform the asymptotic analysis
to derive the a priori estimates for the subwavelength resonances and the corre-
sponding resonant modes in Theorem [3.9], which shows that the subwavelength

resonances w are near the points \/)\Z_'T_l and the resonant modes are almost trans-
verse electric in the quasi-static and high contrast regime and hence present the
features of the magnetostatic fields. The a priori estimate ([B.20) suggests us to
consider the scaled resonance @ = y/7w. With this new variable @&, we are able to
apply the Gohberg—Sigal theory (i.e., generalized argument principle and general-
ized Rouché’s theorem, see [40,41]) to ensure the existence of dielectric subwave-
length resonances (cf. Theorem [BI2]). Then by use of the theories of symmetric
polynomials and algebraic functions, we prove that the multivalued functions w(r)
are algebraic functions with possible algebraic singularities at 7 = oo (cf. Theorem
BI4). We also discuss the physical role that the characteristic size ¢ plays at the
end of Section Bl Briefly speaking, in order for the subwavelength resonances to
be excited under visible light illumination, we need the condition 7 ~ §2, that is,
the wavelength inside the particles is comparable to the size of the particles; see
Appendix [A] for a set of experimental parameters.

Our second aim is to understand the structure of the scattering amplitude. To
better connect the mathematical results with the physical phenomena, we restrict
ourselves to the regime 7 = 6~2 where the strong magnetic responses of the high
contrast nanoparticles are experimentally observed [35]38,[48], but we emphasize
that our analysis does not essentially depend on this condition. For our aim, we
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propose a new approach based on the Helmholtz decomposition to systematically
investigate the multipolar response of nanoparticles of arbitrary shape, which is
closely related to the classical Cartesian multipole moment expansion [43]; see Re-
marks £33 and L7l By the new class of EM multipole moments in Definition [£.2] and
the asymptotic analysis for the resolvent in Proposition 8] we give the quasi-static
approximation of the scattering amplitude in Theorem .10l which uniformly holds
with respect to § and w. Then, under certain conditions, we rigorously show in
Corollary [I1] that when the incident frequency approximates the resonance, the
scattering amplitude can be approximated by the resonant magnetic dipole radia-
tion. This should be compared with the known result that the small particles typ-
ically behave like an electric dipole that scatters light symmetrically [4113L34]. We
shall also present an explicit calculation for the case of a single spherical nanopar-
ticle, which generalizes some results in [25] and also serves to validate our general
results for particles of arbitrary shape. It is interesting to note that for the spherical
domain, the quasi-static resonances can be characterized by the zeros of spherical
Bessel functions (cf. Theorem [5.2]).

The work is organized as follows. In Section [2, we formulate the EM scattering
problem by nanoparticles with high refractive indices and introduce the scattering
resolvent and the dielectric subwavelength resonances. Sections[Bland [ are devoted
to the resonance analysis and the far-field analysis for the scattering problem, re-
spectively. The explicit calculations for the spherical nanoparticle are provided in
Section [l which helps validate our general results and formulas. We end this work
with some concluding remarks and discussions.

We close this section with a list of notation and conventions.

e do is the surface integral element.

e Sis the unit sphere in R?, and S, is the sphere in R?® with radius r centered
at the origin. For a vector x € R, we denote its polar form by (|x|, %) with
T :=uaz/lx| €S.

e B(z,r) is a ball in R? or C with radius 7 centered at the point z. The
ambient space is clear from the context.

e For two vectors u € R™ and v € R™, u ® v is an n X m matrix given by
(u ® U)ij = U;Vj.

e For a (block) matrix A, we write A, ; for its (i.j)th (block) element.

e We use (-,-)y and @ for the inner product of a Hilbert space H and the
orthogonal direct sum, respectively. We identify the direct sum with the
product of its factors.

e Let f and g be in a normed vector space and depend on a parameter e.
We write f(e) = g(€), € — € if the relative error between f and ¢ tends to
Zero:

o 1) = gDl _
I O

e For f in a normed vector space, we write f = O(e) if || f|| < Cle| for some
constant C' > 0 independent of €, and f = o(e) if || f||/le] — 0 as e — 0,
and f ~eif C; < || f]| /|e] < Cy for Cq,Cs > 0 independent of e.

e For real a,b > 0, we write a < b if a < Cb for small enough C' independent
of a,b, and a > b if a > Cb for large enough C' independent of a, b.

e We use the bold typeface to indicate the spaces consisting of vector fields
in R3. We shall need several important spaces in our subsequent studies:
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the space of L2-integrable functions with compact support Lgomp(R?’), the

space of divergence-free vector fields H(div 0, D) = {¢ € L*(D); divy = 0}
and its subspace

H(div0,D) = {p € H(div0,D); v-¢ =0 on 9D},

the space of irrotational vector fields H(curl 0, D) ={p€L?(D); Vxp=0},
the space

Hy''*(0D)={u € H'/*(dD); /8D udo =0,

D; is a connected component of D},

and the space L% (S) of p-integrable tangential vector fields on S. We would

like to remark that the meaning of the notation H(i)l/ 2(BD) is completely
different from the one used in the trace theory (cf. [51]).

e For an analytic family of linear operators A(\) on an open set V C C¢
A is a characteristic value if ker A(\) # {0}, and we call the elements of
ker A(\) the eigenfunctions associated with A.

2. EM SCATTERING RESOLVENT AND RESONANCES

In this section, we introduce the EM scattering problem by strongly coupled
nanoparticles with high refractive indices in R®. We will mathematically define the
scattering resolvent of the Maxwell operator associated with a dielectric obstacle,
via the volume potential operators and the Lippmann—Schwinger equation. These
concepts further allow us to introduce the dielectric subwavelength resonances,
which is the main object of this work.

Without loss of generality, let D be a (reference) bounded open set, containing
the origin, with the smooth boundary 0D and the exterior unit normal vector v.
We denote the union of all nanoparticles by

(2.1) Djs = 6D,

where 0 < § < 1is the characteristic size of the small particles. We also assume that
both D and D¢ := R\ D may have multiple connected components; see Figure [Il

/Ei
Ery My -
D)

g

( v,
Em=1py=1 \o_/ \xDé = 6D

FIGURE 1. Setup for the scattering problem

By choosing the appropriate physical units, we let the electric permittivity ey,
and the magnetic permeability u,, in the free space be the constant one. The
physical properties of the nanoparticles are characterized by the relative electric
permittivity €, and the magnetic permeability pu,.. To model high refractive indices,
we assume that the nanoparticles are non-magnetic, i.e., u,. = 1, and e.(x) €
L>°(R3) takes the form:

& :n?; =1+4+7xp, in R?’,
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where the contrast parameter 7 satisfies
(2.2) 7€ Sy ={r € C\(~0,0]; |7| > 70}, 70>1

Here ns is the refractive index in R® and xp, is the characteristic function of the
set Dy. It is necessary to give some remarks on the above assumption. First, for
a natural dielectric object, we typically have SRer > 0 and Jmr > 0; see Figure
[AT] for the possible values of e, of silicon. The assumption ([Z.2)) is mainly for
mathematical generality and also for ease of analysis. Second, the half-line (—oo, 0]
is removed so that /7 is a well-defined analytic function on S, .
Let (EY, H') be the incident plane wave:

1
w

(2.3) Ei=Eiewd® H' = —VxE =dxEe“d w#£0,

with the incident direction d € S and the polarization vector Ej € S satisfying
E{ -d = 0. With these notions, the EM scattering problem, by nanoparticles with
high refractive indices, is modeled by

V x E =iwH in R3\0Ds,
(2.4) V x H = —iwn}FE in R3\0Ds,
[vx E]=0, [vwx H =0 on dDs,
where [-] = -|_ —-|+ is the jump across the boundary and the subscripts + denote the

limits from outside and inside Dy, respectively. The system (2.4)) is complemented
by the outgoing condition for the scattered wave (E*, H®) := (E — E*, H — H").
For real w > 0, it is the well-known Silver—Miiller radiation condition:
lim |z|-(H®x&— E®)=0.
|z|—o00
When w is complex, one may specify the outgoing condition by the meromorphic
continuation of the scattering resolvent, or, more simply, by reformulating ([Z.4)) as a
Lippmann—Schwinger equation (cf. [42)[55]). This will become clear in the following
exposition.
We introduce the outgoing resolvent of the free (vector) Laplacian —A:

Kl = (=8 =)l = [ ol = 5.)p)dy s Ly (RY) = HE(RY),

which is clearly an entire family of operators. Here, the Schwartz kernel of K%,
eiw|x\
2.5 =— C
(25) o) = T, wel
is the (outgoing) Green’s function of —(A + w?) in R3. Then the free resolvent of
the Maxwell operator Mg := V x VX can be defined by

(26) (Mo~ )= 5T*1], w € {0},
where
(2.7) Tf] == (W* + Vdiv)K[p] : L2, (R?) = Hige(curl, R?).

We note from the definitions [28) and 7)) that T is entire in w, while (Mg —
w?)™1 is only analytic on C\{0} (one may also recall the closely related fact that
Mo has an infinite-dimensional kernel [23]). For our subsequent use, we define
volume potential operators:

K:% = IC“\LQ(D), TB’ = Tw|L2(D).
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By approximating L2(D) by C°(D) and using integration by parts, it is easy to

verify

(2.8) divTy[E] = —divE : L?*(D) - H (D).
Then, it follows that

(2.9) 7% : H(div0, D) — H(div 0, D).

K%, and Tp, 0 < < 1, can be defined in the same way.

For w # 0, eliminating the magnetic field H from the system (24]), we obtain
the second-order equation for the scattered electric field E*:
(2.10) V xV x E* —w?E* = w?txp, E.

Then, using 775, defined above, we readily write the Lippmann-Schwinger equation

for (210):

(2.11) E*(x) = E(z) — E'(z) = 7T5,[E](z), x€R,

which directly gives us the electric field inside Dj (if 1 — 7754 is invertible):
(2.12) E=(1-7T%,) ' [E'] in Ds,

and the scattered field outside Ds:

(2.13) E® =775, [E] in R*\D;.

We next define the scattering resolvent for the problem (ZI0) (equivalently, for
24)). For this, we consider the general form of 210):

{VxVxE—oﬂn%E:f in R,

(2.14) . : iy
E satisfies the outgoing condition,

where f € Lgomp(R?’) is the given source. In the case of incident plane wave, it
is clear that f = w?7yp,F’ By the Lax-Milgram theorem, equation (Z.I4) is
uniquely solvable in H(curl, R?) for Jmw > 0, 7 > 0, and f € L#(R®). In this case,

the resolvent is defined as the solution operator of ([2.I4]):

E = (Mo —w?n?)'f] : LA(R?) — H(curl, R?).
Moreover, since g(x,w) is exponentially decaying for Jmw > 0, 7% defined in (271
can be extended to L2(R3). Then the Lippmann—Schwinger representation for the
problem (2.14)) follows:
(2.15) E =7T5,[E] + w?T*[f] € H(cwl,R?), Jmw >0, 7> 0.
A direct reformulation of (ZI3) gives
(216) B = (Mo —w’n3) " [f] = T5,As(r,w) " [w X0, T*f]] +w T[],
with
(2.17) As(r,w) =771 = 5.+ L*(Ds) — H(curl, Dy).

To meromorphically extend (Mg — w?n%)~! with respect to (w,7) from the
regime: Jmw > 0, 7 > 0, we recall that the essential spectrum of 75, for any
w € C, is given by (cf. [30])

1

UBSS(TL%J(;) = {_17 -3

50
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which implies that, for a given contrast 7 with 77 € C\o.ss(T5,), As(r,w) is a
Fredholm operator. Hence, .Z(;(T w) is an analytic family of Fredholm operators on
LQ(D(;) for (r,w) € C\{—1,—2} x C. We observe from Lemma B0 that As(r,0) =

=1 — Tgé is invertible for 7 > 0. As a consequence of the analytic Fredholm
theorem [40] and its multidimensional version [47,[62}[65], we have the following
result.

Lemma 2.1.

(1) For a given contrast € C\{—1, —2}, the operator-valued function As(r, )~
can be extended to a meromorphic function on C with a discrete set of poles
given by the characteristic values of As(T,+). Moreover, there hold

ind As(1,w) =0 and dimker As(t,w) < +o0, forw e C.
(2) The set
{(m,w) € (C\{~1,-2}) x C; Ajs(r,w) is not invertible}
is either empty, or an analytic subset of C? of codimension 1.

As a corollary of Lemma 2T we see from (2I6) that, for any 7 ¢ {—1,—2},
(Mo — w?n?)~! has a meromorphic continuation to (C\{O}

(Mo —wnd) ™ =2 { T35, As(r.) ™ (x0, T) + T}
(2.18) (L2 (R?) — Hyge(curl,R?),  w € C\{0}.

comp

Definition 2.2. For 7 ¢ {—1, -2}, we call (Mg — w?n2)~! defined in ([ZI8) the
scattering resolvent of the Maxwell operator with the refractive index ng, and call
its poles the EM scattering resonances.

Before proceeding further, we note from [8, Lemma 3.1] that ker(75, ) =ker(7,%)
= 0, and hence there holds ran(xp,T%) = ker(T, )+ = L*(Ds). It then follows
that (Mo —w?n?)~!, as a function of w, has the same poles as As(r,-)~ L. We also
observe that w is a pole of As(7,-)~! if and only if the eigenvalue problem:

(1 =7Tp5,)[E] =0

has nontrivial solutions E € L?(Ds), which, by 23J) and 7 # —1, must be
divergence-free, i.e., E € H(div 0, Ds). Moreover, the following scaling property:

B, [E] (@) = T5, [E] (67) = T5* [E] (%)
can be easily checked by change of variables: x = §z and E (5:') =F (55) Therefore,
we define (cf. (29))
(2.19) As(1,w) =771 =T3¢ : H(div0, D) — H(div 0, D),
and have the following result.

