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This work aims at providing a mathematical and numerical framework for the analysis
on the effects of pulsed electric fields on the physical media that have a heterogeneous
permittivity and a heterogeneous conductivity. Well-posedness of the model interface
problem and the regularity of its solutions are established. A fully discrete finite ele-
ment scheme is proposed for the numerical approximation of the potential distribution
as a function of time and space simultaneously for an arbitrary-shaped pulse, and it is
demonstrated to enjoy the optimal convergence order in both space and time. The new
results and numerical scheme have potential applications in the fields of electromag-
netism, medicine, food sciences, and biotechnology.

Keywords: Pulsed electric field; heterogeneous medium; well-posedness; numerical
schemes; finite element convergence.

AMS Subject Classification: 65M60, 78M30

1. Introduction

This work is concerned with a mathematical and numerical framework to help
in understanding and analyzing the effects of pulsed electric fields on the phys-
ical media that have a heterogeneous permittivity and a heterogeneous conduc-
tivity. The governing system involves an electric interface model, which may find
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wide applications in electromagnetism, medicine, food sciences, and biotechnology.
A direct example is that the electrical properties of biological tissues and cell sus-

41921 214 a

pensions determine the pathways of current flow through the medium,
biological tissue is described as having a permittivity and a conductivity.2® The con-
ductivity can be regarded as a measure of the ability of its charge to be transported
throughout its volume by an applied electric field while the permittivity is a mea-
sure of the ability of its dipoles to rotate or its charge to be stored by an applied
external field. At low frequencies, biological tissues behave like a conductor but
capacitive effects become important at higher frequencies due to the membranous
structures.?5:26

Our goal is to study the electric behavior of a physical medium under the
influence of a pulsed electric field. It is of great importance to understand the
effects of the pulse shape on the potential distribution in the medium. We pro-
vide a numerical scheme for computing the potential distribution as a function
of time and space simultaneously for an arbitrary-shaped pulse. Our results are
expected to have important applications in neural activation during deep brain
simulations,% 12 debacterization of liquids, food processing,?® and biofouling preven-
tion.2* Our numerical scheme can also be used for selective spectroscopic imaging
of the electrical properties of biological media.? It is challenging to specify the pulse
shape in order to give rise to selective imaging of cell suspensions.14:16

The paper is organized as follows. In Sec. 2, we introduce the model equation
and some notations and preliminary results. We recall the method of continuity
and the notions of weak and strong solutions. Section 3 is devoted to existence,
uniqueness, and regularity for the solutions to the model interface problem. We
first derive an a priori energy estimate, then prove existence and uniqueness of the
weak solution. Finally, we investigate the interface problem where the conductivity
and permittivity distributions may be discontinuous or have large jumps across the
medium interface, which is a common feature of biological media. It is shown in
Sec. 3 that the solution to the interface problem has a higher regularity in each
individual region than in the entire domain. This regularity result is critical for our
further numerical analysis. In Sec. 4, we investigate the numerical approximation
of the solution to the interface problem. Assuming that the domain is a convex
polygon, we present a semi-discrete scheme and show its error estimates in both
H'- and L?-norms. With these estimates at hand, we then process to propose a
fully-discrete scheme and establish its error estimates in both H'- and L2-norms.
It is worth mentioning that both semi-discrete and fully discrete scheme achieve
optimal convergence order in both H'- and L?-norms, provided that the interface
is numerically resolved.

Let us end this section with some notation used in this paper. For a domain
U C R" (n = 2, 3), each integer k& > 0 and real p with 1 < p < oo, WkP(U)
denotes the standard Sobolev space of functions with their weak derivatives of
order up to k in the Lebesgue space LP(U). When p = 2, we write H*(U) for
WHk2(U). The scalar product of L2(Q) is denoted by (-,-). If X is a Banach space
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with norm |[|-|x and J C R is an interval, then L?(J; X) represents the Banach
space consisting of all square integrable functions f : J — X (in Bocher sense) with
norm: || f ()l z2(s;x) = ([ £ ()]|%dt)'/?. We denote by H'(.J; X) the space of all
functions u € L?(J; X) such that u’, the weak derivative of u with respect to time
variable, exists and belongs to L?(J; X), endowed with the norm |ju|g1(s,x) =
(HuHiz(J;X) + ||u'H%2(J;X))1/2. For 1 < i, j < n, we write D;u = du/0x; and
D ju = 0*u/dx;0x;. For w € H'(U) and f € H'(J; H'(U)), we also set the
semi-norms |u| g1y = ||Vl 2y and |flr2m w0y = (f; | f(t) fil(U)dt)l/Q. For
ease of notation, we do not always distinguish between the notation of u, w(t),
u(t,z) and wu(t, ). Sometimes, the notation is not changed when a function defined
on () is restricted to a subset. For the sake of brevity, we systematically use
the expression A < B to indicate that A < CB for constant C' that is inde-
pendent of A and B. In some special cases, we may specify more the constants
involved.

2. Preliminaries

Let ©Q be a bounded domain in R™ (n = 2, 3) with a Lipschitz boundary, and o
and ¢ the conductivity and permittivity distributions inside 2. We assume that
o and ¢ belong to L°°(). Biological tissues induce capacitive effects due to their
cell membrane structures.?’ When they are exposed to electric pulses, the voltage
potential u is a solution to the following time-dependent equation!®22:

=V - (o(x)Vul(t,z) + e(x)Vu'(t,2)) = f(t,x), (t,x) € (0,T) x Q,
u =0, (t,x) € (0,T) x 09, (2.1)
u(0, z) = uy, r € Q,

where ug is the initial voltage, T is the finite terminal observation time and f €
L2(]0,T[; H-(Q)) is the electric pulse.

The goal of this work is to establish the well-posedness of the model interface
system (2.1) and derive a fully discrete finite element scheme for the numeri-
cal solution of the system. Of our special interest is the case when the physi-
cal coefficients are discontinuous in 2, namely they may have large jumps across
the interface between two different media, which is a common feature in appli-
cations, and the conductivity distribution o(z) does not need to be bounded
below strictly positively. As far as we know, this is the first mathematical and
numerical work on pulsed electric interface fields in capacitive media. The main
difficulty comes from the fact that (2.1) does not belong to the well-studied
classes of time-dependent equations. Our results in this paper have potential
applications in cell electrofusion and electroporation using electric pulses and in
electrosensing. 22

In this section, we first introduce some notions and preliminary results. For the
sake of brevity, we write I = ]0,T[, H = L?(Q2), V = H}(Q) with its dual space
V= H YQ) and X = H} () N H%(Q). Clearly, V C H C V' is a triple of spaces
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e.g. Chap. 1 in Ref. 27), i.e.:

(
(1) the embeddings V C H C V' are dense and continuous;
(2) {V',V} forms an adjoint pair with duality product (-, )v’/xv;
(3) the duality product (-,-)v'xv satisfies
(u,vV)vixy = (u,v), YueH, veW
We also introduce two bilinear forms a; (u,v) and az(u,v) on V as follows:
a1 (u,v) :/ o(z)Vu(x) - Vo(x)dz, u,veV,
¢ (2.2)
as(u,v) = / e(z)Vu(x) - Vu(x)dz, wu,veV.
Q

Next, we define the weak and strong solutions to Eq. (2.1). We adapt the widely
used notions of weak and strong solutions of parabolic equations.?

