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at most two far-field patterns are sufficient for some important applications. Unique
identifiability by finitely many far-field patterns remains to be a highly challenging
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RESUME

Dans ce papier, nous présentons quelque nouveaux et intriguant résultats sur la
structure géométrique des fonctions propres de Laplacien et leur relations profondes
avec les comportements quantitatifs des fonctions propres en dimension deux.
Nous introduisons une nouvelle notation pour les lignes singuliéres généralisées des
fonctions propres de Laplacien. Nous étudions également avec précaution ces lignes
singuliére et ces lignes nodales. Les études relevent le fait que I’angle d’intersection
entre deux de ces lignes est fortement liée avec I'ordre d’atténuation de la fonction
propre sur le point d’intersection. Nous établissons une caractérisation quantitative
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précise et compleéte de ces relations. En gros, I'ordre d’atténuation est génériquement
infini si ’angle d’intersection est irrationnel, et 'ordre d’atténuation est fini si I’angle
d’intersection est rationnel. En effet, dans le second cas, ’ordre d’atténuation est
le degré de rationalité. Les résultats théoriques sont originaux et avoir des intéréts
significatifs dans la théorie spectrale. En plus, ils sont directement applicables sur
quelque problémes physiques de grandes importances, y compris le probléme inverse
de diffusion des obstacle et le probléme inverse de diffraction des grilles. Il est
démontré dans une configuration polygonale particuliére qu’on peut retrouver le
support d’un disperseur ainsi le parametre surfacique d’impédance par un nombre
fini de mesures des champs lointains. En effet, il suffit au plus deux mesures de
champs lointains pour certaines applications importants. L’identifiablité unique par
un nombre fini de mesures des champs lointains reste un probléme mathématique
difficile et fondamental dans la théorie de problémes inverses de diffusion.

© 2020 Elsevier Masson SAS. All rights reserved.

1. Introduction
1.1. Background

Laplacian eigenvalue problem is arguably the simplest PDE eigenvalue problem, which is stated as finding
u € L%(Q) and A € R such that

—Au = Au, (1.1)

where (2 is an open set in R?, under a certain homogeneous boundary condition on 82, such as the Dirichlet,
Neumann or Robin condition. There is a long and colourful history on the spectral theory of Laplacian
eigenvalues and eigenfunctions; see e.g. [18,66,67,21,29,30,40,44,52,5,64,69]. It still remains an inspiring
source for many technical, practical and computational developments [11,12,60-62,69].

In this paper, we are concerned with the geometric structures of Laplacian eigenfunctions as well as their
applications to inverse scattering theory. There is a rich theory on the geometric properties of Laplacian
eigenfunctions in the literature; see e.g. the review papers [32,44,26]. The celebrated Courant’s nodal domain
theorem states that the first Dirichlet eigenfunction does not change sign in €2 and the nth eigenfunction
(counting multiplicity) u,, has at most n nodal domains. In particular, a famous conjecture concerning the
topology of the 2nd Dirichlet eigenfunction states that in R?, the nodal line of us divides Q by intersecting
its boundary at exactly two points if  is convex (cf. [68]). A large amount of literature has been devoted
to this conjecture and significant progress has been made in various situations [59,46,54,3,31,63,24,33,22,
23,25,36,42]. The “hot spots” conjecture formulated by J. Rauch in 1974 says that the maximum of the
second Neumann eigenfunction is attained at a boundary point. This conjecture was proved to be true for
a class of planar domains [6], but the statement may not be correct in general; see several counterexamples
[7,13,10,34]. The hot spots conjecture was proved recently for a new class of domains (possibly non-convex
and non-Euclidean) [43]. Another famous longstanding problem in spectral theory is the Schiffer conjecture
which states that if a Neumann eigenfunction takes constant value on the boundary, then the domain must
be a ball. The Schiffer conjecture is closely related to the Pompeium property in integral geometry (cf.
[68]) and has also an interesting connection to invisibility cloaking (cf. [47]). In [27], the nodal set of the
second Dirichlet Laplacian eigenfunction was proved to be close to a straight line when the eccentricity
of a bounded and convex domain 2 C R? is large. On the other hand, one may also have some estimate
about the size of eigenfunctions, e.g., the size of the first eigenfunction can be estimated uniformly for all
convex domains; see [28]. Other geometrical characteristics may also be analyzed, e.g., the volume of a set
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on which an eigenfunction is positive [58], and lower and upper bounds for the length of the nodal line of
an eigenfunction of the Laplace operator in two-dimensional Riemannian manifolds [9,57].

As we see from the above, the study of the geometric structures of Laplacian eigenfunctions is intriguing
and challenging. We shall present some novel findings on the geometric structures of Laplacian eigenfunctions
and their deep relationship to the quantitative behaviours of the eigenfunctions in R2. Roughly speaking, we
consider the intersections of certain homogeneous line segments and their implications to the quantitative
analytic properties of the underlying eigenfunction. The specific geometric and mathematical setup of our
study is heavily motivated by our research into the inverse obstacle scattering problem, which is concerned
with the recovery of geometric and physical properties of unknown obstacles from the measurement of the
wave pattern due to an impinging field. It is a long-standing and fundamental problem in inverse scattering
whether a one-to-one correspondence holds between the geometric shapes of a set of obstacles and their
scattering wave patterns due to a single impinging wave field. This is also known as the Schiffer problem
in the inverse scattering theory. To tackle this fundamental problem within the polygonal geometry, we
suggest in this work a highly novel approach by making full use of the geometric properties of the Laplacian
eigenfunctions in the specific setup of the current study. We shall present more relevant discussions in this
aspect in the next subsection and Section 8.

1.2. Motivation and discussion of our main findings

We first introduce three definitions for the descriptions of our main results.

Definition 1.1. For a Laplacian eigenfunction v in (1.1), a line segment I';, C Q is called a nodal line of u
if u =0 on I'y, where h € R, signifies the length of the line segment. For a given complex-valued function
n € L>(T'y), if it holds that

dyu(x) + n(x)u(x) =0, x ey, (1.2)

then Ty, is referred to as a generalized singular line of u. For the special case that n = 0 in (1.2), a generalized
singular line is also called a singular line of u in Q2. We use Nf)l\’ Sg)‘z and M?‘Z to denote the sets of nodal,
singular and generalized singular lines, respectively, of an eigenfunction u in (1.1).

According to Definition 1.1, a singular line is obviously a generalized singular line. However, for unam-
biguity and definiteness, 'y, in (1.2) is called a generalized singular line only if 7 is not identically zero,
otherwise it is referred to as a singular line. We like to point out that as w is (real) analytic inside €2, a
nodal line or a singular line can be extended by the analytic continuation within Q (cf. [41]). We are mainly
concerned with the local properties of the eigenfunction w around the intersecting point of two lines, and
hence the length h of I'y, does not play an essential role as long as it is positive. We further emphasize that
no any specific boundary condition is specified for v on 99 in Definition 1.1, that is, all our subsequent
results hold for a generic Laplacian eigenfunction as long as it satisfies (1.1), therefore applicable to the
particular Dirichlet, Neumann or Robin eigenfunction. As mentioned earlier, one of the major motivations
of our current study comes from attacking the fundamental Schiffer problem in the inverse scattering theory.
The localized feature of our results, which is independent of any specific boundary condition of u on 0%,
shall play a key role in our study. This shall become more evident in our subsequent analysis.

Definition 1.2. Let T" and TV be two line segments in  that intersect with each other. Denote by 6 =
Z(,T") € (0,27) the intersecting angle. Set

0=a- 2, ac(0,1).
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0 is called an drrational angle if a is an irrational number; and it is called a rational angle of degree ¢ if
o = p/q with p,q € N and irreducible.

Definition 1.3. Let v satisfy (1.1) and be a nontrivial eigenfunction. For a given point xg € €, if there exits
a number N € N U {0} such that

lim — / lu(x)|dx =0 for m=0,1,...,N+1, (1.3)

where B(xg,r) is a disk centered at xo with radius » € R, we say that u vanishes at x¢ up to the order
N. The largest possible N such that (1.3) is fulfilled is called the vanishing order of u at xo, and we write

Vani(u;xg) = N.
If (1.3) holds for any N € N, then we say that the vanishing order is infinity.

Since u to (1.1) is analytic in €, it is straightforward to verify that Vani(u;xg) is actually the lowest
order of the nontrivial homogeneous polynomial in the Taylor series expansion of u at xy. Moreover, by the
strong unique continuation principle, we know that if the vanishing order of u is infinity at a given point
Xg € €, then u is identically zero in €.

To elucidate our study, we next consider a simple example which connects the vanishing order of an
eigenfunction with the intersecting angle of its nodal lines. Set

u(x) = J,(VAr)sinnd, x = (x1,22) =r(cosf,sinb) € Q,

where J,, is the first-kind Bessel function of order n € N (cf. Section 3.4 of [16]). u(x) is a single spherical
wave mode and satisfies (1.1), and we can verify that

Vani(u; 0) = n.