Proposition 2.3. For 7 ¢ {—1,—2}, the EM scattering resonances are given by
the poles of As(t,)~1.

In this work, we are interested in the properties of the resolvent As(7,w)™?

and its poles in the high contrast regime ([22)) and the quasi-static regime (i.e.,
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 47

the wavelength in the free space is much larger than the characteristic size of the
nanoparticles):

(2.20) Ss:={weC; lw <25 '},

which are fundamental for illustrating the strong magnetic radiation by nanoparti-
cles with high refractive indices [48]. For ease of exposition, we introduce Definition

24

Definition 2.4. For a given 7 € S;,, we define the set of dielectric subwavelength
resonances by

Q(6,7) := {w € S5; w is a pole of As(r,-) "'}
3. DIELECTRIC SUBWAVELENGTH RESONANCES

One of the main aims of this work is to understand the structure of the set
Q(6,7) of subwavelength resonances. By definitions, one may readily see that w is
a pole of As(7,-)~ ! if and only if dw is a pole of A(7,-)~t, where

(3.1) A(T,w) 1= As(1,w)|s=1 =771 = TH.

Therefore, to analyze (4, 7), it suffices to consider the case § = 1.

This section is devoted to the analysis of the set (1, 7). We first provide some
necessary preliminaries in Section B.Il and then derive the a priori estimates for
dielectric subwavelength resonances and the associated eigenfunctions in Section
We will address in Section B3] the existence of subwavelength resonances, and
consider their asymptotic behaviors as the contrast 7 tends to infinity. At the end
of this section, we discuss the role that the parameter J plays physically and how
to translate the obtained results to the case 0 < § < 1 and the set Q(4, 7).

Before we proceed to the next section, we consider the set

(3.2) Q:={(r,w) € (C\{-1,—-2}) x C; A(7,w) is not invertible}.

Similarly to Lemma 2] Q is an analytic set of codimension 1, and hence is locally
given by the zero set of an analytic function of variables w and 7. We now claim
that the analytic function can be globally defined.

Proposition 3.1. There exists an analytic function f(7,w) on (C\(—oo0, —1]) x C

such that
2(Y(C\(=o00, =1]) x C) = {(r,w); f(r,w) = 0}.
Proof. Note that 7= — 7p, 7 € C\(—o0, —1], is invertible (see Lemma [3.6]). We

write
A(r,w) = (17" = Tp)(A+ (r~" = Tp) " (Tp = T5)),
and see that QN ((C\(—o0, —1]) x C) can also be given by
{(r,w) € (C\(=o0, —1]) x C;
W(r,w) =14 (7" = Tp) '(Tp — T5) is not invertible} .

Since Tp — 75 has a smooth integral kernel, we conclude that it is a trace class
operator (cf. [49], Chapter 30]). Recall the facts that the trace class is a two-sided
ideal in the space of bounded linear operators; for a trace class operator A, the
Fredholm determinant of 1 + A, det(1 + A), is well-defined; and I + A is singular

if and only if det(I + A) = 0; see [40L[49]. Therefore, we can define det(W(r,w)),
which is analytic by [62] Lemma 2] and gives the desired function. O
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Let Q(7) = {w € C; (r,w) € Q} be the section of Q at = € C\{-1,—-2}.
By Definition 2.4 and Proposition [B.1] it is clear that the set of subwavelength
resonances €(1,7) is given by the elements of Q(7) near the origin for 7 € Sy,
which are discrete with finite cardinality (could be empty) and can be characterized
by the zeros of f(7,:). In view of this, it may be convenient and illuminating to
regard (1, 7) as a multivalued function.

3.1. Asymptotics and preliminaries. Let us first prepare some analysis tools
and recall some useful known spectral results. To start with, we give the asymp-
totics of the operators K%, and 7/, which follows from the Taylor expansion of the
Green’s function g(z,w):

,L‘n|1.|n—l

(3.3) g(x,w):zw”gn(x) with - gn() == 47n!
n=0 .

Lemma 3.2. For the bounded linear operators K% on L?*(D) and T§ on
H(div0, D), w € C, it holds that

o0 oo

w n w n

D = E w ICD,TH 7—D = E w TD,TH
n=0 n=0

where the series converge in the operator norm for each w. The operators Kp ,,
n > 0, are defined by

Kpnle] == /Dgn(:v —y)p(y)dy,

with gy, being given in B3). The operators Tpn,n > 0, are defined by

TD,O[SO] = VdIV/
D

(3.4)
TD,n[Sﬁ] = ICD,?L—Z[(P] + Vdiv ’CD,n[@]v n > 2.

i L
m@(y)dya Tpalel = lVdWE /D e(y)dy =0,

In what follows, we shall denote Tpo = 73 and Kpo = K% by Tp and Kp,
respectively, for simplicity of notation. By Lemma [3.2], we consider the asymptotic
expansion of the operator 771 — Tj:

(3.5) T T = =T — wQTDQ — w3TD73 +0(w?) asw—0.

As it was stated in the introduction, a major technical difficulty we will meet when
using (B3] to find the dependence of w on 7 is that the leading-order operator Tp
of 7% has an infinite-dimensional kernel (cf. Lemma[3.6), so that the standard per-
turbation argument, as well as the Gohberg—Sigal theory, cannot be easily applied.
To remedy this, we shall use the L2-Helmholtz decomposition to transform the op-
erator 77 into an operator matrix and then conduct the asymptotic analysis. This
allows us to clearly see the asymptotic properties of 75 on different components
of divergence-free vector fields in terms of 7. We next briefly recall the Helmholtz
decomposition; see [I5,B9L56] for more detailed discussion.

Lemma 3.3. H(div0, D) has the L?-orthogonal decomposition:
(3.6) H(div0, D) = Hy(div0,D) @ W = curl X(D) @ K7 (D) & W,

Licensed to Chinese University of Hong Kong. Prepared on Tue Feb 27 02:50:24 EST 2024 for download from IP 137.189.49.142.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 49

where W is the space consisting of the gradients of harmonic H'-functions, the
space X (D) is defined by

X% (D) := Hy(curl, D) ﬂ H(div 0, D),
and Krp(D) is the tangential cohomology space defined by
K (D) :={u € Hyo(div,D); Vxu =0, divu =0 in D},

with its dimension equal to the genus of D. A field ¢ € curl X$(D) can uniquely
determine a potential A in the quotient space X% (D) := X% (D)/Kn (D) such that
¢ =V x A, where Kn(D) := {u € Hg(curl0, D); divu = 0 in D} is the normal
cohomology space.

We now introduce the Neumann-Poincaré operator Kj, : H ~1/2(6D)
— H~'Y2(9D) and the single layer potential Syp : H~'/2(dD) — H'/?(dD) by
Konldli= [ o o)oly) and Sopleli= [ —o(u)da(y),

op Ova 4mlz —y| op 4mlz —y|
respectively. We recall the normal trace formula for VSyp [28,/45]67]:
(37) 2 sonlels = (i3 +Kipllel, @€ H2(D),

and the following basic result about the spectrum of the Neumann—Poincaré oper-
ator; see [45] and [36, Chapter 3].

Lemma 3.4. K}, is compact with o(K}p) C [—1, 3] and
1 1
dim ker (5 + /CED) =m, dimker ( -3 + IC;’;D) =n,

where m and n + 1 are the numbers of the connected components of D and D€,
respectively. Moreover, it holds that H&,l/Q (0D) is an invariant subspace of K%p,
and 1 + K}, is invertible on H&)l/z(aD).

We denote by v,¢ = v - ¢ the normal trace mapping on the space H(div, D).
Then the restriction of ~,, on W, denoted by %,, = v,|w, has the following proper-

ties.
Lemma 3.5. 7, is an isomorphism from W to H&)l/z((‘)D) with ¥, @] having the
representation:
o . 1 v N
(3.8) ot o) = Vu  with u= Sop(5 + Kop) o],

where u is a solution to the interior Neumann problem:
(3.9) Au=0in D, ? = ¢ on OD.
v

In our subsequent analysis, we also need the spectral theory for the leading-order
operator Tp of Tj, which was given in [30], Theorem 3.2]; see also the earlier work
[37) where the variational method was used. By Lemmas [3.4] and [30, Theorem
3.2], we arrive at the next result.
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Lemma 3.6.

(1) 7p : H(div0,D) — H(div 0, D) is self-adjoint with W and Hy(div 0, D)
being its invariant subspaces. In particular, it holds that

~1,1 v A\~
(3.10) Toluyivop) =0, Tolwl] ==, (5 + Kop)inl].
(2) o(Tplw) C [-1,0) and o(Tp) = o(Tp|lw) U {0}. Hence, we have
1
(3.11) [(Tolw) ™| =

min)\EG(TDlw) |>‘| .

1

Furthermore, —3

there holds
dimker(1 + 7p) = dimker(1 + Tplw) = n,
where n is the same as Lemma [3.4]

As a corollary, we can observe, from (B8] and BI0),

is the only possible accumulation point of o(Tp), and

(312)  (Tplw) el = ~VSan(3 +Kip) Pl el w € W.

We would like to point out that the connection between Tp and K3, in (B.10)
was exploited in [9] to develop a new approach to analyze the plasmonic resonances.
From the physical perspective, W corresponds to the electric components of the
EM fields (see the next paragraph), and hence it is the strong coupling between the
metallic nanoparticles and the electric component of the incident wave that induces
plasmonic resonances [3560].

By contrast, for the dielectric nanoparticles with high refractive indices, we claim
that the resonances are excited by the magnetic components of the incident EM
fields (see, e.g., Corollary AIT]). To give a glimpse of this essential difference be-
tween the plasmonic resonances and the dielectric resonances, we recall from the
Helmholtz decomposition (i.e., Lemma B.3]) that for an open set D with genus zero,
K (D) is a null space and then a divergence-free vector field ¢ € H(div0, D) has
the decomposition:

(3.13) Y=V xA+Vep, AeX(D), ¢cH (D).

One should note that these two fields V x A and V¢ present the forms of the
magnetostatic and electrostatic fields, respectively, where A is the so-called mag-
netic vector potential and ¢ is the electric scalar potential. Thus, the orthogonal
projections associated with the decomposition (3.6):

Pq : H(div0,D) — Ho(div0, D), Py :H(div0,D) —» W

may be regarded as the projections from a divergence-free vector field to its mag-
netic and electric components, respectively. We shall see soon in Theorem that
it is exactly the space Ho(div0, D) (the kernel of 7p) that is responsible for the
excitation of dielectric resonances and supports the (limiting) resonant modes.
For the sake of simplicity, in what follows, we use the shorthand notations 7°* for
P, TP, s,t = d, w, for a bounded linear operator 7 on H(div 0, D) (for instance, we
write 7V4 for P, TPq). By definition and integration by parts, we have the useful
relation for Tp ,(n > 2):
(3.14)
(¢, Tomle])rz(p) = (¢, (Kpn—2 + VdivKps)[¢])r2(p) = (¢, Kpn—2[¢])r2(D),
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where ¢ € L%(D), ¢ € Ho(div0, D), or ¢ € L2(D), ¢ € Ho(div 0, D). This relation
enables us to write
(3.15) K%ﬁnﬂ =P, Tp P for s,t=d,w exceptthecase s,t=w.

In particular, when n = 3, by noting that

Kp.ilel(z) = ﬁ/ﬂ)@(y)dy,

and making use of the Green’s formula:

316) [ ptnts = [ yawotin+ [ o) vudo). o Hdiv,D),
D D D

BI4) and BI5) give us

(3.17) ICSD’i1 =P, TpsP; =0 for s,t=d,w except s,t=w.
Finally, we consider the compact self-adjoint operator K%d =Pq7p 2Py.

Lemma 3.7. lC%’d : Ho(div0, D) — Hy(div 0, D) is a compact self-adjoint operator
with the eigen-decomposition:

K& E] = Z M(E, Ep)r2(pyEn, E € Ho(div0, D),
n=0

where \g > A1 > -+ > Ap--- > 0 are the eigenvalues of K%d, counted with

their (finite) multiplicities, with 0 being the only accumulation point, and {E, }n>0
consists of a complete orthonormal basis in Hy(div 0, D).
It is worth mentioning that in Lemma [B77], we have concluded that 0 ¢ UP(K:%d)

and IC%d is positive semidefinite, and thus the sequence of positive eigenvalues {\,, }
exists and is infinite with A, — 0 as n — o0o. These facts do not directly follow
from the standard spectral theory. The first claim 0 ¢ Up(]C%d) will be justified

later in the proof of Proposition (5.1 while the second claim that K%d is positive
semidefinite can be checked as follows:

(u, Kplul)L>(p) = n%l+(u,ng [u])L2(D)
1
= 1.
ng&(}_[uXDL Am2[E[? + 2

Here F denotes the L?-Fourier transform [36].

Fluxp))r2ms) >0, ue L*(D).

3.2. A priori estimates. This subsection aims for the a priori estimates for w €
Q(1,7) with 7 € S;, and |w| < 1. For ease of exposition and analysis, we shall
first write the operator-valued function A(7,w) in BI) as an analytic family of
operator matrices by the Helmholtz decomposition. We start with a concept of
global equivalence from [40], which generalizes the concept of similarity for linear
operators and applies to nonlinear eigenproblems.

Definition 3.8. Suppose that V is an open set in C?, and T'(\) : X; — Y; and
S(A) : Xo — Y5 are bounded linear operators acting on Banach spaces for each
A € V. The operator-valued functions T'(-) and S(-) are called globally equivalent
on V if there exist operator-valued analytic functions P : V — L£(X1, X5) and
Q:V — L(Y3,Y1), which are invertible for each A € V, such that

T(\) = P(N)SNQ(N), AeV.
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We readily see from Definition B.8 that if two analytic operator functions are
globally equivalent on some open set V', then these two analytic functions must have
the same characteristic values on V. For our purpose, we introduce the product
(Hilbert) space corresponding to the orthogonal direct sum (3.6]):

X := Hy(div 0, D) x W,

which is isomorphic with H(div0, D) via the mapping ¢ — [Pqp, Pyp]. Then it
easily follows that A(r,w), 7 € C\{0}, w € C, is globally equivalent to

(3 18) PdA(T,w)Pd Pd.A(T,w)PW
’ Py A(T,w)Pq PuA(T,w)Py|
By multiplying the first row of ([BI8) by the factor 7, we obtain the following
system:
|1 =TPqTEPq —TPTH Py,
(3.19) A(r,w) = { P, TPy L -PB,TYP,|’

which is also globally equivalent to A(7,w) on (C\{0}) x C.