Definition 2.1. Let ug € V and f € L*(I;V’). A function v € H*(I;V) is called
a weak solution of (2.1) if u(0) = ug and it satisfies the following weak formulation:

a1 (U(t, ')’ U) + a2(u/(t’ ')’ U) = <f(t’ ')’ U>V’><V (23)
for all v € H}(Q) and a.e. t € 1.

Definition 2.2. Let f € L*(I; H) and ug € X. Then, a function u € H'(I; X) is
called a strong solution of (2.1) if u(0) = up and the relation

=V - (o(z)Vu(t,z) + e(z)Vu' (¢, 2)) = f(t,x) (2.4)
holds for a.e. t € I and a.e. x € (.

Remark 2.1. Let X be a Banach space. From Proposition 7.1 in Ref. 23 we know
that H'(I; X) € C(I; X) continuously and
sup [[u(@®)llx < llullmrx)- (2.5)
tel
In particular, we have that u € C(I; V) for u € H'(I; V).

To prove the existence below, we will use the so-called “method of continuity”,
whose key tool is the following lemma.!!

Lemma 2.1. Let X be a Banach space, Y a normed linear space, and Lg, L1 two
bounded linear operators from X toY. For each A € [0,1], set

Ly=(1—MALo+ ALy,

and suppose that there exists a constant C' such that
|zl x < C||Laz|y, YzeX, Ael0,1].
Then Ly maps X onto Y if and only if Lo maps X onto Y.
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Let u be a function in a domain U C R™, W € U and e; the unit coordinate
vector in the xj direction. We define the difference quotient of w in the direction
€L by
u(x + hey) — u(zx)

h

for x € W and h € R with 0 < |h| < dist(W,0U). We will use the following
lemma in the proof of Theorem 3.3, concerning the difference quotient of functions

Diu(z) = (2.6)

in Sobolev spaces.!!

Lemma 2.2. Suppose that u € H'(U). Then for each W € U,
1.
| Dpull 2wy < | Drulley, Vh:0<|h] < 5 dist(W, 00).

We end up with an analogue of Lemma 7.24 in Ref. 11, and provide an outline
of its proof.

Lemma 2.3. Letu € L%(I; L*(U)), W € U and suppose that there exists a positive
constant K such that || Djullp2(r;2wyy < K for all 0 < |h| < 3dist(W,0U). Then
| Drullp2re2owy) < K.

Proof. Banach-Alaoglu theorem implies that there exists a sequence {hn,}5°_;
with f,, — 0 and a function v € L*(I; L*(W)) such that [[v]| 25, z2(w)) < K, and
for any ¢ € C§5°(W) and o € C§°(I),

// @Dh’” t)dxdt — // t)dxdt as m — oo.

On the other hand, we have

// u(t)dzdt
—/I/W a(t)u(t)D; " pdadt — // (t)Dypdxdt,

as m — 0o. Hence, we have

// (t)Dio + v(t) ) dadt = 0,

Using the arbitrariness of o and ¢, we know for a.e. t € I, v(t) = Dyu(t) in weak
sense, hence v = Dyu in L*(I; L*(W)). m|

Lemma 2.4. Let U C R" be a domain and 1 < i < n. If u € HY(I; L*(U)),
D' € L*(I; L*(U)) and D;u(0) € L*>(U), then Dyu € L*(I; L*(U)) and

IDiullL2r;r2wy) S 1D |22y + [1Diw(0)] 2w



Math. Models Methods Appl. Sci. 2016.26:601-625. Downloaded from www.worldscientific.com
by CHINESE UNIVERSITY OF HONG KONG on 02/28/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

606 H. Ammari, D. Chen € J. Zou

Proof. Since u € H(I; L?(U)), we have
t
u(t) = u(0) —|—/ u'(s)ds, Vtel.
0

By Fubini’s theorem, we know that for any ¢ € C§°(U),

/Uu(t)Diqux:/Uu(O)Diqux—f—/U/Otu’(s)Diqusdx

_ /U (Diu(O)—i— /0 t Dm’(s)ds)qbdm

which implies that
t
D;u(t) = D;u(0) —|—/ D' (s)ds.
0

This completes the proof. O

3. Existence and Regularity

We now introduce a basic assumption for the existence and uniqueness of weak
solutions to (2.1).

(A1) o, e € L*>(Q), and there exist two positive constants m and M such that
0<o(x) <M and m <e(x) <M for a.e. z € Q.

Let us recall that there exist two operators A;, Ay : V. — V' associated with
the bilinear forms a4 (-, -) and as(, -), respectively, i.e.

(Aru, v)vixv = ai(u,v), (A, v)vixy = az(u,v), u,veV.

From Theorem 1.24 in Ref. 27 we know that A; is a bounded operator and satisfies
the following estimate

[Avullv: < M|ully, YuevV, (3.1)
and As is actually an isomorphism from V to V' and satisfies

m|ullv < || Agu|lv < Mully, YueV. (3.2)

3.1. Ezistence and uniqueness of weak solutions

In this subsection, we prove the existence and uniqueness of the weak solutions to
(2.1). The first auxiliary result is the following a priori estimate, which lays the
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foundation for our subsequent existence and regularity results of weak solutions
to (2.1).

Theorem 3.1. Let f € L*(I; V'), up € V and u be the weak solution to (2.1).
Under the assumption (A1), we have

T
| [ vwdsdt + sup (IR < 111y + ol (33)
0JQ tel
and
Julln vy S 12y + ol (3.)

Proof. Choosing v =’ in (2.3) and integrating over (0,7"), we obtain

T T
//(aVu(t)-Vu’(t)+E|Vu’(t)\2)dxdtg/ @Ol e @ lvdt.  (3.5)
0JQ 0

From this and the identity that

T
| [ ovut - vutdsi = SOVFTUTE ~ 1VETuO).

it follows that

T T
/ / |V (1) Pdudt < / 17Ol Il ()]l dt + Mol (3.6)
0JQ 0

Using Young’s inequality, we have
||U'||L2(1;V) S fllz2svey + llwollv-

From Lemma 2.4 and Remark 3.2, the desired results follow immediately. O

With estimate (3.4) in hand, we can prove the first existence result of (2.1).

Theorem 3.2. Let f € L*(I; V') and ug € V. Under the assumption (A1), Eq. (2.1)
admits a unique weak solution.

Proof. We first establish the result for vy = 0. The uniqueness is nothing but a
direct consequence of Theorem 3.1. We use Lemma 2.1 to prove the existence. First,
we construct a linear operator £ : Hi(I; V) — L?(I; V') by setting

(Lu)(t) == Au(t) + Ao (), Vu e HYLV),
where Hg(I;V) is defined by
Hy(I;V) = {u e H'(I;V);u(0) = 0}.