In particular, it is noted that if one considers u in a central disk B,, with v/ Arq being a root of J,,(t) or
J! (), then u is actually a Dirichlet or Neumann eigenfunction in Q = B,,,. However, we are more interested
in the nodal lines of u, and it can be easily seen that

T7 = {x = (08 Oy, 81 0n); 0 < 1 < T, Oy = %w}, m=0,1,2,...,2n—1. (1.4)

The nodal lines in (1.4) all intersect at the origin and the intersecting angle between any two of them is
rational of degree n. Clearly, this simple example reveals an intriguing connection between the intersecting
angle of two nodal lines and the vanishing order of the eigenfunction at the intersecting point. The aim of
the present paper is to establish an accurate and comprehensive characterisation of such a relationship in
the most general scenario. Roughly speaking, we shall show that the vanishing order is generically infinity
if the intersecting angle is irrational, and the vanishing order is finite if the intersecting angle is rational. In
the latter case, the vanishing order is actually the degree of rationality of the intersecting angle. The result is
not only established for the nodal lines, but also for the generalized singular lines. Hence our study uncovers
a deep relationship between the nodal and generalized singular structures of the Laplacian eigenfunctions
and the quantitative behaviours of the eigenfunctions. To the best of our knowledge, it is the first time in
the literature to present a systematic study of such intriguing connections between the vanishing orders of
Laplacian eigenfunctions and the intersecting angles of their nodal/generalized singular lines. Hence, these
results should be truly original and of significant interest in the spectral theory of Laplacian eigenfunctions,
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and possibly closely related to the Maxwellian eigenfunctions as well. In fact, it is noted that the Maxwell
equations can be transformed to vector-valued Helmholtz equations (cf. [16]). We would also like to comment
on the geometric speciality of our study with nodal and singular line segments, which may not always occur
for the usual Dirichlet/Neumann/Robin Laplacian eigenfunctions. On the one hand, as noted earlier, we
shall not prescribe any boundary condition of u and consider a generic u satisfying (1.1). This allows u to
possess much richer structures than those of the specific Dirichlet/Neumann/Robin eigenfunctions. On the
other hand, as it will become more evident in Section 8, the aforementioned homogeneous line segments of
the general Laplacian eigenfunctions occur naturally when dealing with the fundamental Schiffer problem
in inverse scattering within the general polygonal geometry.

In order to establish the aforementioned results, we make essential use of the spherical wave expansion
of the eigenfunction, which in combination with the homogeneous conditions on the intersecting lines can
yield certain formulae of the Fourier coefficients. In order to trigger off the formulae for us to achieve the
desired vanishing order of the eigenfunction, we need to show the vanishing of the first few polynomial terms
(basically up to the third order) of the eigenfunction. For this part, we develop a “localized” argument, by
making use of some analytical tool from the microlocal analysis in combination with a complex-geometrical-
optics (CGO) solution to derive more accurate characterisations of the singularities of the eigenfunction
at the intersecting point in the phase space. This involves rather delicate and technical analysis, but it
only requires the “local” information of the eigenfunction in a corner region formed by the intersecting
lines. This is in sharp contrast to the Fourier expansion, which requires the “global” information of the
eigenfunction around the intersecting point. In principle, the arguments that are developed in this work
can be used to extend our study to the case with general second order elliptic operators as well as to the
case that the nodal or singular lines are lying on the boundary 9f2 of the domain. However, we choose in
this work to stick to the fundamental case with the Laplacian eigenfunctions and the nodal or generalised
singular lines lying within the domain 2 and study the aforementioned technical extensions in our future
work.

In addition to their theoretical beauty and profundity, our new spectral findings in this work can be
directly applied to some physical problems of great practical importance, including the inverse obstacle
scattering problem and the inverse diffraction grating problem. By using the new critical connection between
the intersecting angles of the nodal/generalized singular lines and the vanishing order of the eigenfunctions,
we establish in a certain polygonal setup that one can recover the support of the unknown scatterer as well
as the surface impedance parameter by finitely many far-field patterns. In fact, two far-field patterns are
sufficient for some important applications under some mild a-priori knowledge of the underlying obstacles.
It is well known that unique identifiability by finitely many far-field patterns remains a highly challenging
fundamental mathematical problem in the inverse scattering theory. Using the new spectral findings, we
are able not only to establish the unique identifiability results for some open inverse scattering problems,
especially for the impedance case, but also to develop a completely new approach that can treat the unique
identifiability issue for several inverse scattering problems in a unified manner, especially in terms of general
material properties. Most existing analytical theories for the unique identifiability of inverse scattering
problems need to handle each special material property very differently. We shall give more background
introduction in Section 8 about these practical problems so that we can first focus on the theoretical study
of the nodal and singular structures of the Laplacian eigenfunctions.

The rest of the paper is organized as follows. In Sections 2 and 4, we consider the case that the intersecting
angle is irrational and show that the vanishing order is infinity. In Sections 3, 5 and 6, we study the case that
the intersecting angle is rational and the vanishing order is finite. Section 3 is devoted to the presentation
and discussions of the main results, whereas Sections 5 and 6 are concentrated on the corresponding rigorous
proofs. Section 7 discusses a generic condition required in Sections 2—6. In Section 8, we establish the unique
recovery results for the inverse obstacle problem and the inverse diffraction grating problem by at most two
incident waves.
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2. Irrational intersection and infinite vanishing order: two intersecting nodal and singular lines

In this section, we consider a relatively simple case that two nodal lines or two singular lines intersect at
an irrational angle. We show that in such a case, the vanishing order of the eigenfunction at the intersecting
point is generically infinite, and hence it is identically vanishing in (2.

Theorem 2.1. Let u be a Laplacian eigenfunction to (1.1). If there are two nodal lines FZ and L', from NJ
such that

IFNr, =x0€Q and Z(I},T;,)=a-2m, (2.1)
where a € (0,1) is irrational. Then the vanishing order of u at xq is infinite, namely
Vani(u; xg) = +00.

In order to prove Theorem 2.1, we need some auxiliary results about reflection principles of nodal and
singular lines from the following two lemmas. In what follows, for a line segment I' C R2, we define R to
be the (mirror) reflection in R? with respect to the line containing T'.

Lemma 2.1. Let u be a Laplacian eigenfunction to (1.1). There hold the following reflection principles:

1. LetT € N} (resp. T € 8)) and T' e N3 US). If T = Rpv(T) C Q, then T € N (resp. T € S3);
2. Let T € MY with O,u+mnu =0 onT and I € Ny. If T = Rp/(T) C Q, then T € My satisfies
Opu+nu=0 on T, where v = Rr/(v) and 1 = R/ (n).

The reflection principles are rather standard for the Laplacian [50,51]. The first reflection principle in
Lemma 2.1 shall be used in the proof of Theorem 2.1, whereas the second one is needed in our subsequent
study.

Lemma 2.2. Let 0 < a1 < 1 be an irrational number. Define

1
Qpi1 =1— {—J an,, n=12 ..., (2.2)

Qn,

where |-| is the floor function. Then it holds that

lim «, = 0.
n—oo

Proof. We prove this lemma by contradiction. First, by induction, it is easy to see that {a,} C R\Q, where
Q is the set of rational numbers and a,, > 0. Furthermore, by using

1 { 1 J
0<——|—| <1,
Qn Qan
we know that the sequence {«,,} is bounded below and decreasing. Suppose that

lim a, =By > 0. (2.3)

n—oo

Since 1/ay, is not an integer, we know from [65, p. 15, Eq. (2.1.7)] that the Fourier series expansion of
|1/c,] is given as follows



122 X. Cao et al. / J. Math. Pures Appl. 143 (2020) 116-161

e

Next, we show for a sufficiently small ey € Ry := {2 € R|z > 0}, the Fourier series Y -, k™ 'sin(2knz)
is uniformly convergent with respect to z € (5% — €0, ,6%0 + €p). To this end, we first prove by absurdity that
Bo # + for any N € N. It is obvious to see from (2.3) that By < 1, since {a,} is decreasing with 3y as its
infimum. Now assume contrarily that 8y = & for some N € N\{1} and

Since the sequence {ai} is increasing and bounded above by %, we know that there exists a sufficiently
large ny € N such that for any n > n;, there holds

N -1

IN

RPN
o

Hence,

for any n > nq, (2.5)

and

3]s

On the other hand, from definition (2.2), we can also deduce that

1 1

Ngan+1: —L{—nJanz — (N -1a, < — for n > nq,
which further yields

N — 1
N1 §an§N for n > nq. (2.6)
Combining (2.5) and (2.6), we can obtain that
ozn:ﬁ for n > nq,

which contradicts to the fact that a,, € R\Q for n = 1,2,---. Therefore we must have 5y # % for any

N e N.
We proceed to prove the uniform convergence of the Fourier series

Z k= sin(2k7x)
k=1

with respect to x € (A e~ €0 By I+ ¢€o) by Dirichlet’s test [19]. Indeed, since {4} is decreasing with respect to

k and limy_, o0 & % = 0 uniformly in (% — €0, % +€p), it suffices to show that the partial sum Zf:‘]l sin(2kmx)
is uniformly bounded in (% — €0, % +eg) for Ko =1,2,---. By [20, p. 110, Eq. (7.1.3)], we actually have
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1
sinmwx

2

- |sin%|’

cosmx — cos(2Ky + 1)mx
2sinmx

<

(2.7)

Ko
Z sin(2kmx)
k=1

which readily gives the desired uniform boundedness. The last inequality in (2.7) holds because 8y # ]%[
for any N € N and hence sin - ;é 0. By the continuity, we know there holds that |sin7z| > 5 L sin 2 T | for
x € (%—eo,%—i—eo).