We remark that the choice of the form of A(7,w) in (BI9) is not necessary for
the analysis in this subsection, but it is the most appropriate one for the arguments
in Section B3] compared to the form in (BI8)) and other possible choices, since the
leading-order term of A(7,w) is a triangular system (after a change of variable); see
(BZT). We specify it here to make our representation consistent.

We now state and prove the main results of this subsection.

Theorem 3.9. There exist 0 < cyp < 1 and 19 > 1 such that for any 7 € S;, and
w € Q(1,7) with |w| < cg, the estimate holds

1

-1
(320) |m — N Sw|+ |77,
where \; is given by
(3:20) A = argmin {|(rw?) 71 = Ajls Ay € o, (K}

Moreover, the associated eigenfunctions E¥ of A(r,w) admit the estimate:
||PWEUJHL2(D) =B - PdEwHL2(D) S+ Jwl?.

Proof. By the definition of A in [BI9), we consider an eigenpair (w, E¥) € C x
H(div 0, D) satisfying

PyE“

(3.22) A(r,w) [IP’WE‘”

] 0 with [[B¥] ) = L

We first show that Py, E“ is a higher-order term in terms of 7=!. To do so, we apply
the asymptotics of 75 in Lemma to the second equation in [B22]) and see the
following estimate:

(3.23) |77 Pw E? = Tp[Pw E*] — WPy Tp 2[E]|| 12 ) S Il
for Jw| < cp, where ¢g > 0 is a constant to be specified later. Here we have also

used 7p |, (divo,n) = 0. Since Tp is invertible on W and HE‘”HLQ(D) =1, by BII)
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and ([B.23)), a simple use of triangle inequality gives

(3.24)
[Po B[] 2
1
™~ Minreo (7 ) [Al

Sl + fwl.

(HT_lpwEwHL2(D) + Hw2PWTD’2[Ew}HL2(D) + MB)

We next derive the a priori estimate ([B.20) for the resonant frequency w. Consid-
ering the first equation in ([8.22)), by the asymptotics of 75 and Tp e, (divo,n) = 0,
we can derive

w d,dr pw d,wr rw
(3.25) |PaE — 7w K57 [E] — 7w K5 [E¥] ||L2(D) < Wi
Then, by the estimate ([B:24)) for Py, E*, we readily see from (325):

1 w d,d | rw
(3.26) |7'w2|HmIP’dE - K57 [EY] HL2 < |wl? + |Tw?.
By the eigen-decomposition of IC%d in Lemma 3.7 and dividing 3.26)) by |rw?|, we
obtain
=1 o _
(327) HZ(@ _)\g)(E ,Ej)L2(D)EjHL2(D) 5 |T| 1+|w|7

which implies, by use of Parseval’s identity,

o1
inf | — — Z\E B <Z}m2— )(E*, Ej)i2(p)

(3.28) < \w|2+ 7|72,
Recalling (3:24) which yields

2

[eare]?

HL2(D) =1- H]PWEw :

HL2(D) = Z ‘(E“,Ej)Lz(D)yz —1 asT— 00, w—0,

=0

by ([B:28]), we can choose large enough 7y and small enough ¢y such that
: 1 2 2 —2
(3.29) uj;f |m = N7 SwlP+ 7172,

for |w| < ¢o and |7| > 79. Since the sequence {\;} has only 0 as its accumulation
point, the infimum in ([329)) is attainable at some );, and then the desired estimate
holds:

(3.30) !

)\‘—mf‘——)\‘<|w|+|7—|_
TW

2

O

We should note that there might be many other eigenvalues of IC%’d that also
satisfy (3:20). With a little more effort, we can have sharper estimates for subwave-
length resonances and the associated eigenfunctions (see Corollary BI0). For this,
we make some observations. Let c¢g and 7y be the constants given by Theorem
For a fixed ro > 0 and resonances w € Q(1,7) with 7 € S;, and |w| < ¢p, we define

1
(331) Y= {)\J S ap(lC%d); |m - )\]| > ’1"0},
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and the corresponding L2-projection on H(div 0, D):

(3.32) Pol]= > (- Ej)ram) By
A€S

By (327) and the definition of X, we find

(3.33) [P2E* | py S Il + 1717,

which, along with (8:224)), implies that E“ can be approximated by (1 —Py, —Px)E¥
with an error of order |w| + |7|~!. Clearly, 1 — P, — Px is nothing else than the
spectral projection to the set:

1

d,d d,dy,

(3.34) op(KpNE = {N; € 0p(K5); [—5 = Ajf <o}
This motivates the additional condition for \; in Corollary B.10, which in some
sense controls the elements in ap(lC%d)\Z. For our subsequent use, we introduce
the eigen-projection Py for the eigenvalue A of K%d:

Pal]= Y (Ejra) E;-
A=A

Corollary 3.10. Let N be a positive integer. There exist 0 < ¢ < 1 and 75 > 1
such that for w € Q(1,7) with 7 € S;, and |w| < ¢y, the following estimates hold
when the index i of \; defined in B2I) satisfies |i| < N:

(3.35) 11— 7w N| < |77,
and
(3.36) IE“ = Px, E¥llp2py S 171712

Proof. By assumptions, we have ¢y and 79 such that the estimate ([3.20]) holds with
the index of \; satisfying |i| < N. It follows that there exists Cy > 0, depending
on N but independent of w and 7, such that

(3.37) |Tw?| 7t > C.
Indeed, by ([B:2I) and triangle inequality, we have
1 1 .
=l < g Al < fim s = ),

and then ([B37) follows, since A; — 0 as j — oo and A; > min{);; j=0,...,N} >
0.
To obtain (B3H), we first prove ([B36) and note the following estimate from

B.20):
1 —1/2
(3.38) |m -] S 72,

by using |w| < |7|7/? from @37). For the estimate ([3:306), we define the constant
ro in (B3T) by
1
(339) ro ‘= 5 m1n{|)\1 — >\J|, ’L,j = 0, 1, N ,N, )\1 # )\J}
Clearly, by 338), for 7y large enough, the set Up(IC%d)\E defined in ([B:34)) includes

only one element A;. Then, (B30 is a direct consequence of the arguments before

Corollary B.10.

Licensed to Chinese University of Hong Kong. Prepared on Tue Feb 27 02:50:24 EST 2024 for download from IP 137.189.49.142.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 55

To complete the proof, we show ([B.3H). Since 7w? = O(1) holds by @.31), it
follows from (B3] that

(1 — TTD — T(JJzTD)g — TW3TD,3)[EM} = O(wz)-

To get the equation for the resonant frequency w, we take the inner product of the
above equation with Py, E“, and then obtain

(340) (1 —7w’X)(Py, E¥, E¥)r2(py — 7w*(Px, B, Tp 3[E“])12(p) = O(w?),
which further implies, by the formula (B17),

(3.41) (1= 7w X\)(Py, E¥, E¥)12(py = O(w?).

Note that B37) and @38) give 1 — 7w?\; = O(7~/?); and [B38)) allows us to
write

(3.42) (Py,E*, E)12(py = 1+ O(r~1/2).

Then, by B37), 341), and 342), we have
11— 71w’ S 7|78

The proof is now complete. |

The estimates (B38)) and ([B:35]) could be regarded as the quasi-static approxima-
tion and its first-order correction for the dielectric subwavelength resonances w in
terms of 7, respectively. The above approach can also be easily generalized to derive
the higher-order a priori estimates for the resonances w and the eigenfunctions E¥.

3.3. Existence and asymptotics of dielectric resonances. In the previous
section, we have provided a priori estimates for the dielectric subwavelength reso-
nances and the associated eigenfunctions. Nevertheless, it is still unknown whether
the subwavelength resonances (i.e., the poles of A(7,-)~! near the origin) exist or
not for a given high contrast 7. Besides, for a better understanding for the limiting
behavior of subwavelength resonances when 7 — oo, it is necessary to investigate
the asymptotic expansions of the resonances with respect to 7. These two issues
will be the main focus of this subsection.

Recall that the operator-valued analytic function A(4o00,w) = =7 has a unique
characteristic value 0 but with an infinite-dimensional eigenspace. So the Gohberg—
Sigal theory cannot be directly applied to A(7,w) to guarantee the existence of
resonances near the origin and further derive their asymptotic expansions. However,
the estimate (320) in Theorem 30 suggests that the resonance w is near v/7;
in some sense. Therefore, we are motivated to introduce a new complex variable:

(3.43) O =+/Tw,

and the corresponding analytic family of Fredholm operators: for (7,w) € S, x C,
Alr,@) =7V =TT ¢ . H(div0, D) — H(div0, D).

To analyze A(T, @), as in (B19), we introduce the operator matrix:

_ 1—TPdT[\)/F71®Pd —TPde71@PW

(3.44) A(r,0) = o L forre S, &eC,
: —P Ty YR L-B,TYT P, i
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which is globally equivalent to A(’T, @). It is easy to see that A(T, )~ and A(T, )t
have the same poles that are also the zeros of the analytic function f (7,-) which is
defined by

(3.45) F(r,@) == f(r,v/7 '@) on Sy xC,

where f(7,w) is given in PropositionBIl Once we understand the poles of A(, -)
well enough, we can readily go back to the original variable w and obtain the desired

-1

result.
The expansion of A(T, @) with respect to 7 follows from Lemma 32}
(346)  A(r.0) = Ao(@) + V7 Ai(@) + 7 Ae(@) + O(r?),

where the operators Ag(w) and A (&) are computed as follows, by using the relation

B.1D),

R | e) o L) o
(347) Ao(w) = 0 —TD 5
Then, for the leading-order operator Ay(&), by the invertibility of Tp|w and Lemma
[B.7) we obtain that H(div 0, D) is an invariant subspace of Ag(@), and Ag (@)~ is
a meromorphic function on C with the poles given by

+@; = +(\)"Y2, i=0,1,2,...,

A(@) = 0.

counted with their multiplicities. Without loss of generality, we proceed to consider
the local behavior of Ag(w)~! near the pole @y. By a simple matrix computation,
we derive

_ ~2pddy—1 A 2pd,wea—1 7]

(3.48) Ag(@) ™ [f} _ [(1 W' Kp") [f,l W KB Ty 9] ,
g _TD g i

for (f,g) € X and @ in a small punctured neighborhood of @y, which can be further

factorized as:

Ao(@)! H:[”‘“’Cﬁd)_l 0] {f —”IC%WTDl] 'f}

g 0 I 0 - ;D_l _g
s Py +R(Q) 0] [T 2KV T [f
_ | 2(@=ag) " Mo D 'D
(3.49) [ 0 I] [0 —TD_l gl’

where we have used the eigen-decomposition of K%’d in Lemma 37 and the identity:

1 w2 —&
- - R().
1—Ph  GE—0? 2@ —do) | (@)

Here and throughout this work, R(:) is a generic analytic function or operator-
valued analytic function, whose exact definition may change from line to line.
We summarize the above facts about A¢(&) in Proposition [3.111

Proposition 3.11. The operator Ag(&) : X — X has the following inverse:

(1— @21 0} {I —DPKE T

AN—1

which is a meromorphic function on C with the simple poles £&; = j:\/)\i_l, 1 =0,
1, 2, ...satisfying £0; — +o0o as i — oco. Moreover, the pole-pencil expansion of
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Ag(@©)™1 near the pole &g is given by
1

(3.51) Ag(@) ™! = — oo Lo+ RI@),
for @ in a small punctured neighborhood U of &g, where the residue Ly at wo is
given by
— _@ P, _‘DSP/\OK%WTD_l
(3.52) Ly = 5 { 0 0 .

Since +@; is a simple pole of Ag(w)~!, the geometric multiplicity of +; (i.e.,
dim ker(Ao(£;))) is equal to its algebraic multiplicity denoted by M (£;, Ag())
[40, p.205], which can be computed as:

1
(3.53) M (£0;,Ag(1)) = =——tr [ Ag(@) AL (D) dw,
2mi To
by the generalized argument principle [40, p.206, Theorem 9.1], where Ty is a
Cauchy contour enclosing only +&; among all the poles of Ag(w)~! and tr denotes
the trace. We next use the generalized Rouché theorem [40, p. 206, Theorem 9.2] to
find the poles of A(r,-)~1, for 7 € S,, with larger enough 79, near the simple poles

of Ag(@w)™!. The result is given as follows; see [40,[41] for a review of Gohberg-Sigal
theory and the related concepts used here.

Theorem 3.12. Let C,. > 0 be a given constant with C, > |&o| and such that
Ao (@) is invertible on 0B(0,C,). We define the nonempty set:

{£di; i=0,1,...,n0} = {&d;; i =0,1,...}()B(0,C,) C C.

For any small enough £g such that B(+w;,e9) C B(0,C,.) for eachi € {0,1,...,ng},
and +@; is the only pole of Ag(®)~1 in B(£d;,e0), there exists large enough o

depending on ey such that for T € S;,, there are m; poles of A(Tf)*l in each
B(+w;, e0), counted with their algebraic multiplicities, where
m; = dimker(\; — K5%).
Moreover, these Y0 2m; poles give all the poles of A(r,)~1in B(0,C,).
Proof. By assumptions, for large enough 7y, there holds
(3.54) H(A(T, &) — Ao(az))Ao(@)‘lH <1, Vo€ dB(+di o), T E Sny.
Then, the generalized Rouché theorem gives
M(OB(£di,e0), A(7, ) = M(£@;, Ao(+)) = my, i =0,1,...,n0,

where M(8B(%@;, 0), A(r,-)) is given by

M (0B(£@;,e0), AT, ) = % tr /OB(M)EO) A(r, w)—la%A(T, @)di.
It follows that there exist m; poles of A(T,~)’1 in B(+w;,e0), @ =0, 1, ..., ng.