It is a closed subspace of the Banach space H'(I; V), since H(I;V) € C(I;V)
continuously. From (3.1) and (3.2) it follows that

| Lullp2(r,vry < M|ull g rivy,

which implies that £ is well-defined and continuous.
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For each A € [0, 1], we introduce a linear operator £y : H}(I; V) — L*(I; V') as
follows:

Lou:=Nu+ (1 — N Lou, Yuec Hy(I;V),

where we set Lou = —Au— Au/ for u € H}(I; V). Here (—A) is seen as an operator
from V to V'’ and it is actually an isomorphism (cf. Theorem 2.2 in Ref. 27).

Let on = Ao+ (1 — AN)xq and ey = de + (1 — A)xq for A € [0,1]. Then the
functions o) and ey satisfy

m’ = min{m, 1} <e)(x) < M’ :=max{M,1} fora.e. z€Q
and
0<ox(z) <M forae ze.

Then, an application of Theorem 3.1 yields that there exists a positive constant C,
depending only on m/, M’ and T, such that

lullzr vy < CllLaullzyy Yu € Hy(I; V).

In view of Lemma 2.1, it remains to prove that the mapping Lo : H}(I; V) —
L2(I; V") is onto. To this end, for an arbitrary f € L?(I; V'), we construct a function
w(t) == fot e~ tT5h(s)ds for t € I, where h(s) = (—A)~1f(s) for s € I. Since
(—A)~!: V' — V is bounded, we have that h € L?(I;V) and hence w € H*(I; V).
Moreover, a direct computation yields w(0) = 0 and —Aw’(t) — Aw(t) = f(¢) for
t € I, which ensures that Lg is onto. Therefore, we can conclude that the method
of continuity applies and Theorem 3.2 holds for ug = 0.

For ug # 0, we choose w € H'(I;V) such that w(0) = up and write f* =
Ajw + Asw’. Clearly, f* € L?(I;V'). Then the proof above for ug = 0 confirms the
existence of a unique function v € H'(I; V) such that v(0) = 0 and

Ao+ Agv' = f — f*.

Therefore, the function u := w + v is the desired weak solution. O

3.2. Regularity of the solutions to the interface problem

In this subsection, we consider the regularity of the weak solution for (2.1), which
is important not only for its theoretical interest but also for the subsequent numer-
ical analysis. Of our prime concern in this paper is the case when the coefficients
o(x) and e(z) are discontinuous, and the conductivity distribution o(z) in (2.1) is
unnecessary to be bounded below strictly positively. This feature is common to bio-
logical applications. Due to the (possibly sharp) jumps of o(z) and e(x) across the
medium interface, the solution to (2.1) does not expect a desired global regularity
like H2(2), but it is shown in this section that this H?-regularity is true locally
in each medium region €; for i« = 1, 2. And such local H2-regularity is proved
sufficient in the next section for us to establish the desired optimal convergence
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order for finite element approximations. As we are not aware of proofs of such local
regularities for time-dependent PDEs with large jumps in coefficients in literature,
even for standard parabolic equations, we will present a rigorous proof here for the
non-standard time-dependent PDE (2.1). We start with the introduction of some
standard assumptions.

(A2) Q consists of two C2-subdomains Q; and Qy with Q; € Q, Q3 := Q\Qy;
(A3) &; == ¢lq, and 0, := olq, are continuously differentiable in Q; (i = 1,2).

The interface problem (2.1) is often complemented with the following physical
interface conditions:

t "(t
[u(®)]=0 onIxT, Uag—l(/) + 581(;—15)] =0 onlxT, (3.7)
where T' := 99 is the interface, and [u(t)] := u1|r — u2|r, [aagf) +5% =

Auq (t) Aus (t) Ouy(t) Oub(t) ] L.
017, to2=5, =~ te1—5, =+~ on T". Here u; stands for the restrictions of

u to Q;, and 0/0v; denotes the outer normal derivative with respect to Q;, i =1, 2.
To deal with the interface problem, we introduce a Banach space

Y={ueV;u € H?(),i=1,2}

with the norm
lully = lullv + [luill g2(0,) + llullaz@,), Yu €Y.

Definition 3.1. Let f € L?*(I; H) and ug € Y. A function u € H'(I;)) is called a
strong solution of (2.1) with the jump conditions (3.7) if u(0) = ug and the relation

—V - (o(2)Vu(t,z) + e(z)Vi'(t,x)) = f(t, ) (3.8)
holds for a.e. t € I and a.e. z € ; (i =1,2).

Before proving the existence of a strong solution to the interface problem, we
first establish the following result.

Lemma 3.1. Let u be the weak solution of (2.3). Assume that f € L*(I; H), ug €
Y, u € Hl(I; V), Q1 and 009 are Lipschitz continuous. Then u is a strong solution
for (2.1) and (3.7).

Proof. We obtain, upon integration by parts, that for a.e. t € I,

/ (=V - (oVu+eVu')v — fv)dx
Q;

= / (oVu-Vv+eVu-Vu— fo)yde, Yve Hi(Q),
Q;
which implies that
=V (o()Vult,z) +e(x)Vu'(t,x)) = f(t,2)

holds for a.e. t € I and a.e. x € Q; (i = 1,2). It remains to show that the weak
solution also satisfies the jump conditions (3.7). By integration by parts we have
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forae. tel,

0= / (=V - (6Vu+eVu')v — fo)dz
Q1UQs

:/(aVu-Vv—i—EVu-Vv—fv)dx—/
Q

r

ou o'
[05 + sa—y} vdr, VYveV.

From this and the definition of weak solutions it follows that

ou ou’
/[ 8y+eay}vdx20, YvelV.

The arbitrariness of v shows that u satisfies the second jump condition in (3.7).
The first condition in (3.7) is a direct consequence of the fact that w € H(I; V).
This completes the proof. O

From the lemma above, we know that the key point is to get the regularity of
the weak solutions, which is the main subject of the following theorem.

Theorem 3.3. Let f € L*(I; H) and ug € Y. Under the assumptions (A1), (A2)
and (A3), the interface problem (2.1) and (3.7) admits a unique strong solution u,
which satisfies

lull e iy S I lz2 ey + llwolly-

Proof. From Corollary 3.2, there exists a weak solution u € H(I; V) to (2.1). In
view of Lemma 3.1 and Theorem 3.1, it suffices to show that w € H'(I;Y) and

lull g9y S Nullar vy + 1 2wy + lluolly-

The proof is divided into two parts. We only show that u|o, € H?(£;), since
the result that u|g, € H?(Q3) can be proven in the same way. Henceforth we
denote by C' a generic constant that depends only on the cut-off functions, the final
observation time 7" and the coefficients € and o, and is always independent of the
size of the difference parameter h in (2.6).