Taking z = a; ' in Y ;o | k™ 'sin(2kmz) and utilizing the uniform convergence result in o, € (80— €9, Bo+
€o) for a sufficiently small ¢y € R4, we can let n — oo on the both sides of (2.4) to derive that

1 1 1 xsin 2k:7r/ozn 1
lim |—|= lim [— —=+= =|=]. 2.
Jim | -] n;ff;o<an DD ) £ 2
By using (2.8) and taking the limits of both sides of (2.2), we further have that

Bo=1- {%J Bo- (2.9)

Dividing 8y on the both sides of (2.9), we finally arrive at a contradiction

1 1
/6 0 ﬁ() ’
W hiCh COInpleteS t he pI‘OOf. Od

We are now ready to present the proof of Theorem 2.1.

Proof of Theorem 2.1. By a rigid motion if necessary, we can assume without loss of generality that xo = 0
is the origin and I'; lies in the xf—axis while I‘;Lr has the angle 2am away from I', in the anticlockwise
direction. Since we are mainly concerned with the local properties, it is assumed that A € R is sufficiently
small such that Rp+ (') € Q. In what follows, with the help of Lemmas 2.1 and 2.2, we show that there
exists a dense set of nodal lines around the origin.

To begin with, we prove that one can assume a € (R\Q) N (0,1/3) in (2.1). That is, there exist two
nodal lines T satisfying (2.1) with o € (0,1/3) being irrational. To that end, we first show that the
other two separate cases a € (R\Q) N (1/3,1/2) and a € (R\Q) N (1/2,1) can be reduced to the case
a € (R\Q)N(0,1/3). We first consider @ € (R\Q) N (1/3,1/2). By Lemma 2.1, we set

T =Res (T7) €M, T =Ry (TF) € AR, (2.10)

Then it can be directly verified that Fgl,)L has an angle oY) - 27 away from I';, in the anticlockwise direction,
where

RO EJ o € (R\Q) N (0,1/3).

Hence, one can replace I'} in (2.1) by Fgl,)l in (2.10) to obtain the desired result. Next, if a € (1/2,1), we
set

3

T =Ry (T)) € NG (2.11)
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anticlockwise
reflection
\
\

T2

Fig. 1. Schematic illustration of the reflection argument in the proof of Theorem 2.1.

Then Fgli)l has an angle 2(1 — a)7 away from I',” in the anticlockwise direction. It can be directly verified
that

a?:=1—-ae (R\Q)N(0,1/2).

If o(® € (0,1/3), then one can replace '} in (2.1) by Fgl,)l in (2.11) to obtain the desired result, whereas if
) € (1/3,1/2), one can follow the same reflection argument as the previous case (cf. (2.10)) to obtain a
nodal line for replacing I'} in (2.1) satisfying a € (R\Q) N (0,1/3).

Next, starting from (2.1) with a € (R\Q)N(0,1/3), we perform a series of reflections to obtain the dense
set of nodal lines around the origin as mentioned at the beginning of the proof; see Fig. 1 for a schematic
illustration. We write Féf,)l =TI, and Fgl,)l = F;f. By Lemma 2.1, we see that

£} = Rogy (181) A2

1
i

Since « € (0,1/3) we know that

fl = {EJ > 3.
«

By repeating the reflections, one can find (¢; — 2) nodal lines as follows:
F(l’)h = RF“) . ( grlz)—2,h) GNS%\, m=3,...,01.

Furthermore, it is easy to verify that

1
A(FZ?MP}:) =ap-2m, op:=1- {EJ a < .

Let
_ (1) A
Feon = Ry, () € N3
Then one sees that I'y, 5 has an angle 2047 away from I',’ in the anticlockwise direction.

Next, by replacing I‘,f with I'p, », and repeating the above reflection argument, one can find a nodal line
Iy, n such that
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1 1
| S ./\/{2\, ly = {Q—J o L(Leyn,Ty)=az-2n and ap:=1- L}—J ay < oq.
1 1

Furthermore, I'y, , has an angle 2a,7 away from I', in the anticlockwise direction. Clearly, by further

repeating this reflection argument, one can find a series of nodal lines I'y, , such that

1

Op—1

1
Lp,on€ ./\/{2\7 by = { J o LT, 0, T)) =an-2m, and a, :=1- { J Q1. (2.12)

A —1

Moreover, I'y, ;, has the angle 2a, 7 away from I',” in the anticlockwise direction. Then by Lemma 2.2 we
have

lim a, =0. (2.13)

n—roo

Combining (2.12) and (2.13), we see that {I'y, »} forms a dense set of nodal lines around the origin. Hence,
by the continuity of u one readily has that u is identically zero. This completes the proof of Theorem 2.1. O

The next theorem is concerned with the intersection of two singular lines.

Theorem 2.2. Let u be a Laplacian eigenfunction to (1.1). If there are two singular lines FZ and I';, from
83 such that

Ifnl, =x0€Q and Z(I},T})=a-2m,
where o € (0,1) s irrational, then there hold that
Vani(u; x¢) = 0, if u(xo) # 0;
Vani(u;xg) = +00, if u(xg) = 0.
Moreover, if u(xg) # 0, we have the following expansion of u in a neighbourhood of xo:
u(x) = u(x0)Jo(VAr), x =xq+7(cost,sin),
where Jo(t) is the zeroth Bessel function of the first kind.

In order to prove Theorem 2.2, we need some auxiliary results from the following three lemmas, especially
about the spherical wave expansion, for which we refer to [16] for more details. In what follows, i := y/—1
is used for the imaginary unit.

Lemma 2.3. [16, Section 3./] Suppose that u is an eigenfunction to (1.1), then u has the following spherical
wave expansion in polar coordinates around the origin:

u(x) = i (ane™ + bye~?) J, (\/X?“) ) (2.14)

n=0

where x = (z1,x9) = r(cos,sin ) € R2, X is the corresponding eigenvalue of (1.1), a,, and b, are constants,
and Jp,(t) is the n-th Bessel function of the first kind.

Lemma 2.4. Let T be a line segment that can be parameterized in polar coordinates as x € I, where x =
r(cosf,sinf) with 0 < r < oo and 0 fized. Let v be the unit normal vector to T', then it holds that
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ou 10u
o Trae

Proof. Using the polar coordinates and the chain rule, we have

Ou_du, sm00u 0w _Ou . cos0Ou
8:01_5‘7’008 r 09’ 8302_87"8 r 00’
Thus
ou ou sin 6 Ou ou| . cosf Ou .
W (E‘FCOSG— . %F> cosgp—l—(E’FsmH—&— . %F> sin ¢, (2.15)

where v = (cos p, sin ) denotes the unit normal vector to T'. Using the fact |¢ — 0] = 7/2, we complete the
proof. O

Lemma 2.5. Suppose that for 0 <h < 1 andt € (0,h),

i anJn(t) =0, (2.16)
n=0
where Jp,(t) is the n-th Bessel function of the first kind. Then
a, =0, n=0,1,2,....
Proof. From [16], we know that

tn 2 (=Pl (P
In(t) = 5oy <1 +Zm (5) ) : (2.17)

=1

Substituting (2.17) into (2.16) and comparing the coefficient of ¢ (n = 0,1,2,...), we can prove this
lemma. 0O

Now we are in a position to prove Theorem 2.2.

Proof of Theorem 2.2. Without loss of generality, we assume that two singular lines FZ and I'; intersect
with each other at the origin. Using the reflection principle and a similar argument to the proof of Theo-
rem 2.1, for any line segment I' € Q = {x;x = r(cos §,sin 3), 0 < r < h} pointed out from the origin we
can show that

ou

%EOmQ

where vr is a unit normal vector to I'. Recalling the expansion (2.14), it is easy to see that
u = : ing —infg
20l = Z in (ane —bpe ) Jn (\/X’/‘> =0. (2.18)

n=0

Taking 6 = 0 in (2.18), we derive from Lemma 2.5 that
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thus

Moreover, evaluating (2.18) at § = am where a € R\Q, we can deduce that
in (anei’“”r - bne_i"a”) =0, n=12....