Similarly, since Ag(®) is invertible on 9B(0, C,), if 79 is large enough, ([3.54]) holds
for 7 € S,, and & € 9B(0, C;.), which, by the generalized Rouché theorem, implies
that these poles near +@; are all the poles of A(r,-)~! in B(0,C,). O
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Without loss of generality, we focus on the poles of A(T, )71 near @y = \/)\0,17
denoted by {wo,;(7)}]2. It is clear that \/F_ldjoyj are the poles of A(7,-)~! near the

origin for large enough 7, that is, \/7_'71(2)0, ; are dielectric subwavelength resonances.
This addresses the existence issue.

We re-arrange the order of @ ; such that {&o,; (1)} gives the set of the distinct
values of {&o ; (7)};":"1, where m, < myq is a positive integer possibly depending on
7. We next consider the asymptotic behaviors of @y ;(7) with respect to 7, and will
see that when 7 is large enough, m, is actually independent of 7.

For our purpose, we follow the framework established in [12]. We define the
functions, for [ > 1,

1 A 0 -
(355) pu(r) = ——tr / (@ — o)A, o) LA (r, w)do,
211 OB (&o,e0) ow
By use of the general form of the argument principle [41, Theorem 4.1], we see that
{p1(7)};>1 are nothing else than the power sum symmetric polynomials in variables
l’j = (:)07]'(7') —Ut)o, 1 S ] S mo:

(3.56) Bilr) = D (@0 (r) = o) = 3,

We introduce

(3.57) 2= plz) =Pz forTe Sro-

In view of ([B.46]) and ([B55), pi(z) has an analytic continuation into B(0,¢) = {z €
C; |z| < ¢} for small enough ¢. The key tool in the argument is Newton’s identities,

which relates the power sum symmetric polynomials and the elementary symmetric
polynomials [19]. We now state our result as follows.

Proposition 3.13. Let the analytic functions p;(z), | > 1, be defined via (B3.55)
and B5T) on B(0,¢). We recursively define si(z), 0 < k < myg, by

k—1
(3.58) ksp+ Y sipr—i =0 with s = 1.

i=0

Then there hold

(1) the functions s;(z), 1 < i < my, are analytic on B(0,¢) and satisfy s;(0) =
0;

(2) @o(T) =0, 1 < j < mg, withT = 272, are all the zeros of the polynomial:
mo
(3.59) Q:(N) = _silz)\"
i=0

(3) the analytic function f in BAD) admits the factorization: f(z~2,&) =
Q. (0 — @0)g(2,@) in a neighborhood of (0,&) € C2, where g is analytic in
z and w and does not vanish everywhere.

Proof. 1t is easy to observe that if p;, 1 < i < my, are given, then one can readily
use the recurrence relation [B58) to find s;, 1 < i < myg, by solving a triangular
linear system, which also implies that s; is the linear combination of p;, 1 < j <4,
with rational coefficients. Moreover, since p;(z) is analytic in a small neighborhood

of z =0, so is s;(z). By B56) or B353), pi(0) = 0 for I > 1. Then (B58) gives

5;(0) =0 for 1 < i < my.
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For the second statement, we define
Q.(\) = [[(* = (0,5(z72) — @0)),
j=1
and it suffices to prove éz()\) = Q. (\). By elementary algebra, we have
mo
Qz()\) — Z(_]‘)ZéiAm07Z7
i=0
where é; are elementary symmetric polynomials in variables x; = @y ; (272) — Q.
Then, noting the formula ([B356]), it follows that p;(z) and é; satisfy Newton’s iden-
tities [19] p.505], which further yields s;(z) = (—=1)%¢;(z) by [B.53).
For the third statement, by definitions, for every z € B(0,¢), each zero of Q. (- —

wp) is also a zero of f (272,-). It follows that g is well-defined pointwisely. To show
that ¢ is analytic, it is sufficient to use Cauchy’s integral formula:

/ 22 JA) dA
W)= omi QA=) A=’

and note that its right-handed side is analytic, where I is a suitably chosen Cauchy
contour. The proof is complete. O

Z

By Proposition [3.13] the splitting of &g, when 7 moves from oo to a finite value,
is governed by the polynomial equation:

Q.(A) =N + 51 ()N s (2) =0, J2] <C s(0)=0.

Clearly, Q. (\) is a Weierstrass polynomial (cf. [63]) and can be uniquely factorized
as

l
(3.60) Q.(\) = H g2 (\)

where g, ; are irreducible Weierstrass polynomials in A of degree d; with 22:1 d;k;
= my, since the polynomial ring is a unique factorization domain. Then the
equation Q,(A\) = 0 is equivalent to the equations ¢, ;(A\) = 0, 1 < j <. By
[22], p. 406, Theorem 3] or [2, p.306, Theorem 4|, the zeros of ¢, ;(A) = 0 are given
by a dj-valued algebraic function {\;;(z) fil with the Puiseux expansion near
z = 0. Moreover, since ¢, ; are mutually relatively prime, for small enough z ex-
cept z = 0, ¢, ;(A) have no common roots (cf. [22, p.398]). Therefore, we arrive
at the following result about the asymptotic behaviors of {wo ()}, for large
enough 7.

Theorem 3.14. There exists large enough 7o such that for T € S, the mo poles
{@o,j(T)}j2) of A(T,-)~" mear & have mo different values, denoted by {co ;(7)}72,
with mg < myg independent of 7. Moreover, the set {dzo,j(T)}f;"l can be divided into
I subsets:

t
G, (1), 1+Zd< gz ol
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with ds being positive integers satisfying le=1 ds = mg. Each subset forms a dy-
valued algebraic function with the Puiseuz series expansion: for T € Sy,

oo t—1
. Wo,j\T) —Wo = Ct,n /1447—_ ‘ ’ j:Z+ ER i= y Ay ey Uty
3.61) o, 2 (i =/ @dyn d 1,2,...,d
n=2d; s=1

—1/(2d;

where T ) is a fized root of T2 and py is a fived primitive dy-th root of unity.

Remark 3.15. To find the coefficients ¢; ,, in (B.61]), we need first to derive the Taylor
expansion of the polynomial coefficients s; in ([B:59]) with respect to z (equivalently,
7), which can be easily done by expanding p; and using the recurrence relation
B35Y]). For a polynomial with degree < 4, it is known that its zeros can be explicitly
represented by the coefficients of the polynomial with only the algebraic and radical
operations. Hence, if mg < 4, we can use this approach to find the full expansions
of @o (1) — Wo with respect to 7. However, such calculations are not available
for mg > 5 by Galois theory, so that in this case some numerical treatments are
necessary; see [12, Section 9] for a related discussion.

It is clear that the integers d; in Theorem [3.14] are given by the degrees of the
prime factors ¢, ; of Q, in (B.60). To derive ([B.61)), we have also used the estimate
[B.35). Indeed, it is easy to see that for {@o,;(7)};%, Corollary B.I0 holds with
N=0andw= \/F_I(IJQJ(T). Then it follows from ([B35]) that

1
3.62 004 (1) — —| < 77
(3.62) |&o,5(7) \/E‘ S 7l

which further implies that the coefficients of the expansion ([B.61]) satisfy
ct,n:07 1§t§l, 1§7’L§2dt—1

We have now completed our understanding for the poles of A(T, )=t for large
enough 7. Briefly and roughly speaking, these poles are given by the algebraic
functions &(7) near each point +@; = j:\/)\—i_l, i=0,1,2,....

Recalling Definition 24] the assumption § = 1 and the change of variable (343
we made above, by Theorem [3.12] we can easily construct the dielectric subwave-
length resonances by w = 6! 7'_1@, and obtain the following result.

Corollary 3.16. Let 19 and {wo,j};@l be given by Theorem B.14l Then we have

(3.63) wo(8,7) =6 1T o y(r) €Q(6,7), j=1,...,mq,
form€ Sy, and 0 < § < 1, where Q(d,7) is defined in Definition 2.4

To see (363, we need to check: As(7,w) is not invertible and w € S; (i.e.,
|dw| <« 2m), both of which can be directly verified. We next give some remarks
with physical significances.

Remark 3.17. Similarly to Theorem [B.12] as 7y increases, one can show there are
poles of A(T, 971 7 € S, near more and more +@;. All these poles can be scaled
by the factor 5*1\/7_'_1 and give the desired subwavelength resonances. From the
physical perspective, in this case, the ability of the nanoparticles to concentrate EM
energy is enhanced [35], since more resonances can be excited in a given incident
frequency range (i.e., more resonances in a given neighborhood of the origin).
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 61

Remark 3.18. We expect from the scaling factor § ’1\/7_'71 that with the increasing
particle size 8, the resonant frequencies have the red-shift phenomenon, which has
been reported in [35,/48].

In order for the resonances wy ; to be located in the visible light spectrum range
(i.e., w ~ 1; see Appendix[A]) and to be observed in the experimental environment,
we need the assumption:

(3.64) TER, T~

The assumption 7 € R is quite natural (see remarks after (Z2])), while the other
condition 7 ~ § 2, enforced by the condition w = 6! T ~ 1, means that the
wavelength inside the nanoparticle is comparable with its characteristic size. In
this configuration, the dielectric resonances were indeed experimentally observed in
the visible light region [48].

In the remaining part of this work, we mainly adopt and restrict ourselves to the
following explicit form of the assumption ([B.64):

(3.65) T=672 0<6<1,

for ease and clarity of exposition, although many results hold under the general
one 7(8) ~ 52 and even beyond this regime. We end this section by applying the
results obtained above to the case [B.65]). We first give a well-known and important
lemma [271[33]. We reproduce its proof here for completeness.

Lemma 3.19. For the operators As(t,w) in ZI9) with 7 > 0 and & > 0, the
poles of As(,-)~ ! are located in the lower half-plane {w € C; Jmw < 0}, and are
symmetric with respect to the imaginary axis.

Proof. The symmetry of the poles follows from the relation:
As(r,w)[E] = (17" = T,°9) [E] = As(r, —@) [E],

from which we can conclude if w is a characteristic value, so is —@w. As a consequence
of Rellich’s lemma [27, Theorem 6.10], we have that there are no real characteristic
values of As(7,w) for 7 > 0 (see [32, Theorem 2.1]). To finish the proof of the
lemma, we show that if (w, E¥) € C x H(div 0, D) satisfies As(7,w)[E“] = 0 with
Jmw > 0, then the associated eigenfunction E* must be zero. We let u = T3 [E] €
H,.(curl, R?), which exponentially decays as |x| — 0o, due to Jmw > 0. Then,
integrations by parts outside and inside the domain lead to

(3.66) / |V x u| — (6w)?|u|*dz = / vxV xu-ado,
R3\ D aD
and
(3.67) / IV x ul? — (w)2(1 + 7)|uf2dz = —/ VXV % u- ido,
D oD

respectively. We hence have, by taking the imaginary parts of both sides of (3.60)

and (B.67),

Jm vxV xu-udo = —3m(5w)2/

lu|?dz = Jm(sw)?(1 + T)/ lu|?dz = 0.
oD R3\D D
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If w # i (Jmw? # 0), the above formula directly yields v = 0. If w = i, then we

observe from (3.60) and (B.67) that
/ |V ><u|—|—52|u|2d:c:/ |V x ul? + 6%(1 4 7)|u|?dz = 0,
R3\D D

which also implies w = 0. The proof is complete. O

We note that under the relation (3.63), (B:63) gives
CUOJ(J) = (:)071'(672) € 9(577-)5 J=1...,mq,

and then Theorem [B.14] readily applies to wp ;(d). We summarize the properties of
wp,;(0) in Theorem 3201

Theorem 3.20. Suppose there holds 7 = §~2. Then for small enough &, the mero-
morphic function As(6=2,-)~ has mo poles {wo j(0) 70y in the fourth quadrant
{w € C; Rew >0, Imw < 0} near \/)\_071, which are the dielectric subwavelength
resonances in the sense of Definition B4 Moreover, wy ;(8) = @ ;(672) satisfies
Theorem BI4l That is, {wo;(6)}2) has mo distinct values given by one or sev-
eral algebraic functions with possible algebraic singularities at § = 0. In particular,
wo,;(6) is differentiable at 6 = 0 with the asymptotic estimate:

1
Vo

4. MULTIPOLE RADIATION AND SCATTERING ENHANCEMENT

(3.68) g (8) — —=I < 8.

In this section we consider the behavior of the scattering amplitude of the scat-
tered wave E° in (210). It is known that for any EM radiating field E, its scattering
amplitude E.,, as an analytic tangential vector field on S, can be defined by the
following asymptotic expansion:

4.1 p=p o

| M s o
For our problem (2I0), recalling the Lippmann—Schwinger representation (2.13]),
and exploiting the far-field expansion of the EM Green’s tensor [27]:

1
o

) as |z| — oo.

eiw\ac|
4|

we can easily derive the following integral representation for the scattering ampli-
tude E3, associated with E°:

1 . oA
I+ S Vadive)gle - y.0) = e ™™ (1-2@8) +0( 75 ) asfa] = oo,

TWQ

(4.2) B (w,3)=—(1-2®41) / e TV B(y)dy,
A Dy

where the matrix [ — & ® & is the projection on the tangent plane of the unit sphere

S at z.