We first establish the interior regularity of the solution and its desired estimate.
Let U € € and choose a domain W such that U € W & ;. We then select a
cut-off function n € C§°(W) such that n = 1 on U and vanishes outside of W.
Now let |h| > 0 be small, and e be the unit coordinate vector in xj direction
for k € {1,...,n}, and define a function v = —D, "(n®?D}ju’) (see (2.6) for the
definition of D). Clearly, we know v(t) € H{ (1), hence also to V for t € I. Now,
letting 0" (x) = o(z + heg), e"(x) = e(x + hey) for x € W, substituting this v into
the left-hand side of (2.3), and integrating it over I, we find that

A= / (a1(u )) + az(u'(t),v(t)))dt

// DI oVu(t)) - VDI (1)) + DEEVH (1)) - V(2 Dl (t))) dadt
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/ / MRV DI () - VDI () + MV DI (8) - VD)) dadt

+ /1 /W(znngp’gu’(t)vu’(t) -V + 2DV (t) - VDI ()
+ 2"y DI/ (H)V DI (t) - Vi) dadt
+ / / (2nDro DM/ (1) Vu(t) - Vi + n? DiaVu(t) - VDM (t)
+ 20" D (H)V DRu(t) - V) dadt

= (I + )2+ ()3

We now estimate (J),, (J),, and (J)5 one by one. It is easy to see that
1
@ =5 [ " IVDpu()Pds
w

1
21 / o2 [V Dlu(0)[2dz + / / |V DM (1) 2dzdt. (3.9)
2 Jw 1Jw
We note that there exists a constant K > 0 such that |Dfo(z)] < K and

Dhe(z)| < K forallz € W and 0 < |h| < £ dist(W, 9€,). Using Young’s inequality
k 2
and Lemma 2.2, we obtain

1(3),] < T// n2|vp;;u/(t)\2da:dt+c// Vo () 2dadt. (3.10)
5 IJwW 1JQ
Similarly, we can derive
[(3),] < T// n2|VD,’;u'(t)\2dxdt+5// 2|V Diu(t)[2dadt
5 JrJw 1Jw
+C//(|Vu(t)|2+ |V (t)[?)dxdt, (3.11)
I1JQ

where ¢ is a positive constant to be specified later. An interplay of Lemmas 2.2 and
2.4 implies that

/ NV Dlu(t)[2dx < C’ (/ \VDku(O)\de—i—// VDku'(s)|2d:cds)7 Vtel,
w Q 1JQ

with some constant C’ > 0, whence (3.11) ensures that

)a| < _// VDM (1) 2dadt
+C/I/Q(|Vu(t)|2+|Vu’(t)\2)da:dt, (3.12)

if § is chosen small enough, say § = m/(5TC").
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On the other hand, using Young’s inequality and Lemma 2.2 again, we deduce

B:= //f t)dxdt
< m// 7? |V D ( |2dxdt+0<// (IF @) + V' () )dxdt+||u0||§,>.

Since A = B, we combine (3.9) with (3.13) to get

2
m// 2|V DR () P dadt
< _// 27 Dl (1) 2 dadt

2 / 2 2 9
+C</I/Q(Iw(t)| + VU (@) + £ ()] )dxdt+u0||y>7 (3.13)

which implies
3 / | DR D! (8)]2 0yt < / U (12 + @2 + 1 O3 d + uol?
=1

for all k = 1,2,...,n and sufficiently small |h| # 0. By applying Lemmas 2.3 and
2.4, we come to

[l (2 wyy S W2y + el vy + lluolly- (3.14)
Next, we establish the boundary regularity and the desired estimate. We first
use the standard argument to straighten out the boundary, i.e. flattening out the
boundary by changing the coordinates near a boundary point.!! Given xo € 9§,
there exists a ball B = B, (o) with radius r and a C2-diffeomorphism ¥ : B —
U(B) C R™ such that det|V¥| = 1, U’ := ¥(B) is an open set, ¥(BNQ;) C R’ and
U(BNoSY) C ORY, where R”} is the half-space in the new coordinates. Henceforth
we write y = U(z) = (V1(z),...,P,(x)) for z € B. Then we have {y, > 0;y €
U} =9(BNQ). Let ® =V~ Bt = B (zo) N1, G = ¥(Bz(w0)) and Gt =
U(BT), then we can see G € U’ and GT C G. We shall write D;w = dw/dy;
for i = 1,...,n, and w(y) = u(®(y)), f(y) = f(®(y)) for y € U'. Now using the
transformation function ¥, the original equation on I x B can be transformed into
an equation of the same form on I x U’ i.e. for a.e. t € I,

/ ZU”DU) Dv—!—stDw t)Djv dy—/ f(t)vdy (3.15)

i,j=1 i,j=1
for v € H}(U’), where the coefficients 6;;(y) and £;;(y) are given by:

() 1= > o (@(0) @) T2 (),

r=1

(3.16)

) = Y =000 S (@) T2 (@)

r=1
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for 1 <i,5 <nandy e U’ It is not difficult to see that

&g =mle?, Y 6i)6& >0, Y(y,&) €U xR (3.17)
i,j=1 i,j=1

Choosing a domain W' such that G @ W’ & U’, we then select a cut-off function,
which is still denoted by 7, such that 7 = 1 on G and vanishes outside W'. Now let
|h] > 0 be small, and é; be the unit coordinate vector in the yj direction for k €
{1,...,n — 1}. In the sequel, Dz stands for the difference quotient in the direction
éx. We observe that there exists a constant K’ > 0 such that |D}6; j(y)| < K’ and
|Dl'; j(y)| < K’ for a.e. y € W/, all 0 < |h| < 3dist(W/,0U’) and 1 < i, j < n.
Then, a natural variant of the reasoning leading to (3.13) shows that

sz /1 / / (Z nQ(DZDiw’(t)F)dydt
<% /1 / / <;772(DZDiwl(t))2>dydt

+C /I(Ilw(t) s @y + 10 O3 0y + 1F Ol 22wyt

+ C||w(0)HH2(UQuU'+),
where Hw(O)||H2(U/_U(]_/*_) = ||w(O)HH2(U/_) + ||w(O)HH2(U_/*_) with U—/i- =U’ O]Ri and
U’ =U"\U,. We can derive from the resulting inequality that

3 / | DD (8)]2
=1

S /I(”w/(t)H%{l(U/) + lw®)Fn @y + Hf(t)||2L2(U’))dt + [w(O)] g2 (07 Loy

for k =1,...,n — 1 and all sufficiently small |h| # 0, where we have also used the
fact n = 1 on GT. Using Lemma 2.3, we have

Z | Dijw| m(r;z2(a+y)

1<i,j<2n
S ez + lwllm g ) + lwO) 2w ovy, — (3.18)

where D; jw = D;Djw. From (3.15) we obtain upon integration by parts that for
ae. tel,

/ G Dnw(t) Dy + Epn Dpw (1) Dy ody
G+

= [ {f0+ X pepuun+ 3 DieuDut) |edy

1<4,5<2n 1<4,5<2n
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for any ¢ € C5°(G™). Noting that 6;; and é;; are both continuously differentiable in
G and the estimate (3.18), the right-hand side of the equation above is well-defined
and so we find that for a.e. t € I, the weak derivative of &, Dy w(t) + € Dpw’ (t)
with respect to y, exists and it satisfies

—Dy (6pnDpw(t) + Epn Dy’ (t))
= f(t) + Z D;(é;;Djw'(t)) + Z D;(6;;Djw(t)). (3.19)

1<4,5<2n 1<i,j<2n

For the sake of brevity, we write g := &,,, HD ,w, where

H(t,y) := exp(Z::((zyji t) (t,y) € I x GT.