Hence a,, and b,, satisfy

|: inlomr _i];zom:| |:an:| :0, n = 172,...,
e —e b,
which readily implies that a, = b, = 0 for n = 1,2,---, in view of Lemma 2.5. Therefore, u(x) has the

simplified form:
w(x) = (ag + bo)Jo(VAr).
Finally, from the assumptions in the theorem we can easily see

ag +bp = u(0) # 0, if u(0) #
ap +bo =u(0) =0, if u(0)

i

0
0

)

which complete the proof. O
3. Rational intersection and finite vanishing order

In this section, we consider the general case that two line segments from Definition 1.1 intersect at a
rational angle. Throughout the present section, we let F,J{ and I'; signify the two line segments which could
be either one of the three types: nodal line, singular line or generalized singular line. It is also assumed that
for a generalized singular line of the form (1.2), the parameter 7 is a constant. Nevertheless, we would like
to point out that for the case that n is a function in the generalized singular line, we can derive similar
conclusions, but through more tedious and subtle calculations. We shall address this point more in Section 5.
Let 7y and 7 signify the parameters associated with I',” and I‘;, respectively, if they are generalized singular
lines. Set

05Ty =a -7, «a€(0,2), (3.1)

where « is a rational number of the form a = p/q with p,¢ € N and irreducible. Since the Laplace operator
—A is invariant under rigid motions, without loss of generality, we assume throughout the rest of this work
that

rFnr, =0€eQ, (3.2)

and I';” coincides with the z; T-axis while F;{ has the angle -7 away from I',” in the anti-clockwise direction;
see Fig. 2 for a schematic illustration.

Finally, we mainly deal with the case that the two intersecting line segments FZ and I', form an angle
satisfying

AT T =a-m, ac(0,1), (3.3)
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T2
+
Fh,

)

Ty

Fig. 2. Schematic illustration of the geometry of two intersecting lines with an angle 6y = a - 7 for some a € (0,1) N Q.

and the other case with 1 < a < 2 can be reduced to the previous case by a straightforward argument.
Indeed, for 1 < a < 2, we know that F; belongs to the half-plane of zo < 0 (see Fig. 2). Let f; be the
extended line segment of length A in the half-plane of x5 > 0. Since the Laplacian eigenfunction w is real
analytic in the interior of 2 and FZ € 2, u is real analytic on FZ. Moreover, u fulfils a certain homogeneous
condition on I'}. By the analytic continuation (cf. [41]), we know that f; fulfils the same homogeneous
condition as that on FZ. That is, f; is of the same type of I‘;. Hence, instead of studying the intersection
of FZ and I',’, one can study the intersection of f; and I',’, and its relations to the vanishing order of the
eigenfunction. Clearly, the angle between f?{ and I',” satisfies (3.3).

For a clear exposition, the rest of the section is devoted to the presentation and discussion of our main
results, and their proofs shall be postponed to Sections 5 and 6. In Section 5, we consider the case where
the vanishing of the eigenfunction is up to the third order, whereas in Section 6, we consider the case of
general vanishing orders.

Theorem 3.1. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two generalized singular
lines F; and ', from M, such that (3.2) and (3.3) hold. Assume that m = Cy and ny = Co, where Cy and
Cs are two constants. Then the Laplacian eigenfunction u vanishes up to the order N at O:

N >n, ifu(O)zOanda;«é%,pzl,...,n—l, (3.4)
where n € N, n > 3 and for a fixed p, q=1,2,...,p— 1.

In Theorem 3.1, we require that n > 3. That means, we exclude the special case that the intersecting
angle is m/2. Nevertheless, we shall discuss this special case in Remark 3.1 with more details in what follows.
In the next two theorems, we consider the case of two intersecting singular and nodal lines, respectively.

Theorem 3.2. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two nodal lines FZ and
I, from N such that (3.2) and (3.3) hold. Then the Laplacian eigenfunction u vanishes up to the order N
at 0:

N>n, ifa# g,pzl,...,n—l,
p
where n € N, n > 3 and for a fixed p, g=1,2,...,p— 1.
Theorem 3.3. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two singular lines FZ and
I, from S} such that (3.2) and (3.3) hold. Then the Laplacian eigenfunction u vanishes up to the order N
at 0:

N>n, ifu(0)=0 anda;«ég,pzl,...,n—l,
p

where n € N, n > 3 and for a fivxed p, g=1,2,...,p— 1.
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Example 3.4. Let Q := {(z1,22) € R? | — 27 < 21 < 2w, —47 < 25 < 47} be a rectangle. It is easy to see
that

u(x1,x2) = sinxq sin 2z

is an eigenfunction to (1.1) with a homogeneous Dirichlet boundary condition on 9S2. The corresponding
eigenvalue is A = 5. One pair of nodal lines of v in Q are {(z1,22) | z2 = 0,—27 + h < x; < 27 — h} and
{(z1,22) | @1 = 0,—47 + h < 29 < 47w — h} for a fixed 0 < h < 27, which are perpendicular to each other
at the origin. Therefore from Theorem 3.2, since A(FZ, I',’) = 7/2 which implies that o # 1, the vanishing
order N at the origin is 2. In fact, by the explicit expression of u, we know that the order of the lowest
nontrivial homogeneous polynomial of the Taylor expansion of uw at the origin is 2, which coincides with the
conclusion given by Theorem 3.3.

We now proceed to consider that a nodal line intersects with a generalized singular line. Without loss of
generality, we can assume that I',” is the generalized singular line, while F;f is the nodal line.

Theorem 3.5. Let u be a Laplacian eigenfunction to (1.1). Suppose that a generalized singular line F; € M}
intersects with a nodal line T';, € N§ at O with the angle Z(T},T';)) = a - . Assume that the boundary
parameter ng = Cy on FZ is a constant. Then the Laplacian eigenfunction u vanishes up to the order N at
0:

2q+1
% ) P

N>n, ifa# =1,...,n—1, (3.5)

where n € N, n > 2 and for a fixed p, g =0,1,...,p— 1.

Next, we consider the intersection of a singular line and a generalized singular line. Similar to Theorem 3.5,
without loss of generality, we can assume that I', is the generalized singular line. Indeed, the vanishing
order of the eigenfunction in such a case can be obtained from formally taking 7, on I‘Z to be zero in
Theorem 3.1.

Theorem 3.6. Let u be a Laplacian eigenfunction to (1.1). Suppose that a singular line FZ € &) intersects
with a generalized singular line I';, € M, at the origin with the angle 4(FZ, I')) = o w. Assume that the

boundary parameter n; on I', is a non-zero constant, i.e., n = C1 # 0. Then the Laplacian eigenfunction
u vanishes up to the order N at 0:

N >n, ifu(O)zOanda;«ég,pzl,...,n—l, (3.6)
p
wheren € N, n>3 andq=1,2,...,p—1 for a fixed p.

Using a similar proof to Theorem 3.5, we can find the relationship between the vanishing order of the
Laplacian eigenfunction and the intersecting angle between a singular line and a nodal line.

Theorem 3.7. Let u be a Laplacian eigenfunction to (1.1). Suppose that a singular line I‘; € &) intersects
with a nodal line I, € N3 at the origin with the angle A(FZ, I',) = a-m. Then the Laplacian eigenfunction
u vanishes up to the order N at O:

2q+1

N >
Zn 2 ) P

=1

, ifa# ey — 1, (3.7)

where n € N, n > 2 and for a firted p, ¢q=0,1,...,p—1.
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Remark 3.1. As mentioned after Theorem 3.1, we exclude the special case that the intersecting angle between
two lines is 7/2. In fact, for Theorems 3.1-3.3 and Theorem 3.6, one may see from their proofs in Section 5
that if Z(T'},T;) = m/2, then there holds that Vu(0) = 0 if u(0) = 0. That means, the eigenfunction is
vanishing at least to the second order in such a case. For the other two cases in Theorems 3.5 and 3.7, we
can only have that if o = 1/2 and «(0) = 0, the eigenfunction is vanishing at least to the first order.

Remark 3.2. It is noted that in Theorems 3.5 and 3.7, we require that n > 2, whereas in other theorems, we
require that n > 3. In particular, when n = 2, @ # 1/2, one can conclude in Theorems 3.5 and 3.7 that the
eigenfunction is vanishing at least to the second order. This conclusion is different from Theorems 3.1-3.3
and 3.6, where one has that if o # 1/2 then the eigenfunction is vanishing at least to the third order.

Remark 3.3. We point out that all the vanishing orders of the eigenfunction in Theorems 3.1 to 3.7 depend
only on the intersecting angle of the two homogeneous line segments and are independent of the underlying
eigenvalue (cf. (1.1)). This is probably due to the special geometries of our study. We believe when the
curved geometries are considered, the underlying eigenvalues should be involved.