The main aim of this section is to derive the small volume expansion (approxima-
tion) of the scattering amplitude E3_(w, &) under the L (S)-norm with respect to 9,
which holds uniformly for incident frequencies w near resonances, and then to ana-
lyze the enhancement of the scattered field. We will also compute the corresponding
extinction and scattering cross sections and analyze their blow-up rates. These re-
sults shall mathematically justify the strong magnetic responses of nanoparticles
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with high refractive indices. Without loss of generality, we introduce the following
assumptions for simplicity and clarity:
(C.1) Let the high contrast condition B.65): 7= §"2, 0 < § < 1, hold.
(C.2) Let U be the punctured neighborhood of wy := /Ao such that (F5I)
holds.
(C.3) Let the reference set D have genus zero and mg = dimker(Ag — K%d) =1
hold with the corresponding normalized eigenfunction denoted by Ej.

We assume (CTJ), (C:2) and (C3)) hold in this whole section, but in order to avoid
any confusion we shall explicitly point out which assumptions are used for each
result and definition. In view of (CI), by abuse of notation, we define

AGw): =A% w), 0<dé<1, weC.

where A(, -) is the analytic family of operators given in ([8.44]). Then, (3:40) yields
the expansion of A(d,w):

(4.3) A(0,w) = Ag(w) + 0%Ag(w) +O(5%) as d — 0.

As we have emphasized earlier (before Lemma [3.19), although 7 = 62 is as-
sumed here, the general assumption 7 ~ §~2 in (3.64) is enough for most results
and formulas below. In view of this, we keep the notation 7 as much as possible in
the following exposition.

4.1. Multipole expansion for the scattering amplitude. To find a uniformly
valid small volume approximation of E3_, we shall first develop a new framework
for the full Cartesian multipole expansions of the scattering amplitudes. We start
with the following formula from (#Z), by the Taylor expansion of e~™#¥ and the
change of variable y = vy,

(4.4)

TUJ2

oo (_ . s . ~)n
B(wd) =L i-¢e 55)/ S o3 I By with B@) = B(67),
4m D= n!

which is used in physics [34,43] as a starting point for deriving the classical multipole
moment expansion; see (L20). However, as pointed out in [43], to arrive at (Z20)
from (@A), one needs different calculation techniques to disentangle the electric and
magnetic multipole fields from each term in the expansion ([@.4]), and the details and
technicalities involved become increasingly prohibitive when the order n increases.
Instead, we take a different approach for the multipole moment expansion, with the
help of the Helmholtz decomposition ([3.0) and Lemma ] the advantage of which
is that it can handle all the orders in a unified manner.

Lemma [£.J]is a consequence of integration by parts.

Lemma 4.1. For ¢ € Hy(curl, D), we have
@s) [ @0V xewidr= [ 1@ 0 ey xa 121
D D
For the open set D with genus zero, we have written the following decomposition
for ¢ € H(div 0, D) in (BI3)):
(4.6) =Py + Pytv with Pgyp =V x ¢ and Py = Vp,

where ¢ is uniquely determined in )??V(D) and p € HY(D) is unique up to a
constant. In view of the above decomposition (L) and the physical explanations
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provided after (B.13)), it is natural for us to separate the physically different electric
and magnetic radiations by writing

(4.7) /D (& 5) By = /D (- )' (PaB(@) +PuE)) di
for each term in the sum (£4]), and introduce the following new class of electric and
magnetic multipole moments based on Lemma [£1] and (4.6]).

Definition 4.2. Under the condition (C.3), for a divergence-free vector field ¢ €
H(div 0, D) with the Helmholtz decomposition (L8], we define the magnetic I-
moment, as an I-tensor on the l-ary Cartesian power of R?: II'R?, by

M = / lp(y) @ (@ 'y)dy, 1=1,2,... and M} =0, [=0,
and the electric -moment, as an (I + 1)-tensor on II'T!R3, by
Q: / Vp(y) ® (&'y)do(y), 1=0,1,....

We point out that M} is well-defined for ¢ € X% (D), since so is (@3).

Remark 4.3. Definition may provide a new interpretation, as well as a new
derivation, for those EM moments occurring in the physics literature. For instance,
in classical electrodynamics, given a current distribution J, the corresponding elec-
tric dipole moment p and magnetic dipole moment m are given by

1 . 1
pzﬁ/xdle(x)da: and m—i/xxJ(m)day,

respectively; see [43], Chapter 9]. If the distribution J admits the decomposition
J =V x A+ Vp, a formal integration by parts gives

p:,i/xdiva:—_i/Vp, mzl/xx(VXA):/A.
w 1w 2

Thus these physically defined dipole moments are (at least formally) equal to our
newly introduced EM moments Qo and M , up to constant factors. A similar
formal verification can be conducted for the hlgher—order moments.

We remark that an I-tensor is a multilinear function on the product vector space.
By convention, we identify the dual space of R? with itself. Therefore, the linear
mappings M}/’(-,Hl_lfc) and Q}/’(-,Hli‘) on R? can be regarded as vectors. With
the help of these notions, there holds, by ([&7)) and Definition 2]

(4.8) | D E@T = MP(I10) x5+ QF (),
which, combined with the expansion (4], implies Proposition 4

Proposition 4.4. Under the condition (C3), the scattering amplitude ES (w, )
corresponding to the problem 2I0) has the following multipole moment expansion:

Tw?63 > (—idw)!
(4.9) E5 (w,7) = 0 (H—i@i)zﬁ (Ml (-, 113 )xx+Ql (.10 )),

4 l!
1=0

where the field E € H(div 0, D) is the solution to the equation:
(4.10) (1—7T5)[E] = E' with E'Z) = E'(0%).
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Since we are working in the quasi-static regime (i.e., ¢ is small enough), we may
expect that the first several terms in ([@4]) (or ([@9]) are sufficient to characterize
the behavior of E3 . Clearly, to approximate E3, up to an error of a certain order,
we need to further derive the asymptotic expansion of the solution E to EI0) in
terms of . Consider the system below that is equivalent to ([@I0):

Py E?

P.E
1P, E?

P.E

(4.11) A6, w)

We have LemmalL5regarding the inverse A (6, w) ™!, by a Neumann series argument.

Lemma 4.5. Under the conditions (CI) and (C2), there exists constant Ca,
depending on the neighborhood U, such that for w € U, 0 < 0 < /Calw — wo|, it

holds that
1 1
(412) HA((;, W)_ HL(X,X) 5 m7
(30" (o) 5.0~ ) 2ot 1) [
(4.13) n=k o
S B (oo + lalhacoy)
and
(4.14) H (n:k(_l)n(Ao(u})_l(A(éﬁ w) = AO(M)))HAO(M)_l [ﬂ )2‘ L2(D)
’ —k 52k
< B 1oy + Iolis o)

Proof. We write A(d,w) = Ag(w) + B(d,w) with B(J,w) = A(d,w) — Ag(w). By
BXEI) and @3], it is easy to see that for w in the punctured neighborhood U of wy
and 0 < § < 1, there holds

(4.15) | Ao (w)~"B(S, W)sz(x,x) <

with the constant C4 independent of w and §. Then, let §o > 0 be defined by
(2C4) 7102 /|w — wo| = 1/2. We have for w € U and 0 < § < &y, A(d,w) ! admits a
Neumann series expansion:

(20;})7152
|w —wo|

oo

A(S,w)~t = Z(—l)"(Ao(w)’lB(é,w))nAo(w)’l,

n=0

which readily implies, by (B.21),
e S o
LX)~ T — wo|”

For the estimates ([LI3]) and ([@I4]), we recall (B:48]) and obtain, by a simple esti-

[|A(S, w < |JAo(w

)~ HL(X,X)

mate,
o)™ PPy % T oy + ol
(4.16) ji 2(D) ~ Jw —wp| 7 TP TR
ot 7] o) S lolhiocon:
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Then, by (@I3), ([@I8) and noting
(A0(w) " B(8,w)) " Aog(w) ! = Ao(w) ! (B(8,w) (Ao(w) B(6,w))"”

1

Ao(@) ™),

we have

[ty B aaer 7], s BT Ul + Hallaaco)
and

(ot 8600 0) [7] )a] ) S EET Ul + o)

where the generic constants are independent of n, w and §. The proof is complete by
taking the sum of the above two estimates from n = k to infinity respectively. 0O

By Parseval’'s identity and the Green’s formula (@BI6), we observe

(E*(0), En) (py = 0 and

[PaBlge ) Z (B = B'(0), En) )|
which implies
(4.17) PeE' = O(8) and [PaE', 7 'PyE'] = 0(9),
since B — E*(0) = O(6). Then, by the estimate [@IZ), we have
(4.18) E =0(5/|w - wol),

and Lemma [4.6] holds from the expansion (4.

Lemma 4.6. Under the conditions (CIl) and (C2), for w € U and 0 < § <
VCalw — wp|, the scattering amplitude E2_ can be approximated by

(4.19)
=" ro ] [ Boa-ise [ 2 iB@a- [ @0 Boa)
+0(L).
|w — wol

Remark 4.7. If 7 is a constant of order one, we will have [P E*, 77 Py, Ei] = O(1),
and hence also E = O(1). In this case, the error in the approximation #I19) would
be of order 6. By using ([A8) to separate the electric and magnetic multipoles, we
can derive the following formula in classical electrodynamics [34[43]:

2
E(‘;(w,i)%j—{ix(pxﬁz)+m><:i“+§:><(i“><Qi)
7

0(82) O(s%)
(4.20) + & x M# + 2 x (2 x O(-,4,2)) },
0(69)

where the electric dipole (ED) p, magnetic dipole (MD) m, electric quadrupole
(EQ) Q, magnetic quadrupole (MQ) M and electric octupole (EO) O are given by

Q(If, M{E , Q{E , ME and QF, respectively, up to some constant factors. The approx-
imation ({20) permits us to conclude that in the quasi-static regime, any dielectric

Licensed to Chinese University of Hong Kong. Prepared on Tue Feb 27 02:50:24 EST 2024 for download from IP 137.189.49.142.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 67

nanoparticle behaves like an electric dipole in the far field, and its magnetic dipole
radiation is a higher-order term. However, we shall see in Theorem that in the
case of high refractive index nanoparticles, the orders of these lower-order moments
will be completely changed, and such change does not depend on the excitation of
dielectric resonances.

We return to our goal of finding the asymptotics of the solution E to EID). In
view of Lemma and the formula:

/E:/PWE
D D

from | D PdE = 0, in order to approximate the scattering amplitude E3  up to
O(8%), we need to compute the second-order approximation of the field E, and

also, particularly, the third-order approximation of Py E. For this, by HEI]), it
suffices to consider the second-order Neumann series expansion of A(§,w) !

A(G,w) ™t =(I + 6A Ay + 62A A + O(6%)) TTAG!
(4.21) =Agt — 2A5 T ARAG 4 O(8%),
which follows from #3). By acting the expansion EZI) on (PaE', 7Py E?), we
have Proposition .8 the detailed proof of which is given in Appendix [D.1]

Proposition 4.8. Under the conditions (CI)) and (C2), the solution to equation
(@I0D) has the expansion:

(4.22)
-1, .2
E— _—wo 50 u d,w -1 ~
PaF = 5 P B 5 S P (Tolw) ™ P [E] 4 R(w)
53
+0(G=mp)
P E:—T—1(7-| )~lp [Ez] +M(T| )—1,Cw,d]P, [EZ]
w DWW w 2(w — WO) DWW D Ao
5 55
3
+6 R(w)+0(|w_wO| + |w—w0|2)’

forweU and 0 <6 < /Calw — wol.

Several remarks are in order. First, "R (w) means a term that allows a power
series expansion in ¢ of order n with analytic coefficients, but it is convenient to
understand it as a term which is of order §”, and analytic in a small neighborhood
of wy. Second, the remainder term of Py, E in [#22) is estimated by 64 /|w —wo| and
8% /|w — wo|?, either of which may be dominant in the overall error, if there is no
further assumption on the relative rate between 6 — 0 and w — wq. Third, recalling
the representation (22I8]), Proposition E.g| essentially gives the approximation of
the (scaled) scattering resolvent (Mg — (dw)?n?)~! with plane wave sources f =
(6w)2rxpE" and n = /T+ 7xp. Indeed, by a simple computation, we have, in
this case, the resolvent is exactly the standard Lippmann—Schwinger formula:

E* = (Mo — (0w)*n®) " [(0w)*xp '] = T5* As(r,0) " [E],
where A;(7,w) 1[E7] can be approximated by @22).
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68 HABIB AMMARI, BOWEN LI, AND JUN ZOU

Proposition clearly shows the dominant parts of the Hy(div0, D) and W
components of E, and the blow-up rate and the order of the amplitude of each
term involved in it. We are now ready to give the main results of this section. We
first observe from the asymptotic formula [@22) and Py, E* = O(4) that

. § ~ 53
4.2 PyFE =0(——— P.E=0(6%+—).
(4.23) d O(|w—wo|)7 O( +|w—w0|)
To see this, it is sufficient to write (Z222) in the following form:
(4.24)
P.E = L(om +0(8) + 0w — wo|) + 0(572))
jw = wol |w = wol 7/
- 62 53 62
P E =5§(0(1)+0(5) + 0O o1)+0(——)),
( (1) +000) + (|w—w0|>)+\w—wo|( D+ <|w—w0|))

and note that §2/|w — wp| is bounded by a constant for w € U and 0 < § <
VCalw —wp|. Here, similarly to the remainder term of Py FE in (£22), Py F

involves two leading-order terms: —7~ 1 (Tp|w) Py [El] which is of order §2,
and %(Tﬂw)_lK‘g’dPAo [Ez] which is of order §% but with a blow-up rate
(w—wo) L.
Then it follows from (£23)) and Definition 2] that
(4.25) MPE = O(L) for 1=1,2,...,
lw — wol
~ 53
QF:0(52+ ) for 1=0,1,2,....
|w - w0|

Thus, by ([@9) and Lemma [£.6] there are four moments involved: QZE ,1=0,1and
MPZ 1 =1,2, in order to achieve a fourth-order approximation of E3, (in terms of
0), which is summarized as follows.