It follows readily that H is strictly positive and H € C1(I x GT). Equation (3.19)
ensures that for a.e. t € I,

qg'(t p . .
_Dn (%) = f(t) + Z Di(eiijw/(t)) + Z Di(aiijw(t)). (320)
1<i,j<2n 1<i,j<2n

A direct computation yields for a.e. t € I,

Do’ (0 = 25 a0

—H@) [ f0)+ D DileyDaw' () + Y Di(6i5Djw(t))
1<i,j<2n 1<i,j<2n
Since ||gl| z2(r;2(a+y) S 1wl g ;81 (6 +)), We infer from this and (3.18) that
1Dng’ || L2 (1:02(G+))
S ||fHL2(I;L2(U')) + |l gm0y + ||w(O)HH2(U/_uU;)- (3.21)
As ||Dng(0)]] < HIU(O)HH%U;), an application of Lemma 2.4 yields
1 DngllL2(r;L2(6+))
Sz ez + @l g gem @y + w2 vvr).  (3.22)
We can then conclude from (3.21) and (3.22) that
1Dl g r:e2 6y S I Fllzzez @y + 1wl a a wn) + 10O a2 o)

Combining this with estimate (3.18), and transforming w back to u in the resulting
inequality, we find

Null gz By S W2y + lullz vy + lluolly- (3.23)

By choosing a finite set of balls {B,, /2(z;)}., such that it covers the boundary
and then adding the estimates over these balls, we obtain the desired result. O
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Using the standard arguments (cf. Theorem 3.2.1.2 in Ref. 13) with some natural
modifications and the estimates above, we can prove the following regularity result
in a general convex domain.

Theorem 3.4. Let f € L*(I;H) and ug € Y. Assume that Q is a bounded and
conver domain, Q1 € Q a C?-subdomain, and that (A1) and (A3) hold. Then, the
interface problem (2.1) and (3.7) admits a unique strong solution, which satisfies

Null gy S I flz2csmy + [luolly- (3.24)

3.3. Existence of a strong solution for smooth coefficients
For the case with smooth coefficients, if we use
(A4) 09 is C? and o, € C1(Q),

instead of (A2) and (A3), then we can obtain a better regularity result as follows,
using the same argument as in the proof of Theorem 3.3.

Theorem 3.5. Let f € L?(I; H) and up € X. Under assumptions (A1) and (A4),
Eq. (2.1) admits a unique strong solution u, which satisfies the following estimate:

Nl zr sy S NNl L2y + lluoll 2

Remark 3.1. By the standard semigroup theory,?” we may achieve a better esti-
mate, i.e. under the assumptions of Theorem 3.5, we have u € C1([0,T]; X). That
is, u is a classical solution.

4. Finite Element Approximation and Error Estimates

In this section, we propose a fully discrete finite element scheme to approximate
the solution of the interface problem (2.1) and (3.7), and establish its optimal con-
vergence under the minimum regularity assumptions on the given data. To do so,
we first consider an auxiliary semi-discrete finite element scheme for the concerned
interface problem and develop its optimal convergence, which will lead to the opti-
mal convergence of the fully discrete scheme.

Unless otherwise notified, we assume below that f € L?(I; H) and ug € ). For
the sake of exposition, we further make the following assumptions:

(A5) Q is a convex polygon or polyhedron in R"™ with n =2 or 3, and ; € Qis a
domain with C2-boundary.

(A6) The coefficients € and o are constants in each domain, namely, € = ¢; and
o=o0;in Q;, 1 =1,2, where ¢; and o; are two positive constants.

Clearly, assumption (A6) implies (Al). It follows from Theorem 3.4 that there
exists a strong solution to the interface problem (2.1) and (3.7).

Remark 4.1. For the sake of exposition, we assume that €2 is a convex polygon
(if n = 2) or a convex polyhedral domain (if n = 3). The actual curved boundary
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can be treated in the same manner as we handle the interface I' in our subsequent
analysis of this section.

We now introduce a triangulation of the domain 2. First we triangulate
using a quasi-uniform mesh 7,' with simplicial elements of size h, which form a
polyhedral domain €2 5,. By a quasi-uniform mesh, we mean

h<hxg<h, KecT}, (4.1)

where hy :=1/2diam K and h := minKeTlg pr With pg being the maximal radius
such that B, (bx) C K. Here B,, (bx) denotes the closed ball of radius px cen-
tered at the barycenter of the element K .'® We also require that the triangulation
Thl is done such that all the boundary vertices of €25 5, lie on the boundary of ;.
Then we triangulate Q2 using a quasi-uniform mesh 7,2 with simplicial elements of
size h, which form a polyhedral domain Q9 5. The triangulation 7,2 is done such
that all the vertices of the outer polyhedral boundary 02 are also the vertices of
5 1, while all the vertices on the inner boundary of €2 5, match the boundary ver-
tices of 21 ,. More precisely, the triangulation 7, := 7,} U7,? satisfies the following
conditions:

(T1) @ =Uger, K;

(T2) if Ky,Ky € T; with Ky # Ko, then either K1 N Ky = 0 or K1 N K> is a
common vertex, an edge or a face;

(T3) for each K, all its vertices are completely contained in either 3 or Qo.

Now we define V}, to be the continuous piecewise linear finite element space on
the triangulation 7; and V,? the closed subspace of V}, with its functions vanishing
on the boundary 0f). Then we study the approximation of piecewise smooth func-
tions by finite element functions in V}. Clearly, the accuracy of this approximation
depends on how well the mesh 7}, resolves the interface I'. Following the notation
used in Ref. 18, we define, for A > 0 with A < min{dist(T",9), h/2}, a tubular
neighborhood Sy of ' by

Sy = {x € Q; dist(z, ") < A};

see Fig. 1. Then we decompose 7} into three disjoint subsets 7;, = %hl U Th2 U7,
where

I ={K € Tn; K C 0\S\}, i=1,2,

and 7, := T\ (7' UT?2). Furthermore, we write 7/ = {K € T.; K C ;US,}. And
we know 7.} N 72 = (). To see this, for any element K € 7.} N 72, it satisfies that
K C Sy by noting the fact that Oy N Qs = 0, thus B, (bx) C S\, which, together
with (4.1), implies h < A. This contradicts to the condition that 2\ < h, leading
to the conclusion that 7. N 7.2 = (). Furthermore, since I is of class C?, we know
from Ref. 18 that there exists A > 0 such that

A= 0(h?), (4.2)
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00 01 02 03 04 05 06 07 08 09 1

Fig. 1. An illustrative example of the finite element triangulation.

and 7, = T} U T2, provided that h is appropriately small. We may also refer to
p. 1890 in Ref. 7, pp. 180-181 in Ref. 8, and Ref. 10 for more details. Figure 1
illustrates an example of such decomposition.