4. Irrational intersection and infinite vanishing order: general cases

In this section we consider the irrational intersection, namely « in (3.1) is an irrational number. We show
that the eigenfunction is generically vanishing to infinity, namely w is identically zero in 2. Here, the generic
condition is provided by u vanishing or not at the intersecting point. We shall present more discussions on
this generic condition in Section 7. By verifying the conditions in (3.4), (3.5), (3.6) and (3.7) for an irrational
«, we can readily obtain from Theorems 3.1, 3.5, 3.6 and 3.7 the results in the following four theorems.

Theorem 4.1. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two generalized singular
lines F; and 'y from M?) such that (3.2) and (3.3) hold. Assume that 1 = C1 and ny = Cs, where Cy and
Cy are two constants. If Z(T}},T;) = a7 with « € (0,2) being irrational, then there hold that

Vani(u; 0) = 0, if u(0) # 0;
Vani(u; 0) = +o00, if u(0) = 0.

Theorem 4.2. Let u be a Laplacian eigenfunction to (1.1). Suppose that a generalized singular line T, € M
intersects with a nodal line T} € N@ at O with the angle Z(FZ,F;) = «a - 7. Assume that the boundary
parameter m = Cy on T', is a constant. If o € (0,2) is irrational, then there holds

Vani(u; 0) = +o0.

Theorem 4.3. Let u be a Laplacian eigenfunction to (1.1). Suppose that a singular line I‘;{ € Sf\z intersects
with a generalized singular line I', € Mél at 0 with the angle Z(I‘Z, I')) = a-m. Assume that the boundary
parameter m = Cy on I'y is a constant. If o € (0,2) is irrational, then there hold that

Vani(u; 0) = 0, if u(0) # 0;
Vani(u;0) = 400, if u(0) =0.

Theorem 4.4. Let u be a Laplacian eigenfunction to (1.1). Suppose that a singular line T') € SS intersects
with a nodal line T} € N§y at O with the angle Z(T'}},T))) = a-m. If a € (0,2) is irrational, then there holds

Vani(u; 0) = +o0.
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Table 1
Vanishing orders of Laplacian eigenfunction at intersecting points.
Rational intersection Irrational intersection
(Finite vanishing order) (Infinite vanishing order)
F;,F; € M N > n, ifu(xo):()andoz;zé%7 N = +oo, if u(xp) = 0;
p=1,---,n—landg=1,---,p—1 N =0, ifu(xp)#0
rhr, e N N>n, ifa#d, N = +oo
p=1,---,n—landg=1,---,p—1
Fz,l—‘; 636 N >n, ifu(xp)=0and a # %, N = +o0, if u(xp) = 0;
p=1,---,n—landg=1,--- ,p—1 N =0, if u(xo) #0
I € M3, Ty € N N>n, if a# 225, N = +o0
p=1,---,n—1land ¢=0,1,--- ,p—1
I} €85,y e NS N > n, if a # 245, N = 40
p=1,---,n—1land ¢g=0,1,--- ,p—1
F;{ES?‘Z,I’EGM?} N > n, ifu(xo):Oanda;é%, N = o0, if u(xg) = 0;
p=1---,n—landg=1,---,p—1 N =0, ifu(xo)#0

For readers’ convenience, we now summarize in Table 1 all our main results in Sections 3 and 4 about the
vanishing order N of the Laplacian eigenfunction u to (1.1) at an intersecting point x¢ of two line segments
I} and T, which form an angle Z(I'},T';)) = a -7 for a € (0,1). We recall that the sets of nodal, singular,
and generalized singular lines are denoted by ./\fé\, Sé and /\/lg\), respectively.

5. Proofs of the theorems in Section 3 up the third order

In this section, we present the proofs of the theorems shown in Section 3, but confined to the case
that the vanishing order N is at most 3. We develop a mathematical scheme by making use of tools
from microlocal analysis that possesses several remarkable properties. Next, we first introduce the so-called
complex-geometrical-optics (CGO) solutions constructed in [8] for the subsequent use. As before, we let (r, 6)
denote the polar coordinates in R?; that is, for x = (z1,22) € R?, one has r = |x| and 6 = arg(z; + ixs).
Let By, be the central disk of radius h € R,. Let I'* signify the infinite extension of I’f in the half-space
xg > 0. Let 6,,, = 0 and 0); € (0, ) be respectively the polar angles of '™ and I'". Consider the open sector

W = {XERz;x#O, O < arg(zy + izo) <9M}, (5.1)
which is formed by the two half-lines I'™ and I'. We have the following result.

Lemma 5.1. /8, Lemma 2.2 and Proposition 2.3] Let

up(x) = exp (ﬁ <cos (g - n) +isin (g + 77))) : (5.2)

Then Aug = 0 in R*\RZ _, where R _ := {x € R?|x = (21,22); 21 < 0,22 = 0}, and s — uo(sx) decays
exponentially in Ry whenever x is in the same domain of harmonicity. Furthermore, it holds for a,s > 0
that

o 20m 0 T(2a+4)
[ ol < 20— dp EEOED e 63
W w

where dyy = —maxg,, <g<g,, cos(6/2 +m) >0, and
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/uo(sx)dx = 6i(e"20M! — g7 20miyg=2 (5.4)

4%

while for h € Ry,
6(0r — O, ,
/ |up(sx)|dx < %8—26—%/%/2. (5.5)
WA\By, W
Henceforth, for notational convenience, we set

b = a-m= LI}, T}); (5.6)

for o € (0,1). In order to make use of the CGO solution ug(sx) given in Lemma 5.1 as a test function
to analyze the vanishing order of w at the origin, we consider the following domain (see Fig. 2 for the
illustration):

Sy, =W nN By, (5.7)

where 05, =T}y UT, U A}, and

I ={xeR? 0< /22 + 23 <h, arg(x1 +ir2) = 0o},

I, ={x €R? 0< /2 + a3 <h, arg(x; +ix2) = 0}, (5.8)
A, =W NOBy,.

In the definition of the generalized singular line, we recall that the polar angles of the exterior normal
vectors of FZ (with respect to the domain W) and T, are, respectively,

s m
em=06+ 5, Pm=—75

’ - (5.9)

In order to investigate the relationship between the vanishing order of u at the origin and the intersecting
angle of the generalized singular lines I‘f, we consider the following equations

Au+Adu=0 in B, (5.10a)
% +mu=0 on I, (5.10b)
%—i- u=0 on I'f (5.10c)
oy T PY T h '

Next, we derive several crucial auxiliary results regarding the function u satisfying (5.10a)—(5.10¢).

Recall that S}, is defined in (5.7). Since ug is only smooth in Sp\ B.(0 < ¢ < h), we cannot use Green’s
formula for the Laplacian eigenfunction v and the CGO solution ug in Sy, directly. Instead, we may overcome
this difficulty by taking a limit of the volume integral with the integrand ugAwu over S;\ B and carefully
investigate the boundary integrals on 9(S,\ B:). We only present the result in the following proposition
and its proof is similar to the argument of Lemma 3.2 in [8].

Lemma 5.2. The CGO solution ug(sx) defined in (5.2) is harmonic in Sp\O and decays exponentially as
s — o0 for 0 < 0 < 6y, where 6y is the intersecting angle of FZ and L', . Moreover, for the Laplacian
eigenfunction u to (1.1), the Green’s formula holds
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/(uo(sx)Au—uAuo(sx)) dx = I} + 1] + I, (5.11)
Sh

where

£

1 = [ (w05~ a0 22 ) (512)
I

L= A/ (uo(sx)% —u(x) a“g(jx)) dor.

From Lemma 2.4, by direct calculations, we have the following proposition regarding the exterior normal
derivative of the CGO solution ug(sx) on any straight line.

Proposition 5.1. For any straight line T', where x = r(cos@,sin @) € T, let the exterior unit normal vector to
T be v = (cosp,siny). Then the CGO solution ug(sx) given in Lemma 5.1 fulfills

Ouo(sX) | _ 5o\ v/37C(0) \/3
o) = ployeve, [ (5.13)
where ((0) and B(0) are given by
(0) = 0D = 2 5() = Lsin(ip — 0)C(0), C(6) = e (5.14)

By induction and straightforward calculations, we can derive the explicit formulas of the following in-
tegrals in Lemma 5.3, which is essential in showing the relationship between the vanishing order of w
and the intersecting angle of the generalized singular lines Ff. The detailed proof of Lemma 5.3 is omit-
ted.