Theorem 4.9. Under the conditions (C1)), (C2) and (C3), the scattering ampli-
tude E5_ has the asymptotics:

(4.26)
253 ~ ~ ~ 2,2 ~
Ego(w,i'):Tj d (H—i‘@i’){ (QF —i5wMP x#) — (100QF e+ - ME(., &) x &) }
™
062 /|w=wol) 0(83 /|w—wo))
55
+ O( |w — wo )’

forweU and 0 <6 < /Calw — wol.

By Theorem 1.9, we can see the change of the orders of the multipole moments
compared to those in the asymptotics [@20). This theoretically justifies the ex-
perimentally observed phenomenon [48]: when the wavelength inside the particle
has the same order as its size (equivalently, 7 ~ §~2), the electric and magnetic
dipole radiations may have the comparable strengths; see the first term in ([Z20).
However, this is true only when § is small enough so that the effect of the factor
1/|w — wo| is not apparent. When the incident frequency w approximates wo but §
is not so small, we may expect from [@25) and ([@20]) that the contribution of the
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 69

magnetic dipole is much stronger than the one of the electric dipole. To make this
precise, we focus on the quasi-static approximation of E2_ (w,Z) from (@26):
253 4
R Tw=d . B B 1)
Ego(w,x) = 471' (H—.I@ZE) (QO —15WM1 X I) +O(m),

and proceed to compute QOE and MF as follows. By Definition [£.2] and Proposition
AR we have

Qf = [ BB = [ Tolu) B [B] +0(0)

lw — wol
1 ~; 5
4.27 =71 ~+Khp) v EYd O|——
(127) g+ i) Blin() +0( 5 ),
where we have used the following formula from [B12) and B.I6):

| Tolw) ety == [ oG+ Kap) e vldotw), oW
D oD

For the magnetic dipole moment MF , we write Fg = V X g for a unique ¢g €
X%(D) by Lemma B3] and obtain

(428) P)\o H = (,V X @0)L2(D)v X ©0-
By definition, it follows that
(4.29)

—wp

52 53 )

M? = +
! |w —wo|  |w—wol|?

m@i’vx%)wm /J)wo(y)dy+67z(w)+0(

To further simplify the representations (L.27) and (29), we observe
(E', Eo)2(p) = idw(d x Bye™ 37, go)p2(p) = idw(d x B, po)L2(p) + O(5%),
and
v-E'=v-E} +0(5),

by the Taylor expansion of E*. Combining the above calculations, we arrive at
Theorem [A.10

Theorem 4.10. Under the conditions (CIl), (C2) and (C3), the scattering am-
plitude has the quasi-static approrimation:

w2 4 5
(4.30) Eio(w,ﬁ)zﬂ{ﬁx(px:%)—l—mxﬁ}-i—O( 0 0 )

+
lw—wo|  |w— wpl?

where the approximate electric dipole p is given by

1 £ o\ — i
p:53/aDy®(§+’CaD) 1Md‘7(y)E07

and the approximate magnetic dipole m has the pole-pencil expansion:

253 —Wwo — i
— - E
m W5{2(w_w0)(/D<P0®/D<P0)d>< 0+R(W)},
forweU and 0 <6 < /Calw — wol.
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70 HABIB AMMARI, BOWEN LI, AND JUN ZOU

We now consider the limit: w — wg. Theorem [A.10] suggests that in this case,
m may blow up and the high contrast nanoparticles may exhibit strong magnetic
dipole responses. To rigorously formulate this fact, we consider

(4.31) 6 = o(|w — wo|*?),

which is a slightly stronger assumption than the one § = O(|w —wp|'/?) in Theorem
[I0L The next result easily follows from Theorem ET0] which clearly shows that
the magnetic dipole radiation will dominate in the scattering amplitude when the
incident frequency w approaches the limiting resonance wg. This is in sharp con-
trast with the approximation derived in [I3] in the non-resonant case, where it is the
electric dipole radiation that is the leading-order term (see also Remark [7)). We
should also compare the result with the case of non-magnetic plasmonic nanoparti-
cles where the scattering amplitude is approximated by the resonant electric dipole
radiation [4L[1T].

Corollary 4.11. Under the conditions (CI), (C2) and (C3)), it holds for w € U
and 6 = o(|w — wo|/?) that
2

(4.32) Engz%ﬁm@ w — wo,
T
where m is the approximate resonant magnetic dipole:
o —Wwo - .
4.33 :2ﬁ———{/ / )d x B
( ) mee 2(w = wo) DSD0® DSOO 0

We end this section with some remarks and discussions. First, the assumption
(@3 is necessary for the concise form [@32). If we only consider § = O(|w—wq|'/?),
some additional terms of order §3/|w — wp| (i.e., the same order as m) would be
included in ([@32)). Second, under the quantitative assumptions between § and
w — wp, such as § ~ |w — w0|1/2+6, 0 < € <€ 1, one may work out the order of the
relative error in the approximation ([@32]), as well as the higher-order approximation
involving EM quadrupoles based on (£26). Such calculations are direct and largely
depend on the relative rate between § — 0 and w — wy so that we choose not to
pursue these results in this work.

Third, we have assumed that (C.3]) holds at the beginning of this section for ease
of exposition and simplicity of formulas. If mo > 1, (£28) will be given by the
sum over all the vector potentials associated with A\g. Then it is easy to see that
Theorem [£.10] and Corollary TIT] still hold but with m and m being the sum over
all the related potentials. If D has genus L greater than zero, we need to consider
the space K7 (D) (cf. Lemma[33]), for which we recall from [56, Theorem 3.44] that
any field ¢ from the orthogonal complement K7 (D) of curl X$ (D) in Ho(div 0, D)
can be represented as

¢ =Vp for some p € H* (D),

where DY is constructed by removing some interior cuts from D such that D? is a
union of simply-connected domains; see [I5,56] for more details. Clearly, K7 (D)
plays a similar role to W in the scattering amplitude but generates a radiating field
of order §. To analyze it, one may define the associated multipole moments similar
to Qz/’ in Definition and estimate their orders and blow-up rates when § — 0
and w — wy. The detailed and rigorous treatments for this case may need further
investigations.
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 71

4.2. Scattering and extinction cross sections. This section is devoted to the
estimates of the scattering and extinction rates, as well as their enhancements in
the case where the nanoparticles are resonant.

For this purpose, let us briefly review some basic physical concepts for the de-
scription of the energy flow (cf. [24]). We define the time-averaged energy flux (S)
for the electromagnetic fields (E, H) and the associated averaged outward energy
flow W through the sphere Si by

(S):=Re{ExH}, W:=[ (S): vdo,
Sr
respectively. By the decomposition: E = E'+ E°, we can write W as W =
Wi+ WS + W where

W= / Re{E' x H'} -vdo, W*:= / Re{E* x H*} - vdo,
Sr R
W = Eﬁe{Ei x Hs + E* x ﬁ} - vdo.
Sr
It follows from a simple calculation that the energy flow W? for the incident plane
wave is zero. Then the conservation of energy gives us the rate of absorption
W = —-W = —W?* — W . Therefore, W’ is nothing else than the rate at which the
energy is dissipated by heat and scattering, referred to as the extinction rate. By
normalizing with respect to the incident energy flux (S%) = Re{E’ x H'}, we define
the scattering cross section Q°, the absorption cross section Q% and the extinction
cross section @', respectively, by
WS a W/
S . 1; a .__ 13 [P
In particular, for our case of incident plane wave ([2.3)), we have (S?) = |E}|? = 1,
and the above formulas for cross sections are then simplified.
Note that in the far field, the scattered magnetic wave H® has the form:

(4.34)
eiw\ac|
He(z) = S H3 (w0, 7) +0(

[ %

Then, by [@I) and [@34]), we can directly compute Q* as follows:

1

\x|2) with HS (w, &) =& x ES (w, &) as |z] = oo.

QS

lim [ 9Re {EL(w, &) x Hon(w, )} - z/(x)%da(x) + 0(%)

R—o0 Sk
(4.35) :/S|Ego(w,a:~)\2da(a:~).

Moreover, the well-known optical cross section theorem [24] shows the following
representation of the extinction rate:

4 )
(4.36) Q = gjm (B} B (w,d)} forw>0.

With these preparations, we now give the estimates of the averaged cross sections.

Theorem 4.12. Under the conditions (CIl), (C2) and (C3), for w € U with
w >0 and § = o(|w — wo|'/?), the averages over the orientations of the scattering
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72 HABIB AMMARI, BOWEN LI, AND JUN ZOU

and extinction cross sections of a randomly oriented nanoparticle can be estimated
by

|w0| |w|® 47 / 4 wow 1671' /
5§ y)d d Q. d
m | — wol? 27} Jdy|" - an o | [ 0 y|

as w — wo,

where Q5 and Q) are, respectively, given by the averages of Q° and Q' over all
the directions of B} and d.

Proof. We start with the estimate of the scattering cross section @)°. Noting from

(#32) and ([@35) that, as w — wo,

/|Es #)|2do (&) = [l /|ri1><:fc|2do(:%) _ Ll /|:fc><(rh><:%)|2do(:%)
1671'2 S 1671'2 S ’
and & X (M x &) =m — (& - m)&, we derive
4

1‘212 /| ) [2do(2) 1|°6"7|T2 /|m\2—x 1 ¢ ri;do () = %hﬁﬁ,

where we have used the Einstein summation convention and the formula:
4
(4.37) /@i@jda(@) = gélj.
S

Then, it follows from the formula ([@33]) that Q?, can be estimated by

‘”'4//| 2 do(d)do (E?)

4
(438) = [wjtss L2l ﬂ//m(@dxeﬁda(d)da(e), w = wo,
S JS

4|lw — wol? 67

where

(4.39) Alp) = /D o0 ® /D %o

To calculate the integral (@3], we introduce the Levi-Civita symbol eg;; to avoid
the complicated vector and matrix calculations. First, we recall an important
property for the symbol e;;:

(4.40) Erije Pt = 6767 — ot o1
Using (m and (£40), we can derive, for a general matrix A := (a;5),

47r //|Ad><e| do(d)do(e) e //a erijd e ase™Pdpe,

T sk T
a 61“35 5Jasre e = §a QorEkpge 71 = §a asrékf (AA)

9
For the rank-one matrix A(p) in [@39), we have

tr(A(p)A(p)") = | /D oly)dy|”.

Combining the above formulas with [@38]), we immediately derive the desired esti-

mate:
47
Y [t
@ = |w — wpl? 27 57|

9

,w—)wo.
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 73

To consider the extinction cross section, we first observe from (£32]) and (.30)
that
Q =wim{E} - (mxd)}.
With the help of [@33]), we are led to the following approximation for the averaged
Q' over E{ and d,

(441) Q. 2w 5 o an) Hm//El p)d x E}) x d) do(d)do(Ef),

where A(yp) is given in ([@39)). Similarly, by using the Levi—Civita symbol and
the properties @37) and ([@40), a direct calculation gives, for a general matrix

A= a”
// ((Ad x e) x d)do(d)do(e //e,« tagpe® i d; ejds
47r 47r
1 rst ktr 2
= 95 St gne” (5,,5(5T] = 55 aspe™t = §tr(A)7
which, together with (Z39) and (A1), completes the estimate for Q. O

5. EXPLICIT FORMULAS FOR A SPHERICAL NANOPARTICLE

In this section, we provide some explicit calculations for the special case of a sin-
gle spherical nanoparticle to validate the asymptotic expansions of subwavelength
resonances in ([3.68) and the scattering amplitude in ([{32]) which hold for nanopar-
ticles of arbitrary shape.

5.1. Quasi-static resonances. We shall first find the eigen-decomposition of the
operator K%d with D = B(0,1), by using the spherical multipole expansion and
Proposition B.11

Proposition 5.1. Let D be the bounded smooth open set as in Section Bl Then A
is an eigenvalue of K%d if and only if the following system has a nontrivial solution
in H2 (R?) with k> = \~1:

loc
VxVxu=0, divu=0 in R*\D,
(5.1) V x V x (u—3, yu) = k*(u — 3, 'yau)  in D,
' [vxul=0,[v-u=0, [¥xVxu =0 on 0D,
u=0(z|7?) as |x] = oo.

Moreover, for a solution u to (Ej]) u— 3, Yy,u is an eigenfunction of ICD asso-
ciated with the eigenvalue A = k=2

Proof. Suppose that (A, E) € C x Hy(div 0, D) is an eigenpair of the operator K%d
and define u = Kp[E] € HE (R3). It is easy to check that divu = 0 on R3. Since
the integration of E € Hy(div0, D) over D is zero, by the mean value theorem, we
readily have

ch[EKx):/D( ) By = 0 ) as fa] oo,

Arle —y|  dmlz| |

which implies that u satisfies
{ —Au=Exp, divu=20 in R?,

(5:2) u=0(z|7?) as |z| — oo.
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74 HABIB AMMARI, BOWEN LI, AND JUN ZOU

By use of the vector identity: V x Vx = Vdiv —A, we reformulate equation (5.2))

as
VxVxu=Eyxp, divu=0  in R3,
(5.3)

u=0(|z|?) as |z| — oc.

To proceed, since there hold V x Kp[E] = V x lC%d[E] and K%d[E] = AE on D,
we note from (B.3):

VXV xKplE]=VXxVXxAE=Exp inD,
which also yields 0 is not an eigenvalue of K5®. Then, by KG[E] = KplE] —

¥l Kp[E] for E € Hy(div 0, D), it follows from (5.3]) that u solves the following
equation in the weak sense:

VXxVxu=0, divu=0 in R*\D,
1

vxul=0,[v-u=0,[vrxVxu=0 on 0D,

u=0(z|7?) as |z| — oo.

Letting \ in (5.4) be k=2 for some real k # 0 by the positive-definiteness of K%d,
we obtain the desired system (B.I)). Conversely, if u satisfies (04 with A > 0, then
V xu, VxV xu and div u are globally well-defined on R? and locally L2-integrable.