For this triangulation, we have an important observation that ﬁi,h =U{K;K €
ﬁfu?}}'}, i=1,2ie T = ’Z;ZU’];’ The notation Sy not only quantifies how well the
mesh 7}, resolves the interface, but it also allows us to use the important auxiliary
results in Lemmas 4.2-4.4, which were established in Ref. 18 in the subsequent
analysis.

We note that the evaluation of the entries of the stiffness matrix involving inter-
face elements is not trivial in the three-dimensional case if the mesh is not aligned
with the interface.? So we shall adopt the following more convenient approximation
bilinear forms a; ,(-,-) : V xV —R:

2
ay p(u,v) = Z/ oiVu-Vodr and
i=1 " in

2
as,p(u,v) = Z/ e;Vu - Vodz.
i=1 7 Qin

To approximate the problem in space optimally, we introduce the projection
operator Qp : YNV — V. For each u € Y, let f* = —g;Au; in ;, i = 1,2, and
g*O: [5‘3—3]. Clearly, f* € H and g* € L?(T'). Then, we can define Q, : YNV —
V) by

azn(Qnu,vn) = (f* vn) + (g% vn), Vv e VY,

where (-,-) denotes the scalar product in L?(I'). We note that the right-hand
side L(-) := (f*,-) + (¢*,-) is independent of h. Thus, we can follow the proof
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of Theorems 4.1 and 4.8 in Ref. 18, which mainly focuses on the case when g* = 0,
to obtain the following result.

Lemma 4.1. We have

az(u,vp) = ag n(Quu,vp), Yo, € V. (4.3)
Moreover, for any u € Y, the following error estimate holds:

lu = Quullrr + hllu — Quullv < h?||ul|y-

Now, we present some auxiliary results. For the difference between the bilinear
form a;(-,-) and its approximated bilinear form a; ,(-,-), we have the following
estimate. See p. 27 in Ref. 18.

Lemma 4.2. Both a1 ,(-,-) and a2 n(-,-) are bounded, and asp(-,-) is coercive.
Moreover, the form afh(u,v) =a;(u,v) —a; n(u,v) (i =1,2) satisfies
jaf (u, 0)] S lulm sy [0l (sy)-

To estimate the energy-norm and the L?-norm of a function over Sy, we will
frequently use the following estimates (cf. Lemma 2.1 and Remark 4.2 in Ref. 18).

Lemma 4.3. For any u € V, we have

lullZz(s,) < Allullf- (4.4)
Moreover, for any u € ),

[uli s,y S Allull3, (4.5)
where || g1 (s, is the H'-semi-norm.

The following estimate is critical to the establishment of our main results
(cf. Lemma 4.5 in Ref. 18).

Lemma 4.4. There ezists a positive constant p independent of h such that
- A
lonllmsny S/ 3 lwnllm s, Y wn € Va.

4.1. Semi-discrete finite element approximation
and error estimates

We now consider an auxiliary semi-discrete finite element scheme for our considered
interface problem (2.1) and (3.7) and develop its optimal convergence, which will
lead directly to the optimal convergence of the fully discrete scheme in Sec. 4.2.

Problem (P}). Let u;(0) = Qnuo. Find u, € H'(I;V)?) such that for a.e. t € I,
arpn(un(t),vn) + azp(up(t),vn) = (f(t),vn)vixy, Yo, € Vho. (4.6)

We first establish the following stability estimate, which will be used in the
subsequent analysis.
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Lemma 4.5. If f € L*(I;V') and uy, is the solution to Problem (P}), then we
have

Nunll mr vy S flL2svey + [1Qruollv-

The proof of this lemma is similar to that of Theorem 3.1, so it is omitted. We
are now in a position to establish the optimal error estimate of the scheme (Pj) in
the energy norm.

Theorem 4.1. Let u be the solution to the interface problem (2.1) and (3.7) and
up, the solution to Problem (Py,), then the following error estimate holds under the
assumptions (A5) and (A6):

| — vl g vy S AU L2y + llvolly)-

Proof. We first have the following decomposition:

[N

T
(/0 (lu(t) = un @) + o' (t) - u;l(t)llzv)dt>

2

T
< (/ (lu(t) = Quu)IT + llu'(t) — Qhu’(t)HQv)dt>
0

=

T
+ (/ (1Qnu(t) —un ()} + |Qnw'(t) — uz(t)}‘})dt>
0

=: (I); + (I),. (4.7)
Using Lemma 4.1 and Theorem 3.4, we obtain
(D S hllullaryy S hUF 2w + lluolly)-

It remains to establish a desired estimate for (I),. To this end, we first notice that
the function w := up — Qpu belongs to H'(I;V)?). In addition, using the identity
that (Qnru)' (t) = Qpu'(t) for a.e. t € I and the definition of v and uy, we find for
ae. tel,

a1 n(w(t),vn) + ag.n (W' (t),vn) = (F(t),vn)vixv, Yo, € VP,
where F(t) € V' for ¢ € I, defined by
(F(t),v)v/xy = a1(u — Qpu,v) + az(u’ — Qpu’, v)
+ a2 (Quu,v) + a5 (Quu’,v), YveV.
Analogously to Lemma 4.5, we derive

@y = lwlla vy S I1FL2@v)- (4.8)
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Thus, it remains to estimate ||F'[|z2(,y/y. For t € I and any v € V, we use
Lemma 4.2 to obtain

[(F@), v)vixv] S (Tu®) — Quu)llv + [Qru(t) | (sy)
+ W' () = Quu' ) lv + 1@ntt ()| 1. (s,) vllv,
which, together with the estimates:
|Qnu(t)|m(sy) < [w(t)|mr(sy) + [ut) — Qnult)|m(s,),
Qnt (8)m(s,) < [/ ()] (sy) + W () — Qut(8) [ m2s,),
implies that
I E 220y SNQnu — ullgar,vy + lull g (50)) -
Now Lemmas 4.1 and 4.3, together with Theorem 3.4, yield
I Fl 20y S (h+ \/X)(”f”LZ(I;H) + |luolly)-

From this, (4.2) and (4.8), the desired estimate for (I), follows readily. m|

Now, we shall derive the optimal L2-norm error estimate for the scheme
(Pp).