Lemma 5.3. For a given ((0) € C and £ =0,1,2,..., it holds that

h 20+1 ,

2 ((20+1)! (=1)7(2¢+1)!
l_+\/sr¢(0) — Vsh((0)
/r e dr —{ +e JZ_:O ol
5 =

sHLLC(9)2+2 +1—5)I¢(h)i+1
x (Sh)(2ff+1fj)/2}7
i 20 .
/r%ﬁqe) \/gd’" :%{ _ % VA0 ;0 %
0 v (Sh)mﬂ')/z}_

Furthermore, the following asymptotic expansions are true for R({(0)) < 0 and s — oco:
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h
2 (20+1)! _
0 _\/sTC(0 _ . 1/2 /sh¢(8
/re ()dr_—séﬂ —§(9)215+2+O(5 /2e ())»
0

(5.15)

h
!
b0 [Sg, 2 2OV ( mge))
re r= - +0 (e .
[remonfiar==5 - e
0
In Lemmas 5.4 and 5.5 below, we will investigate the asymptotic behaviours of the integrals associated

with u and the CGO solution ug(sx) (or their corresponding exterior normal derivatives) with respect to
the positive parameter s as s — oc.

Lemma 5.4. Recall that T'; and I'} are defined in (5.8). Denote

If; = / u(x) 8“°afx)do, I = / u(x)auoai(jx)da. (5.16)
i Ty

Then the following asymptotic expansions hold with respect to s as s — oo:

25(6o) 1 4p(6o) 1 480(6o) -3
If, = — u(0) — — - ———=c1(6y) — = - c2(0p) + O(s77),
=00 O TS e Y T gy A O (517
26(0) 1 48(0) L 486(0) -3 '
I, =———u(0) — —- 0)— = - 0)+0O
11 <(0) u( ) s C(O)g cl( ) 52 C(O)S 62( )+ (S )’
where
c1(0) = ou cosf + ou sin 6,
0z 1x=0 To |x=0 (5.18)
1 (92’& 2 2 . aQU - 2 .
c2(0) = 3 (8—.13%’)(—0 cos” 6 + D23 o sin 260 + 922 x—o sin 9) .
Proof. It is easy to see that the exterior unit normal vector to I‘;{ is
v = (COS PM, sin QDM)’ M = 00 + g (519)
From Proposition 5.1, on FZ we obtain that
Oug(sx) N s
= B(f)eVsm0), [ = 2
ov Ity Blbo)e r’ (5.20)
where ((fy) = —e'%/2 and
1 x ielfo/2 i
B(0o) = B sin(pam — 00)C(6o) = — 7 {(B) = —ie!®/?. (5.21)

Noting the analyticity of the Laplacian eigenfunction u to (1.1) in €2, we have the expansion near a neigh-
bourhood of the origin:

ux)= an, (5.22)
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where NZ = {(a1,02) | a;j € NU{0}, j =1,2}. Then substituting (5.20) and (5.22) into I}}, we deduce
that

h
If; = /U(X)Mdg:u(o)ﬁ(go)/e\/ﬁc(eo)\/gdr
ov ,

ry 0

) ) h
+ (=] cosfo+ ——|  sindy | B(6o) / e VEC(00) \/gdr

8x1 x=0 axQ x=0 r

0
1 (0% »

* 2 (8—55% —o sin 00>

h

<300 [ r2eV 00 [,y
0

(5.23)

2

0
sin 0y cos 0y + —Z

32
cos? B + 2 Y
x=0 al'g

x=0 0x1x9

where

e X @O [,

ol
a€eNZ, |a|>3

But this term can be estimated as s — oo by means of (5.15),

(8au)(0) ' _ 0(873) ,

r
‘ I al

h
0

a€eNg,
lee|>3

where we have used the fact that ({(6p)) = — cos(6p/2) < 0 for 6y € (0, 7). Now the asymptotic expan-
sion (5.17) for I}l follows directly by substituting (5.15) into (5.23). Similar argument also applies to the
asymptotic expansion of I;; and the detail is omitted.

The proof is complete. O

Lemma 5.5. Recall that I';, and F,J{ are defined in (5.8). Suppose that u satisfies the boundary conditions

(5.10b) and (5.10c) on I, and T}, respectively. Moreover, assume that n1 € C?(T';) and 2 € CV(T)) for
~v € (0,1], and

ou _ ou
It = —/uo(sx)gda, I, = —/uo(sx)ada. (5.24)

+ —
1—‘h Fh

Then the following asymptotic expansions hold for I1i2 with respect to s as s — 0o:

Iy = s ((60)? 2 ¢(0)* (0)-0 )l : (5.25)
Iy = % ' % i_g ' % u(0) - O(s™77) + O(s 7).

Proof. Since 77 and 79 are of C7-smooth, we have

ni(x) = ni(0) + oni(x), [omi| < [Imillov - =] (5.26)



136 X. Cao et al. / J. Math. Pures Appl. 143 (2020) 116-161

Then using (5.15), (5.22) and (5.26), we can deduce in polar coordinates on I'} that

h h
It = /uo(sx)nguda = ng(O)u(O)/eﬁg(eo)dr+u(0)/5n26‘/§<(6°)dr
+ 0 0
b (5.27)
h
+ 12(0)c1(6p) / reVs¢00) dr 4 T

where

= Y IO [ egxeas (5.28)

aeNg, |a|>2 rf
0%u)(0 o
+ Z %/uo(sx)x dnedo.
a€NG, |a|>1 +
h

For this term, it follows from (5.15) that

h
(0 Z?(O)‘/rzeﬁ%(g(eo—w))dr
' 0

| <) 3 Bl
aENG, |a|>2
o 7 (5.29)
Flmller D Al M’/Tmeﬁéﬁ(cwo—w))dr
|
@ENZ, a|>1 @ J
=0(s72).

Using this and (5.15) again, we can derive (5.25) from (5.27). Similar derivation can be done for the

asymptotic expansion of I7,. O

The following lemma is about the exterior normal derivative of d,u with respect to any singular line of
a Laplacian eigenfunction u.

Lemma 5.6. Suppose I' := {x € R? | x = r(cosf,sin),r > 0} (0 is fized) is a singular line of the Laplacian
eigenfunction u, and @ is the polar angle of the unit normal vector to ', then

2

u
COS (p COS 9@
1

2

4 sinosi 98 u
S @ SN v -—=
0 7 Ox3

+sin(p + ) Ou =0 (5.30)
0 v (9.7318132 x=0 o '

X= X=

Proof. Recalling the definition of a singular line, one has

ou T
v <Bu> - (cos@,sinf) ' =0. (5.31)

Then we can derive (5.30) by evaluating (5.31) in more detail at x =0. O

For the subsequent analysis, we also need the following lemma.
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Lemma 5.7. Suppose that u has the expansion (5.22). For any straight line segment T'y, := {x € R? | x =
r(cosd,sinf),0 < r < h < 1} (with 0 fized) satisfying R({(0)) < 0 where {(0) is defined in (5.14), we
assume that v = (cos @, sin @) is the exterior unit normal vector to T'y,. Then it holds as s — oo that

ou 2 ou ou 1
Io — do=2.( === - i . 5.32
12 /uO(SX) T s (33:1 x=0 cose 0z Ix=0 Sln(p) ¢(0)? ( )
T'n
+ 12 82_u cos@cosf + @ sin @ sin 6 + i sin(¢ + 6)
52\ 022 lx=0 4 023 |x=0 7 D210x3 Ix—0" ¥
x 4 o(s9)
— s77).
¢(6)*
Proof. Using the polar coordinate on I'y, it is easy to see that
Ou Ou cos ¢ + Ou ’ sin ¢ + 82u‘ cos pcosf + “u sin ¢ sin 0
— = — in rl — — in @ sin
v Orlx=0 ¥ Baglx=o ¥ 023 Ix=0 4 dx3 Ix=0 4
;B sin(p + 0) | + R( 0) (5.33)
in u, T .
01025 1x=0 ¥ 7o P
where
2 la—3 | (0%1)(0)
|R(u,m,0,0)] <7 Z h (a_1>! .
€N, |a|>3
Therefore we can further write
0 0 0 i
Iis = /uo(sx)a—Zdo = <8—;1 o cosy + 6—;2 o smcp) /eﬁi(e)dr
Ty 0
0%u 2u ) . 0%u .
+ (a—x% 0 COS(,OCOS@ + a—x% 0 s1n<psm€ + m 0 sm((p + 9) (534)

h h
X /re\/g“e)dr—i—/R(u,n(p,@)c?ﬁqmdr.
0 0

Then the desired result follows from the estimate as s — oo by using (5.15):

@°u)(0) ’

h h
Vsr¢(9) < 2 v57¢(0) 3, . || =2
/R(u, r,,0)e dr| < /7‘ e dr Z h @—1)
0 0

aeNg, |a|>3
=0(s%). o

Suppose that T'j, is a nodal line of u. Using the polar coordinate and evaluating (5.22) on I'y, we can
prove the following lemma.