Therefore, we have u € HZ (R?) solves

1
—Au=—(u—7, "yu , divu =20 in R?,

u = O(|z]~?) as |z| — oo,

where we have used the fact from [I5] that the space Hjo(curl, R3) N Hjoc(div, R?)
is continuously imbedded in H%OC(RS). The proof is complete by the uniqueness of
the solution u to (5.2)) for a given E € Hy(div 0, D) [36]. O

We should emphasize that Proposition[5.I]applies to nanoparticles with arbitrary
shape and the form of equation ([5.1)) is chosen mainly for the explicit calculation for
the spherical nanoparticle. It is clear that once we obtain all the nontrivial solutions
to the system (5.1)) with D = B(0,1) and the associated k2, we can determine the

eigenstructure of ICdB’?O 1

For this, we consider the series solutions of (&I with D = B(0,1). By the entire
electric multipole fields in (B.6) and (B.1), we assume that for a nontrivial solution
u € HE (R?) to B, u — 7, *ynu in B(0,1) is expanded as:

(5.6)
(oo} n - -
u(@) =3, (@) =D Y anmBpt (k,2) + Bum Bl (k,x), @€ B(0,1).

n=1m=—-n

Further, by Lemma B3 7, 'y,u is the gradient of a solution v to the interior

Neumann problem (33) with the boundary condition 2 v = v - u. We hence have
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 75

the following series representation for 7, 17, u:

T (@) =33 Y (2 (@)
(5.7) =y 3y = S (|| VY, (@) + nlal" Y @)7), w € B(0,1).
n=1m=—n

For the field u outside the domain B(0,1), by making use of the multipole fields
{E! .} constructed in Appendix[Cland noting from divu = 0 on R? that [, v-udo =
0 holds, Proposition allows us to assume the following ansatz:

(5.8) u= Z Z WmmEZ?m + Nnm VX Eﬁm, r € R3\B(0,1).

n=1m=-—n

Here, anm, Bn.ms Ynms Mnoms Cnom 10 (B0), (B7) and (E8) are complex coefficients
to be determined by matching the traces of the field u inside and outside B(0,1)
on S =90B(0,1).

We next state the main result of this section, the proof of which is given in
Appendix [D.2

Theorem 5.2. Let {k,  }22, be the positive zeros of jn(z), n > 0, with kp1 <
kno <---. Then,

(1) the eigenvalues oflC B0,1) 0T€ given by 1/k2 ., n=0,1,2,3,...and s =1,
2, ...

(2) the eigenspace associated with 1/k>

n,s’

7.5 1S spanned by

{Eg;fl m(kn,én )} . n+1)

and {ETM( n,s0 L) by

o, Jorn > 1, and by {ETE (ko,s, ) Yooy for the
case n = 0.

Remark 5.3. By the interlacing property of zeros of spherical Bessel functions j,
[52,68], we have 1/k§, = 1/n* and 1/k7 | are the first and second largest eigen-

values of K% B(O 1) which corresponds to the magnetic and electric dipole resonances
respectively by Mie theory.

Remark 5.4. The approach developed in [I8] can be generalized to compute the
first Hadamard variation of the dielectric resonances.

5.2. Validation of the quasi-static approximations. We now revisit the scat-
tering problem ([2.4)) with Ds = B(0,6) and the high contrast 7 = §=2. We first
recall the Jacobi-Anger expansion for the incident plane wave [23)) [6,27]:

EZ(,T) _ eiwd-in

Z ETE (w,2)Vm(d) - 6+Eg%(w,x)W(d) o, TeR3.

z::\/ n+1 m=-—n

We denote by w, the wave number w+/1 + 7 inside the particle. Lemma [(.5] is
standard from Mie scattering theory, see, e.g., [I1, Lemma A.2].
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76 HABIB AMMARI, BOWEN LI, AND JUN ZOU

Lemma 5.5. The scattered wave E° = E — E* outside the particle B(0,6) has the
following representation:

Es(z) = Z Z ymmEif%(w,x) + nmmE,f)A,,{(w,x), |z| > 6,

n=1m=—n

where the coefficients yp m and 0y, m are given by

_ 471'2'"W(d) -E} ) —Jn (0w ) Tn(0w) + T (dwr)jn(6w)

so T VOED WD) oG 5)
' —_— AT (d) - EY 17 In(0wr)jn(0w) = jn (0wr) T (0w)

2
S

+
e

T i (00) T (507) = i (607 Hn (00)

Remark 5.6. The multipole fields E,{ E and E{ M- are usually referred to as the
magnetic (transverse electric) multipole modes and electric (transverse magnetic)
multipole modes, which represent the EM radiations from the electric-charge den-
sity and the magnetic-moment density of order (n,m), respectively [43] Section
9.7]. In view of this, the coeflicients 7, ,,, and 7, ., may be called the magnetic and

electric coefficients, respectively [66].

It is clear from Lemma that the scattering resonances are characterized by
the complex zeros of denominators of v, ,, and 7y,

WP (6w) T (Bwr) — jin(Swr) Hn (dw) = 0,
(1 +7) 7 A (0w) T (6wr) — jin (8wr ) Hy (8w) = 0.

To numerically verify the estimate ([B.68), we note that \g = 1/7% and wy =
\/)\_071 = 7 for the spherical domain (see Remark B3] and consider the reso-
nance w that is nearest to the origin. We plot the first zero of h;l)(éw)jn((SwT) —
Jn (0w, )My (6w) with 7 = 672 and § € (0,0.22) in Figure B using the Muller’s
method [57] with the initial value 7, from which we immediately observe that the
error between the subwavelength resonance w(d) and its quasi-static approximation
7 is bounded by a term of order §2 as § — 0.

< 314f L
3 3
= 3.12f 3
g g -0.01}

31 F —
[} : 5]
= =
= 308} g -0.02f
g Q
S 3.06f
2 ¢ 003}t
=304f 2
] =
= 302} & -004f
© 3 =
g £ -0.05}
g 298} Re(w) =
= a 8 L Im(w)

L 0.06

g 2.96 o462 % o

2‘940 0.05 0.1 0.15 02 £ 007 . | | .

0 0.05 0.1 0.15 02
Characteristic size § Characteristic size §

FIGURE 2. Lowest dielectric subwavelength resonance w (blue
curve) for a spherical nanoparticle B(0,4) with 6 € (0,0.22) and
the contrast 7 = §2.
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To proceed our validation of the approximation formula ([£32) for the scattering
amplitude, we consider the regime where 7 ~ §72, w near wyp = m and 6§ = o(|w —
wo|'/?), and have the following asymptotic estimates for the coefficients Vr,m and

Mnm (cf. (B.14)-(B.1G)):

4 3 —2j1(0w:)+J1 (0w-) 50
_ ) —(6 =1
s V) - | 3% T 7w 1 () (Foomesg) "
: 62n+1

(%jn((SwT) +jn(6w,))’

2
3
3
\
3
S
_l’_
=
Q

n>2,

B Arin U (d) - B . Tn(6w) §2n+3 .
(5.10) Thn.m = nn 1) {Hn(aoJ) + O(J'n(&wT))} , n=2l

By estimates (BI0) and (5I0), Lemma gives the following quasi-static ap-
proximation for the scattered wave E*: for 7 = =2 and 6 = o(|w — wp|'/?),

1 5 1
B = S i ETE 4 BT 10— ) o ST AETE s w,
m=—1

m=—1

w — Wy
where 4, is defined by the leading-order term of vy ,:

2\/577 . _2j1 (&*}‘r) + \71 ((sz)—m
3 \71(5(*)7') +j1(6w‘r) !
Then by (BI2), the scattering amplitude can be approximated by

(d)-Ej.

(5.11) A = —(6w)?

1 \/—
. 2, .
Ei (w, &) = Z U’ymVlm(;zc)7 w — wp,
m=—1
which can be further reformulated as
1
N ..
Ego(wvx)ﬁ Z ;’meXYma w — wo,
m=—1
by the vector spherical harmonics in (Bl and the vectors Y; in (B.5)). Comparing
it with the formula ([@32]), we obtain the approximate resonant magnetic dipole for

a spherical nanoparticle:
1

_ Z ar
m = — F’yj Y js
which, along with (&ITl), gives

3872 21 (dwy) = Ji(0wr)
3 J(bwr) + j1(dws) iz

(5.12) m=9 Y; ®Y,(d x E)),

1
where we have used

1 — .
—Y,, (d x Ej).
\/5 ( O)

The explicit representation for the magnetic dipole (EI2]) motives us to define a
scattering function:

V() B -

8_71-2 . 2jl(&'d‘r) - \71(55*]7')

(5.13) Smlw) = = o) T 0w
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78 HABIB AMMARI, BOWEN LI, AND JUN ZOU

We shall numerically compare s,,(w) with the one derived from the general
formula (£32). By generalizing Corollary ELTT] to the case of a multidimensional
eigenspace, we obtain the following representation for the approximate magnetic
dipole:

1

N —Wo - .
(5.14) m = w?§® ——— / <p-®/ ?; )d x Ey,
2(w — wo) j; ( B(0,1) ’ B(0,1) J> 0

—1
where wy = 7 and ¢, are the potentials chosen from X9 such that V x ¢; =
E1Tf/||E1T,f||L2(B(0,1))- To explicitly find ¢;, recalling the definition of ElTJE in

, we have

1

E 1

[ B = [ 2= .
B(01) 0

T
by the Lommel’s integral [68]: fol gn(ar)jn(ar)r?dr = $(j2(a) — jni1(a)jn-1(a)),
and then introduce ¢; € X% by

pj(@) = maji (nlz|)Y! (&) + Vp;,

where p; € H(B(0,1)) is constructed such that div ¢; = 0, by solving a Laplacian
Dirichlet problem. It further follows that, by (B.2)—(B-4) and (Z37),

1
i 4
/ pjdr = 7T/ rsjl(ﬂr)dr/:in (&)do(2) = =Y,
B(0,1) 0 S ™

due to fB(O,l) Vp;dxz = 0. We substitute the above formula into (5.I14]) and find

—wow? 8

1
m = §3 > Y;@Y,d x Ej,
j=—1

w—wy T2 &

which gives us another scattering function:

2
8 wwy

(5.15) dmlw) = g

We plot the scattering functions 3,,, and 3,, in Figure Bl with 7 = 62 and § = 0.15,
from which we see that they agree very well with each other.

=3
S
S

~¥

* (@) |
--==5m(w)
400

"
1
|
|

I

200 i
e HOF XX F R HNF R

¥

/
®

7

-200

-400 v

Scattering functions §,,(w), 8, (w)

2 2.5 3 35 4 4.5 5
Incident frequency w

FIGURE 3. Scattering functions Sy, (w) and §,,(w) for incident fre-
quencies near wy = 7 with § = 0.15 and 7 = 0.1572.
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6. CONCLUDING REMARKS AND DISCUSSIONS

In this work, we have comprehensively investigated the EM scattering by
nanoparticles with high refractive indices. The geometry of the particles can be of
very general shape, e.g., a torus with a hole. We have mathematically proved the
existence of the dielectric subwavelength resonances and derived their asymptotic
expansions when the contrast is large enough. A priori estimates for resonances
and the associated resonant modes have also been provided. To explore the behav-
ior of the scattering amplitude, we have proposed a systematic approach to derive
the EM multipole moment expansion based on the Helmholtz decomposition. We
have theoretically found that near the resonant frequencies, the scattered field by
nanoparticles with high refractive indices is dominated by the resonant magnetic
dipole radiation. We have also estimated the enhancements of the scattering and
extinction cross sections.

Because of the low losses of dielectric nanostructures (Jmr < 1; see Figure [A.T]),
the dielectric subwavelength resonances w(d, 7) & (A\;0%7)~ /2 (cf. (363)) can have
a very high quality factor @ = |Rew/Imw|, which is a desirable property in many
potential applications and gives rise to the superior performance of the all-dielectric
metamaterials over the lossy plasmonic devices. In a forthcoming paper, we plan
to combine the results obtained in this paper on the subwavelength resonances
in dielectric nanoparticles with high refractive index together with the effective
medium approaches in [B[14,[26] for the design of all-dielectric, electromagnetic
metamaterials.

APPENDIX A. JUSTIFICATION OF THE ASYMPTOTIC REGIME AND THE
ASSUMPTIONS

To verify the quasi-static regime ([2:20)) and the high contrast assumption (22,
we give the practical values of the physical parameters in the experiments [35[38[48],
where the dielectric resonances and the strong magnetic responses are observed. We
consider the scattering by a silicon nanoparticle in the free space. We have

e for the background medium,
fn = 12x107 " H-m ™, e, ®9x107?F-m~*, (speed of light) ¢ ~ 3x10%m-s~!;
e for the silicon nanoparticle,
pr =1, g~ [10,50], &= [50,200] x 10~ %m;
e for the incident wave,

2
w 27 x [350,650] x 10'2Hz, (wavelength) A = —< ~ [461, 850] x 10~°m.
w

It is clear that 6 < A and e, > 1, i.e.,, 220) and (22) hold. We also see from
the above configuration (where the resonance occurs) that the wavelength inside

the particle is comparable with the particle size, namely, § ~ A&, 172 1o verify the
assumptions 0 < § < 1 and ([B.64) (or [3.65)), it suffices to consider 10~%m as the
unit length. Then we have A ~ 1 and § < 1, and ([B.64)) readily follows from the
relation 6/ ~ 5;1/2.

We plot in Figure[A Tl the experimentally measured values of the relative electric

permittivity, as well as the refractive index, of silicon as a function of the incident
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80 HABIB AMMARI, BOWEN LI, AND JUN ZOU

wavelength (the data is from [20]). We see that in the visible region, the refractive
index n is approximately 4 with a very small imaginary part.

£
3 L
w
C £
- Q
n ~
w
T
~
1 L L L L L L
! ! ! . ! ! 0.2 03 04 05 06 07 08
0.2 03 04 05 06 07 08
Wavelength(m) Wavelength(pm)
(a) Relative electric permittivity (b) Refractive index

FiGURE A.1l. Relative electric permittivity and refractive index
for silicon [20].