Theorem 4.2. Under the assumptions of Theorem 4.1, we have the following esti-
mate in L%-norm:

lw = unll2ersmy S P2(1flL2cm) + luolly)-

Proof. For the duality argument, we define w € H'(I;V) and wy, € H'(I;V?)
such that for a.e. t € I:

ar(w(t),v) — az(w'(t),v) = (u(t) — un(t),v), Vv eV,
Vo eV,

~
~—
<
=
|
—~
<
—~
~
~—
I
<
>
—
~
~—
<
=

a1 (wp(t), v) — az(w(

which satisfies w(T') = w,(T) = 0. That is, w*(t) := w(T — t) is the weak solution
of (2.1) with initial value w*(0) = 0 and f replaced by u — up. Then Theorem 3.4
implies that

lwll g (zyy S Nlu—unllp2z;m)- (4.9)

Using the same argument employed in Theorem 4.1 with a natural modification,
we find that

lw —wn || (1;v)) < hllw = unllL2c;m).- (4.10)
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By integration by parts with respect to the time variable, identity (4.3) and
taking advantage of the Galerkin orthogonality for w —wy, and e := u—wuy, we know
that

T
/ (a1 (e, wp) — az(e,wy,))dt
0
T
= /0 (a1(e,wn) 4 az(€e',wp))dt + az(u(0) — Qn(0), wn(0))

T
:/0 (—at (un, wn) — ag (ujy, wn))dt + a5 (Qru(0),wp (0)),  (4.11)
and for a.e. t € I,
ar(w(t) — wp(t),v) — ag(w'(t) — w)(t),v) =0, Yo VL. (4.12)

Applying (4.11) and (4.12) and integrating by parts with respect to time variable,
we obtain

T
lellZz(r.my = /0 (a1 (u = Qnu, w — wn) + az(u’ — Quu’, w — wy))dt

T
- / (a2 (un, wn) + a2y, wy) )t

+ay (Qnu(0), wn(0)) + az(u(0) — Quu(0), w(0) — wx(0))
=: (II); + (I)4 + (II),.

The rest of the proof can be done in a similar argument to that used for the
standard elliptic interface problem (see, e.g. Theorem 4.6 in Ref. 18). First by
applying the Cauchy—Schwarz inequality, Lemma 4.1, the regularity estimate (4.9)
and Theorem 4.1, we can establish the desired boundedness of (II);. Then we can
derive some necessary bounds of uj, w and wy, in H'(I; H'(S))) by means of
Lemmas 4.1-4.4, the regularity estimates (4.9), (4.10) and the condition 2\ < h,
and further estimate (II), and (II),, where the embedding result (2.5) is also needed.
The detailed proof can be found in Ref. 2. |

4.2. Fully discrete finite element scheme and error estimates

In this subsection, we are going to formulate a fully discrete finite element scheme
to approximate the solution to the interface problem (2.1) and (3.7). We shall use
the backward Euler scheme for the time discretization. Let us start with dividing
the time interval I into N equally spaced subintervals and using the following nodal
points:

0=t"<tl<... <tV =1,

where t" = nr for n = 0,1,...,N and 7 = T/N. For any given discrete time

N_,in V and a function g(w,t) which is continuous with respect to ¢,

1 n
sequence {u"},_
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we can define

E

T T n—1

n _ wnfl 1 t"
oruw" = ————, E":—/ g(-, s)ds, ()=g,t"), n=1,...,N.
t
Now, we propose a fully discrete finite element scheme to approximate the solu-
tion to the interface problem (2.1) and (3.7).
Problem (P, ). Let u) = Qpuo. For each n =1,2,..., N, find u} € V} such that
ar p(up,vn) + az,p(Orup, vp) = (]?",vh), Yoy, € V. (4.13)

For a discrete sequence {u}!}Y_; defined in Problem (P}, ;), we can introduce a
piecewise constant function in time by

up (1) =up() Yt e (" Ht"], n=1,2,...,N. (4.14)

Then, we say that up - is a solution of Problem (P, -), which is a fully discrete
approximation of the solution to the interface problem (2.1) and (3.7). In order to
compute the error between up r and wu, it suffices to establish the error between
up,r and wup, i.e. the solution of the semi-discrete scheme (4.6), since the error
between uj, and u has been studied in Sec. 4.1. To this end, we need the following
auxiliary result, which can be obtained by applying the Lax—Milgram theorem,
taking vy, = 270wy} in (4.15) and then using some standard arguments (see Ref. 2).

Lemma 4.6. Let {F,}_, be a time discrete sequence lying in V' and w9 = 0.
There exists a unique sequence {w’h‘}i\’:1 such that forn=1,2,..., N,

a,p(wy,vp) + az p(0-wy,vp) = (Fn, v)vixy, Yo € V,?. (4.15)

Moreover, the sequence {w}2_, has the following stability estimate:

N

n|2 < 2

s ol S 73 Il (416)
n—

From the lemma above we notice that Problem (P, -) always admits a unique
solution.

Lemma 4.7. Let up » and up, be the solution of Problem (P, +) and Problem (Py),
respectively, then under the assumptions (A5) and (A6) and the condition that f €
HY(I; H), the following estimate holds:

lun — wrnllz2vy S T(Hf/”L?(I;H) + 1l 2r;m) + lluolly)-

Proof. We first define a piecewise constant function in time such that uj (0) =
Qnrup and
uj, (- t) =ap(-), Vte (@ Lt", n=12,...,N.

Using Lemmas 4.1 and 4.5, it follows readily that

lun = uj, -Nz2vy S 7llunllm vy S 7O 25wy + uolly)- (4.17)
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Integrating (4.6) over (#"~1,#") and dividing both sides by 7, we have for n =
1,2,...,N,

al,h(ﬂﬁ,vh) + a27h(8ﬂ?2,vh) = (f",vh), Yo, € V,? (4.18)

Subtracting both sides of (4.18) above from those of (4.13), we can rewrite the
resulting equation as

arn(up —ay,vn) + a5 (0- (uy, — Up), vn)
= (fn — fn,’l)h) + al,h(ﬂz — ﬂh7vh)7 Yy € Vho.

The right-hand side of the equation above defines a functional on V' for each n =
1,2,..., N. Then we can apply Lemma 4.6, Theorem 4.1 and the triangle inequality
to obtain the desired result; see Ref. 2 for more details. O

From Lemma 4.7 and Theorems 4.1 and 4.2, the following result follows imme-
diately.

Theorem 4.3. Let u be the solution to the interface problem (2.1) and (3.7) and
Up,r the solution to Problem (Py, +), then under the assumptions (A5) and (A6) and
the condition that f € H'(I; H), the following estimates hold:

| —un+llz2vy S (0 +R) I flle2m) + Hf/HLz(I;H) + [luolly),
lu —unrllr2m S (7 + h2)(||f||L2(I;H) + ”fI”L?(I;H) + |luolly)-

5. Concluding Remarks

This work performs a systematic mathematical and finite element analysis on the
effects of pulsed electric fields on heterogeneous physical media. Under rather gen-
eral conditions on the given data, we have established the well-posedness of the
governing time-dependent electric interface problem and the regularity of its solu-
tions. Then we have proposed a fully discrete finite element scheme for the numerical
approximation of the solutions to the interface problem, and derived the optimal
error estimates of the finite element solution in both energy-norm and L2-norm.
Time-dependent interface problems are frequently encountered in scientific
computing and many applied sciences. The typical mathematical models are the
parabolic- or wave-type interface equations with discontinuous coefficients, which
arise when the physical processes involve two or more materials or media with differ-
ent properties, such as the bulk modulus in acoustic propagation or the conductivity
in heat diffusion; see Refs. 5, 7, 8 and references therein. We believe the new results
and numerical scheme here for a non-standard time-dependent interface problem
may motivate some further research directions, and find more potential applications
in the areas like electromagnetism, biomedicine, food sciences, and biotechnology.
For the sake of exposition and clarity, we have chosen to avoid a few rather
technical but practically important issues in the current work. But the theory of
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this work can be generalized in principle in two directions. First of all, general high-
order finite elements can be studied by combining the theory in this work with the
analysis in Refs. 17 and 18. Second, the model system in this work can be extended
to the following time-dependent interface problem of more general form:

—| Y. Di(oij(@)Djult,x)) + Y Dileij()Dyu!(t,2)) | = f(t, ), (5.1)
i,j=1 i,j=1
complemented with the interface conditions:

[u] = 0 {d—“ e

" |dNy  dNs

where g(t, ) is a known function representing the interface source strength, and two

derivatives du/dNy and du/dNs are given by du/dN, = szzl ai,j% cos(v, ;)

and du/dN; = 377, Ei,jg—; cos(v, z;). Naturally, the coefficients {o; ;(z)} and
{€i;(x)} in (5.1) are assumed to satisfy the similar conditions to (3.17).

] =g on the interface T,

Acknowledgments

The authors would like to thank the anonymous referees and the board member
for their many constructive and insightful comments and suggestions, which have
helped us improve the quality of the paper significantly.

The first author was supported by ERC Advanced Grant Project MULTIMOD-
267184. The third author was substantially supported by Hong Kong RGC Grants
(projects 14306814 and 405513).

References

1. H. Ammari, T. Boulier, J. Garnier and H. Wang, Shape recognition and classification
in electro-sensing, Proc. Natl. Acad. Sci. USA 111 (2014) 11652-11657.

2. H. Ammari, D. H. Chen and J. Zou, Well-posedness of a pulsed electric field model
in biological media and its finite element approximation, preprint (2015), arXiv:
1502.06803.

3. H. Ammari, J. Garnier, L. Giovangigli, W. Jing and J. K. Seo, Spectroscopic imaging
of a dilute cell suspension, preprint (2013), arXiv: 1310.1292.

4. A. Angersbach, V. Heinz and D. Knorr, Effects of pulsed electric fields on cell mem-
branes in real food systems, Innov. Food Sci. Emerg. Technol. 1 (2000) 135-149.

5. A. Bamberger, R. Glowinski and Q. H. Tran, A domain decomposition method for
the acoustic wave equation with discontinuous coefficients and grid change, STAM J.
Numer. Anal. 34 (1997) 603-639.

6. C. R. Butson and C. C. MclIntyre, Tissue and electrode capacitance reduce neural
activation volumes during deep brain stimulation, Clinical Neurophysiol. 116 (2005)
2490-2500.

7. K. H. Chan, K. Zhang and J. Zou, Spherical interface dynamos: Mathematical theory,
finite element approximation, and application, SIAM J. Numer. Anal. 44 (2006) 1877—
1902.

8. Z. Chen and J. Zou, Finite element methods and their convergence for elliptic and
parabolic interface problems, Numer. Math. 79 (1998) 175-202.



Math. Models Methods Appl. Sci. 2016.26:601-625. Downloaded from www.worldscientific.com
by CHINESE UNIVERSITY OF HONG KONG on 02/28/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Well-posedness and approxzimation of an interface model 625

P. G. Ciarlet, The Finite Element Method for Elliptic Problems, Classics in Mathe-
matics (SIAM, 2002).

M. Feistauer and A. ZeniSek, Finite element solution of nonlinear elliptic problems,
Numer. Math. 50 (1987) 451-475.

D. Gilbarg and N. S. Trudinger, FElliptic Partial Differential Equations of Second
Order, Classics in Mathematics (Springer-Verlag, 2001).

W. M. Grill, Modeling the effects of electric fields on nerve fibers: Influence of tissue
electrical properties, IEEE Trans. Biomed. Engrg. 46 (1999) 918-928.

P. Grisvard, Elliptic Problems in Nonsmooth Domains (Pitman, 1985).

C. D. Hopkins and G. W. M. Westby, Time domain processing of electrical organ
discharge waveforms by pulse-type electric fish, Brain Behav. Evol. 29 (1986) 77-104.
Q. Hu and R. P. Joshi, Transmembrane voltage analyses in spheroidal cells in response
to an intense ultrashort electrical pulse, Phys. Rev. E 79 (2009) 011901.

T. Kotnik, D. Miklavcic and T. Slivnik, Time course of transmembrane voltage
induced by time-varying electric fields — A method for theoretical analysis and its
application, Bioelectrochem. Bioenerg. 45 (1998) 3-16.

M. Lenoir, Optimal isoparametric finite elements and error estimates for domains
involving curved boundaries, STAM J. Numer. Anal. 23 (1986) 562-580.

J. Z. Li, J. M. Melenk, B. Wohlmuth and J. Zou, Optimal a priori estimates for higher
order finite elements for elliptic interface problems, Appl. Numer. Math. 60 (2010)
19-37.

G. H. Markx and C. L. Davey, The dielectric properties of biological cells at radio
frequencies: Applications in biotechnology, Enzyme Microb. Technol. 25 (1999) 161—
171.

D. Miklavcic, N. Pavselj and F. X. Hart, Electric properties of tissues, in Wiley Ency-
clopedia of Biomedical Engineering (John Wiley & Sons, 2006).

Y. Polevaya, I. Ermolina, M. Schlesinger, B.-Z. Ginzburg and Y. Feldman, Time
domain dielectric spectroscopy study of human cells II. Normal and malignant white
blood cells, Biochem. Biophys. Acta 1419 (1999) 257-271.

L. Rems, M. Usaj, M. Kanduser, M. Rebersek, D. Miklavcic and G. Pucihar,
Cell electrofusion using nanosecond electric pulses, Sci. Rep. 3 (2013) 3382, Doi:
10.1038 /srep03382.

J. C. Robinson, Infinite-Dimensional Dynamical System: An Introduction to Dissipa-
tive Parabolic PDEs and the Theory of Global Attractors, Cambridge Texts in Applied
Mathematics (Cambridge Univ. Press, 2001).

K. H. Schoenbach, F. E. Peterkin, R. W. Alden and S. J. Beebe, The effect of pulsed
electric fields on biological cells: Experiments and applications, IEEE Trans. Plasma
Sci. 25 (1997) 284-292.

H. P. Schwan, Mechanism responsible for electrical properties of tissues and cell sus-
pensions, Med. Prog. Technol. 19 (1993) 163-165.

J. K. Seo, T. K. Beral, H. Kwon and R. Sadleir, Effective admittivity of biological
tissues as a coefficient of elliptic PDE, Comput. Math. Methods Med. 2013 (2013)
353849.

A. Yagi, Abstract Parabolic Evolution Equations and Their Applications, Monographs
in Mathematics (Springer, 2010).

L. Yang, Electrical impedance spectroscopy for detection of bacterial cells in suspen-
sions using interdigitated microelectrodes, Talanta 74 (2008) 1621-1629.