Lemma 5.8. Suppose that u is a Laplacian eigenfunction to (1.1) and u = 0 on T'y, where T, := {x €
R2; 2 = r(cosf,sin®),0 < r < h} (with 0 fized) is a line segment. Then the functions c1(0) and c2(0)
defined in (5.18) are both identically zero.
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Now we are in a position to present the proof of the theorems in Section 3 in the specific case that the
vanishing order N is up to 3. Before that, we make two important remarks.

First, throughout the present section, if a generalized singular line of the form (1.2) is involved, the
parameter 1 can be a C'' function other than a constant. Indeed, our argument in the present section can
deal with this more general case. In principle, we believe that the theorems in Section 3 can also be extended
to the more general case that 7 is a function other than a constant. However, when dealing with higher
vanishing orders, the corresponding analysis becomes radically more tedious and complicated. Hence, in the
next section for the general vanishing order case, we shall stick to the case that 7 is a constant.

Second, in proving the vanishing order of the eigenfunction (up to 3), we shall only make use of the eigen-
function confined in Sp,. This is achieved by means of the auxiliary results established in Lemmas 5.2-5.7.
It is emphasized that this is in sharp contrast to the argument in the next section (for the higher vanishing
orders), which applies the spherical wave expansion of the eigenfunction in Bj,. Hence, our argument in
the present section is “localized”. This “localization” property enables one to consider, e.g., the quantita-
tive behaviours of the Dirichlet eigenfunction in Q up to the boundary 9€2. Moreover, combining with our
first remark above, the argument can also be used to study the quantitative behaviours of eigenfunctions
associated with a general second order elliptic operator other than the Laplacian. We shall investigate these
interesting extensions in our future work.

We first deal with Theorem 3.1. According to our discussion above, we actually prove the following more
general theorem.

Theorem 5.1. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two generalized singular
lines Tyt and T';, from Mg, such that (3.2) and (3.3) hold. Assume that m € CY(I'})) and o € CHT)). If
the conditions
1
u(0) =0 and a # 5 (5.35)

are satisfied, the Laplacian eigenfunction u vanishes up to the order 3 at 0.

Proof. Recall Fig. 2. Evaluating (5.10b) and (5.10¢) at 0, using u(0) = 0 we derive

: (COS Pms sin (Pm) = 7771(0)11‘(0) =0,

x=0

Vu - (cos @pr,sin ) = —n2(0)u(0) = 0.

x=0

Since 6y € (0,7), we know that I',” and F,J{ are non-collinear. Therefore it is easy to see
Vu(0) = 0. (5.36)

Noting that u is the Laplacian eigenfunction satisfying (5.10a), we derive the integral equality from (5.11):

—)\/uo(sx)u(x)dx = / (uo(sx)Au — uAug(sx))dx = I} + I] + I, (5.37)
S;L Sh

where Sy, is defined in (5.7), and I and I, are defined in (5.12).
Since u € H?(B},), which can be embedded into C7(B,)(0 < v < 1), we know that

u(x) = u(0) + du(x), |du(x)| < ||ullev]x|”, (5.38)

from which it follows that
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wo(sx)u(x)dx = u(0) [ ug(sx)dx + Is = u(0) uo(sx)dx — Iy | + I (5.39)
/ / /

where

hz/@wwww@,uzl/uww@.

Sh WA\B},
Substituting (5.39) into (5.37) and combining with (5.4), we derive that
—6Xi(e™%% — 1)s72u(0) = I;7 + I} + I + M3 — u(0)\Iy. (5.40)
Using u(0) = 0, we further obtain
0=1I +1I] + 1+ M. (5.41)
Since u € H%(By,), we have from [8, Page 6263] and (5.3) that for some ¢’ > 0,
|| < Ce=¢V?, |I3 <O(s772%) as s — 0. (5.42)

Recalling the definitions of Ili,IQ, Iljt1 and Ilﬂ; given by (5.12), (5.16) and (5.24), respectively, it is easy
to see that

I = (I + 1), 17 = (I + 1), (5.43)

Since 17 and 7y are C' functions on the boundary Ff, they fulfill the requirement of Lemma 5.5. Using
(5.36) and recalling ¢1(6p) and ¢;(0) given in (5.18), we know that

C1 (90) =C (0) =0. (544)
Substituting «(0) = 0 and (5.44) into (5.17) and (5.25) yields

L _ 1 48B(60)

11 — 82 <(00)5
I, =0(s7277), I,=0(s"27).

5 o e0) + 0(s7),

c2(00) +O(s72), I, = T2 C(0) (5.45)

But by means of (5.43), we deduce by substituting (5.45) into (5.41) that

1 4883(6o) 1 483(0)
2 oy 2t e op

where c(6) is defined in (5.18). Multiplying s? on the both sides of (5.46), combining with (5.42), and
letting s — oo, we can obtain that

02(0) = -3 —1I,+ 0(87277), (546)

B(0o) B(0) _
C(90)562(90) + C(O)502(O) =0. (547)
Using the eigen-equation, —Au = Au, we can see
0*u 0%u
8—33% —0 3—1‘3 —0 = —)\U(O) =0. (548)
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Substituting this equation into the expression of c2(6), we derive that

10%u 0%u 2
0)==-7= 0 26 in 26 | . 5.49
e2(0) 2 0x? Ix=0 ¢2(fo) = ((‘hl cos 0o+ w12 Ix—0" 0) (5.49)
From (5.14), it is easy to see that
0 s —2i0p 0 :
Bl im0 = PO _ i (5.50)
¢(6o) 2 ¢(0) 2
Then substituting (5.49) and (5.50) into (5.47), we can deduce that
: 0%u - 0u
1 —2i6y 204) — _ ,—2i0p : 20 =0. 5.51
(1-e cos 26) 023 Ix=0 ¢ st 09122 Ix=0 (5:51)
Recalling that
0
f(z) ::a—Z—l—nQUEO on I'f,
we know the directional derivative of f with respect to the direction (cos 6y, sin ) satisfies
ou . T
\% m + n2u | - (cosfp,sinfy) ' = 0. (5.52)
v
Since 1 € C1(I';) and 72 € CL(I'}), we can use the fact that
0%u cosppr + =22 0%u singar + one wtn ou
P a5 COSYM Mt U+ N5
v ou L) = 81'12 8.’[1822 0xq 0xq :
v ﬂcos +8—usin +8lu+ %
0x10%2 M 0z3 vum 0z 2 0z
where @ = 0y + §, and evaluate (5.52) at x = 0, then derive by using u(0) = 0 and (5.36) that
2, 2 92w
COS s COS 90870% o + sin s sin 90875% o + sin(pn + HO)M o 0. (5.53)
Substituting (5.48) into (5.53), together with py = 6 + 5 we can further obtain that
2u 0u
in 200 —= — 26 =0. 5.54
s Oaﬁ NP 0 911075 Ix=0 (5-54)

Now combining (5.51) with (5.54), we can get a system of linear equations with respect to 2%?(0) and

9%u
89:1 8:102

(0), with the determinant of its coefficient matrix given by

1 — e21 ¢o520, —e~ 2% gin 26,

200 + e~ %% = —isin 20y # 0
sin 26, — cos 20y —cosbote isin 260 7

since 6y # 7/2. Therefore, together with (5.48) we can conclude that

0%u

o 0r3lx=0

0%u B 0%u

i = - =0.
0% lz=0  Ox10x9 x=
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Since the order of the lowest nontrivial homogeneous polynomial in Taylor expansion (5.22) around the
origin is larger than 2, its vanishing order is at least up to 3. This completes the proof. O

We next deal with Theorem 3.5, but under a more general situation with 7, € C*(I'})).

Theorem 5.2. Let u be a Laplacian eigenfunction to (1.1). Suppose that a generalized singular line FZ € M}
intersects with a nodal line T';, € NP such that (3.2) and (3.3) hold, and n2 € CH(T}V). If the following
condition is fulfilled

3

11

then the Laplacian eigenfunction u vanishes up to the order 3 at 0.