APPENDIX B. SOME DEFINITIONS, ASYMPTOTICS AND ESTIMATES

o Let Y"(£), n=10,1,2,..., m = —n, ..., n, be the spherical harmonics
on the unit sphere S, which are the eigenfunctions of the Laplace-Beltrami
operator: AgY, " (&) + n(n + 1)Y,*(£) = 0. We define the vector spherical
harmonics as follows:

1
(B.1l) U= ——=VsY,)", V"=2xU’, n=12,..., m=—-n,...,n.
n(n+1)
For n =1, m = —1,0, 1, the spherical harmonics Y;”*(Z) can be explicitly

represented as:

1 /3 1 /3
—1/ay L —ip _ 2 [0 s
(B.2) Y (%) = 5\ 5- —sinfe 5 27T(a:1 iZT2),
(B.3) YH(2) :—1,/ 5 smeeW——l,/;(;@lH@),
7r
(B.4) Y (z) \/jcosﬂ \/7x3,

with the azimuthal angle 0 < ¢ < 27 and the polar angle 0 < 6§ < 7. By
([B.2)-(B.4), we have the explicit formulas for the gradients of homogeneous
harmonic polynomials of degree one Y; := V(|z|Y{(2)), i = —1,0, 1:

1 1 0

1 /3 1 /3 1 /3
(B 5) Y,1_§ 2— —1 5 Yl_—§ 2— ) 3 YO:§ 2— 0
1o 1o V2
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 81

e Define the entire electric multipole fields Egﬂ(k, x) and Eg%(k, x) on R3
with the wave number k forn=1,2,...and m = —n, ..., n:

(B.6)  Ef(k,x) =V x {ajn (k|2 Y™ (@)} = —v/n(n+ Djn (k|2 V" (),
BIM (k,2) = =V x BLE (k,2)
n(n+1)

(B.7) = L U (@) -

Mot v )

where j,,(¢) is the spherical Bessel function of order n, and J,(t) is given by
Tn(t) := jn(t) + tj},(t). The radiating electric multipole fields EX% (k, z)
and EI (k, ) on R*\{0} can be introduced similarly with j, (t) and 7, (t)
in (B:6) and (BI) replaced by the spherical Hankel function h%l)(t) and
Mo (t) := B () + t(RDY (£).

e When ¢t — 0, the following asymptotics for spherical Bessel functions and
Hankel functions hold [I43]:

" 1

. _ . 2 4
(B.8) In(t) = (2n+1)!!(1 2(2n—|—3)t +0(),
(2n — 1! 1
B. W py — i ) 2 .
(B.9) RV (t) = —i P, ( +2(2n—1)t +0(tY),
" 3 e op
(B-10) Tnll) = Gy T g gyt TOM),
(2n -1 n—2 5 4
B.11 W)= —i gy T2y ).
(B.11) Halt) =~ (—n = g 2+ O(E)
e Wave functions E] % and ETM have the following far-field behaviors: when
|| = o0,
el 1
B.12 EIE (k,z) = — DS —e TV (3 —
(B.12) Mtk ) = =/l e V(@) + 015 ),
klzl g 1
B.1 ET™M - ne —itflam s, )
(B.13) s 2) = =/l e U @) +0( 1)

e By the asymptotic forms in (B.8)—(BI1), for 7 ~ 62, w near wy = 7 and
§ = o(|w—wp|"/?), we have the following estimates used in (510) and (E10):
as § — 0,

— i (007) T (6) + T (B7) i ()

R (60) T (8037 — i (87 ) Hn ()

= (0wr) (T (00) [ Hn (50)) + T (007) (G (6) / Hon (60))
(B (0) /Hon (0w)) Trs (807 — i (B07)

(B.14)
_ —in(0wr)O(8*") + T (bwr)O(6*" )

52n+1
_%jn((sw'r) - jn((sw‘r) + 0(52) B (_%jn((swf) - jn((sw‘r))7
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and

7 In (0wr)jin (0w) = Jin (0wr) T (0w)

T (060) T (8w7) = (07 ) Ho ()

_ 715 In(0w7) (Jin (00) [ H (6w)) = (0w ) (Tn (0w) /M ()
1 (B (3w) /Hon (00)) T (00) = i (B07)

(B.15)
_ Ja(0wr)O(0%"43) — jn (0wr ) (T (0w) /Hn(0w)) _ Tn(0w) +O< g2n+s )
0(6?) — jn(dwr) Hn (dw) Jn(8wr)
In particular, for n = 1, we have a sharper estimate than (B.14):
—j1(0wr) J1(0w) + J1(6wr)j1 (6w)
1Y (0w) T (8wr) — 1 (Buwr ) Ha (6w)
i 3 J1(0wr) — 241 (0w,) 5°
= 509 7 o) T g1 (6w (jl(éwT) + j1(5w7)>'

(B.16)

APPENDIX C. MULTIPOLE EXPANSION FOR THE LAPLACIAN VECTOR FIELDS

We consider a three-dimensional vector field E satisfying
{AE =0, divE=0, |z|]>1,

(1) E = 0(]z| %), |z| — oo.

By the elliptic regularity theory, E is analytic on |z| > 1. We shall find the multipole
expansion for F via the Debye potentials. Since many calculations involved are
similar to those for the case of Maxwell’s equations and can be found in [56] pp. 235-
236], we will not give all the details but only outline the main steps.

Given a smooth scalar function u, the associated Debye potential is defined by
E, =V x (uz). Tt is easy to check, by a direct calculation, that if w is harmonic,
i.e., Au = 0, then the Debye potential F, satisfies

VxVxE,=0.

This, along with div F,, = 0, yields E, is harmonic.
Moreover, for any scalar harmonic function u in a neighborhood of infinity, we
can expand it by

r*(”H)Ynm(:%), n=0,1,2,..., m=—-n,...,n,

with r» = |z|. The corresponding Debye potentials and their curls are given by

1 m( s m A
Bl (@) = Vx (g V' (@), VX Bl (@) = Vx Vx (g Y (@)e),
form=1,2,..., m= —n, ..., n, which can be calculated explicitly:
1
1
(C.3) Vx BN (z) = MY"L( )it = /(0 + 1) U (@)

see the end of this section for the details. To summarize, for any harmonic function
u, both the Debye potential E, and its curl solve equation (CI), and they can be
spanned by E}!, in (C2) and V x B! = in (C3), respectively. We remark that

n,m
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EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 83

V x EZ m are nothing else but, up to factors —n, the electrostatic multipole fields

v (r- <n+1>Ynm(:z)).

Proposition C.1. Any solution E to equation (CI) has the following series ex-
pansion:

oo n .
- Z Z ’ynvar}:,m(‘/L‘) + nn,mV X Eg’m(;[;) + dOT_2’

n=1lm=—n
where Yn.m, Mnm and do are complex constants with

(C.4) do = —

= E(2)do(%).

Proof. Since {V,"} and {U™} form an orthogonal basis for L3 (S), the tangential
trace of a solution E on S admits the following expansion:

(C.5) T x E(x |sz\/ (n+1) Z V,m U (&) — iy i Vi (2)).

m=—-n

We define the constant dy by (C4). We next show that E equals

- o0 n 7
(C.6) E:=>" > YumBEl (@) +mmV x B!, (z) + do

n=1m=-—n

with 7, n, and 7, being given in (CH). This will complete the proof.
For this, by Green’s formula, it is easy to check

(C.7) /<x|<R|V x (E - E)| dx:/SRux (E—E)-V x (E - E)do.

To proceed, since each Cartesian component of E is harmonic at infinity, we know
from [36, Proposition 2.75] that 9;E; = O(|z|~2). We also note from (CIJ) and

(C0) that E, E,V x E = O(|z|~2). It then follows from (C7) that

- 1
(C.8) / V% (B~ B)Pdr = 0( ;) as R o0,
<|z|<R R

which implies V x (E — E) = 0. Recalling [56, Theorem 3.37) and & x (E— E)|s = 0,
we have

E—E=V¢ forsome ¢ € HL (R*\B(0,1)) with ¢|g = constant.

‘We now prove that ¢ must be zero. Note that ¢ solves the exterior Dirichlet problem
for the Laplacian. It follows that ¢ has the form:

1
(C.9) = c;Yg)(f;), ceC.
By (C4), (C.6) and (CI), we derive

0:/S (E = E)do (2 :—c/ YO (#)do (2),

which gives ¢ = 0. The proof is complete. O
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We end this section with the detailed calculations for (C:2) and (C3)), which
mainly rely on the following fundamental formula for the curl operator [58, p.187):

0 1

VxE=Vs, - (Ex2)7&+culs, (E-&)— o (B x &) = —(E x 2).
T T
For Eﬁ,m, we have
E" (1) =V x (Lym(@)x) = curl (Lym(ae)r)
n,m - pntl n - Sr. pntl n
1 - ) 1 o 1 )
ZT—nCUIISTYnm(J}) = mVSYJ”(x) X &= —y/n(n+ 1)mV,:”(a:)

Similarly, it holds for V x E!  that

1 1
————VxE" (2)=Vx V(&
eV Blnl@) = V(W @)
1 O 1 I R
= Ve Ul (@)i—5- (g Un' (@) = g U (@)
1 s A n .

APPENDIX D. SOME PROOFS

D.1. Proof of Proposition 4.8 We first approximate PeE up to the second order
in terms of §, for which, thanks to (£12)) and ([@IT), we only need to consider A, L
By BZ9) with (f,g) = (P4E*, 77 1P, E?), we derive

Aolw)! PaE" | _ [3mePr + R(w) 0] |PaE? — 7722 KEY Ty Py B
0 TP E 0 I —7 1T Py B
0.1 _ sz B+ %PAOK%YTD’WWEZ' + R (w)
_T*ITDfl]P)WEi ’

where we have used P4E* = O(8) and 7 = 62
We next consider Ay IAQAO_ ! to find the third-order approximation for Py, E. We
calculate, by (D),

(D.2)
| PE
2
Py Ei
= 1 AAT =
(TD‘W) < 2450 TflpwEl ,

Py E"
1P, B

Py E!

=—(Tplw)™! {(A2)2,1 (AEI 1p, B

) + (Az2)y 5 <A51

PAOEi+5R(W)>+O( ” )}

W — Wo

)

wWo

—~Tohw) {4y (502

w—wp)

Licensed to Chinese University of Hong Kong. Prepared on Tue Feb 27 02:50:24 EST 2024 for download from IP 137.189.49.142.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EM SCATTERING BY HIGH CONTRAST NANOPARTICLES 85

It is easy to compute (Ag(w)),, = —w2K39. Then it follows from ([.2) that

Py E?
AT ALATT =
( 0 M2Fo | —1p pi )
(D.3) ) 2 2
. wwo pwdp i 6
= 5oy Tolw) B P E +§R(w)+0(w_wo).

The proof is complete by the following error estimate:

)ol.

51 5

e S - ,
)~ o=l " o= woP

TP B
which is derived from (£I3) and (ZIG]).

H( — Ay +82A5 AAGT)

D.2. Proof of Theorem By the series representations (5.6]), (5.7)) and (5.8),
we first calculate the tangential traces of u on S from inside and outside B(0, 1):

Pl = VAT Y (= B g )V )+ i (0O )

m=—n

and

Z x u(x \Jr—zx/ (n+1) Z%”” (&) — npm V' (£),

m=—n

respectively. Similarly, we have the following tangential traces of V x u on S:

T x V x u Z vn ’I’L + 1 Z jn Oén mV, (i') + ikjn(k)ﬁn,mU:zn(j)v

m=—n
and

X VXE(@)|s=-— Z\/ (n+1) anynm (@).

m=—n

Matching the tangential traces of u and V X u from inside and outside B(0,1) gives

(D.5) [2((?) _nl] ﬁ:ﬂ N m ’

and

o e o] ] = i)

To complement the second linear system which involves three variables, we match
the normal traces of u inside and outside the domain, which yields ¢, ym = 5 mn(n+
1). Then, by substituting it into (D.6]), we obtain

(D.7) Likfi%k) —213 - 1] [522] B {8] '

It is easy to observe that equation (Bl with D = B(0, 1) has nontrivial solutions
if and only if one of the linear systems (D.5) and (D.7) is singular for some n,m,
equivalently, one of the determinants of (D.5) and (D7) vanishes:
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(D.9) jn(k) = 0.

If (D) holds for some n and k, then the system (D), as well as (5], has non-
trivial solutions, and hence the eigenspace of ICdB’?O 1 associated with the eigenvalue

A = k=2 contains a linear space spanned by {E,Z“’fn}n —_n- Similarly, in the case
where (D.9) holds, we can conclude (D.7) is singular and {EZM1n are the

n,mJSm=—n
linearly independent eigenfunctions of IC(;?O 1
to claim that (D.8)) is equivalent to j,—1(k) = 0. Indeed, by the recurrence re-
lation of Be.ssel funct.ions: jl(k) = jnil(k) - ".T“jn(k), we can rewrite (D) as
0= (n+1)jn(k) + kjn-1(k) = (n + 1)jn(k) = kjn_1(k).

To conclude, we have shown that if £ # 0 is a zero of some Bessel function j,
(n > 0) which must be real, simple, and symmetric with respect to the origin [I],

?0 1 with the eigenspace containing linearly

for the eigenvalue k2. We proceed

then k=2 > 0 is an eigenvalue of ICdB’
independent eigenfunctions:

n+1 n

(U EfE.)U(U ED) fornz1,

m=—n—1 m=—n

and

1
U E{ 2 forn=0.
m=—1

To prove that these eigenfunctions exactly span the corresponding eigenspace, we
need the Bourget’s hypothesis [59L[68], which states that the Bessel functions of the
first kind: J,(2) and J,,4m(2), with @ being rational and m being a positive integer,
cannot have common zeros except z = 0. It readily follows that j,(z), n > 0, have
no common positive zeros, which completes the proof.
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