Proof. Since u =0 on I';’, we know from (5.48) that

ou 0%y 0%y

D21 lxeo — 922 lxco ~ 922 lxco - (5.56)
Further, we derive by evaluating
ou
By + neu =
on I‘Z at x = 0 that
8(9_;1 o cospy + (,;9—;2 o sin ppr = —12(0)u(0) = 0, (5.57)

where @y = 0y + 7/2. Then substituting (5.56) into (5.57), it is easy to see that

Oou
R — =
cosvo Oz Ix=0
Hence if 6y # 7/2, we have
ou
— =0. 5.58
8332 x=0 ( )

Now recalling that we have the boundary condition (5.10¢) on '}, with 7, € C1(I'}"), and the fact that
u=0onT, , we can establish the following integral equality by the same argument for deriving (5.41)

O:[;F_I;2+I2+)\[37 (5.59)

where I;7 = — (I} + I}}), I2, I}; and I3 are defined in (5.16), (5.12), (5.24) and (5.39), respectively. For the
term I, it follows from (5.17) that

1 4B(6o) 0 1 485(6o)

C(en) P U ER A R TR R +0(s77)

1 24B(6y) 0O*u . _
- 2PV 27 3 3
hi=-5 C(00)°  Omiasix—0 260+ 0(s™) (5.60)
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by (5.56) and (5.58).
To estimate the term I}, we recall that 7o has the expansion (5.26). We have ¢;(fp) = 0 from (5.56) and
(5.58). Then using u(0) = ¢1(6p) = 0, we deduce from (5.25) that
I, = O(s7%77). (5.61)
Next we estimate I7,. It follows from (5.32), combining with (5.56) and (5.58), that

ou 12 9%u 1

o — — do=2=.-"_ S —O(s7). 5.62
12 /UO(SX) ov g s2  Ox10xs1x=0 ((0)* (s7) ( )
Ty
Substituting (5.60)-(5.62) into (5.59), we can get that
1 24B3(6y) 0%*u i 12 O%u 1 o
— . 200 — = ——— — =0 ) = —(Is 4+ A3).
2 ((00)° Ozimalx=0 SIEY0 T 5 Or1029 1x=0 ¢(0)% (s ) (T2 4 Als)
Multiplying s2 on the both sides of the above equality, we deduce from (5.42) that
2B(6o) . 1 u
- sin 26y — C— =
(4(90)5 T TLOT) 0w k-
as s — 0o. But we see from (5.50) that
26(6o) . 1 T —2i0
—— -sin20y — —— = 0 sin 26p — 1 = — cos 26 Yo =£0
(00)° sin 26y ROL ie sin 260, cos 20pe =+
if 0y # 7/4 and 6y # 37 /4. Hence we obtain that
82
u —0,
0x10xo 1x=0
which completes the proof. O
5.1. Proof of Theorem 3.2
Using v = 0 on Ff, we have
Vu (1,0)" = Vu - (cos B, sinfy) " = 0.
x=0 x=0
This implies
Vu 0= 0. (5.63)

Now we recall that u has the expansion (5.22), then we can derive on I'; by using (5.63) and polar coordinates
that

Il
o

0<r<h,

5 OO

(e%

zel',
@ENZ, |a|>2 "
a=(a1,a2)

from which it is not difficult to see that
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1 0%u 9
CQ(O) = 58—x% 0 -cos“0=0. (564)
This can be used, along with (5.48), to deduce that
0%u
— =0. 5.65
023 Ix=0 (565)

By means of the fact v =0 on Ff again, we have the integral identity
OZ—IE—IfQ'FIQ-F)\Ig, (566)

where I, I and I3 are defined in (5.12), (5.24) and (5.39), respectively. By Lemma 5.7, together with
(5.63)-(5.65) it is easy to see that

12 0%u 1
Iy == i o) ——— +O(s7?
12 s2  Ox1019 x:051n(<pM +6o) 4(90)4 + (8 ), (5.6
12 9% 1 '
Ih=—=" i ———+0(s7?
12 82 8x18x2 x=0 Sln(@m) C(0)4 + (S )7
where ¢, = —m/2 and ¢pr = 0y + /2 are the arguments of the exterior unit normal vectors to I', and F;,
respectively. From (5.14), we have
C(90)4 — €2i90, C(0)4 = 1.
Substituting (5.67) into (5.66), we derive that
12 ; 0%u
— (1 — cos26pe %) ——— I+ M3 —0(s7%) =0. 5.68
= (1 — cos26pe ) 901023 x:0+ 2+ Al3 (s77) (5.68)

Now multiplying s? on the both sides of (5.68), noting (5.42), we have

: 0%
1 —cos20pe 200) ——| =
( o8 Zboc ) 63:18902 x=0
from which we can deduce that
82
Pu |,
6$1a$2 x=0

if 6y # w/2. This completes our proof. O
5.2. Proof of Theorem 3.7

Since u satisfies the boundary condition u = 0 on I';’, we know that

0) = (1,0)T = - =0.
u(0) =0, Vuxzo (1,0) 0:89{:1 o 0

Recalling that ¢y = 0g + /2 is the argument of the exterior unit normal vector of I‘Z and d,u = 0 on FZ,
we easily see
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Ou (— Sil’leo) + aa—u

81‘1 x=0 X9

cos by = 0.
x=0

Therefore if 6y # /2, we know

ou

Oy

x=0

Furthermore, since I';’ is a nodal line, we know by Lemma 5.8 that

82
== =o
O0x? l1x=0
Substituting «(0) = 0 into (5.48), we have
0?u 0% _
0x3lx=0  Oz}lx=0

Then using the fact that FZ is a singular line of u, we derive from Lemma 5.6 that

0%u 0%u
i fo)  ——— =cos20y - ——— =0.
SIH(QDM + 0) (91‘181‘2 =0 o8 =Y 6$18$2 x=0
Hence if 6y # 7/4 and 0y # 37 /4, we can prove
0%u B
89018902 x=0 o

which means that the expansion (5.22) of u has at least nontrivial homogeneous polynomial with the order
of three, hence completes our proof. 0O

Remark 5.1. In the subsection 5.2 above, we may also use the CGO solution as the test function to study
the vanishing property of the second order partial derivatives of w at the origin with respect to 6y, which
can lead to the same conclusion.

6. Proofs of the theorems in Section 3 for general cases

In this section, detailed proofs of the theorems for general vanishing order in Section 3 are presented,
by using the spherical wave expansion of the Laplacian eigenfunction u near the intersecting point between
two line segments.

From (2.14) and (2.15), we have the following lemma regarding the exterior normal derivative of u on
Ff by using the spherical wave expansion (2.14) of u.

Lemma 6.1. Under the polar coordinate, we have the following expansion of the normal derivative of u given
by (2.14) on T'F around the origin

4 19 1. info —ingy
8_31“;_;8_;‘0_00_;201”(6%6 o —p,e ) J, (\/XT),

" 6.1
ou ~ 10u 1 = b J X (6
Buley = 77 GBlomo = 7 25 (0 =) T (Vir).
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In Section 5, we proved the vanishing order up to three of the Laplacian eigenfunction at the origin. In
the next lemma, we clarify the relationship between the coefficients a,,, b, in (2.14) and the vanishing order
of u at the origin.

Lemma 6.2. Suppose that u has the spherical wave expansion (2.14) around the origin, and the coefficients
ap, by in (2.14) satisfy

ag+bp=0, a,=b,=0,n=1,2,... N—1, N > 2, (6.2)
if and only if the vanishing order of u at the origin is at least N.

Proof. Substituting (6.2) into (2.14) yields
u(@) = 37 (ane™? 4 bue™ ) I, (VAr). (6.3)
n=N

The lemma is readily proved by noting from (2.17) that the power of the lowest order in (6.3) with respect
toris N. O

Recalling the definition of the generalized singular line of the Laplacian eigenfunction u, and using the
spherical wave expansion (2.14) of u and Lemma 6.1, we can deduce some equations for the undetermined
coefficients {ay,, b, } in (2.14). These equations will be used in the proof of Theorem 3.1.

Lemma 6.3. Let Ff be two generalized singular lines of u with the boundary parameters n; = Cq and no = Cy
defined on I} and FZ, respectively, where Cy and Cs are two constants. Suppose that Ff intersect with each
other at the origin and (6.2) is fulfilled. Then the following equations hold for the coefficients {an,bn} and

{an+1,bn41} in (2.14):

aNeiNGO - bNeiiNGO = 0, anN — bN = 0, (6.4)
2CQ(aNeiN00 + bNe_iNeo) + i\/X(aNHei(NH)OO - bNHe_i(NH)OO) =0, (6.5)
201((1]\[ + bN) - i\/X(aN+1 — bN+1) =0. (66)

Proof. Substituting (2.14) and (6.1) into

Ou

0
al/+n2u:00nf: and 8—Z+n1u:00nF}:,

and combining with the following identity (cf. [1])

A
Jn(VAr) = \QF—nT (Jn,l(\/xr) + Jn+1(\/Xr)> , neN,
we can obtain

=iV (ane™ — b, e~ n00) (Jn_l(\/Xr) + Jn+1(\/x’"))

2
L (6.7)
+ Cy Z(OLneme0 + bpe™ ) 1, (VAr) = 0,
n=0

and
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>

oo

=~ bn) (Jac 1 (VAP) + Tt (VAR)) = €1 S (an + ba) Jn(VAr) =0, (6.8)

n=0

wwa

Using (6.2) and comparing the coefficients of =1 and 7% on both sides of (6.7), one can derive by
straightforward calculations the first equation in (6.4) and (6.5). Similarly, we can derive the second equation
in (6.4) and (6.6) on I'; by using (6.2) and (6.8). O

Similar to Lemma 6.3, we can obtain the equations for {a,,b,} by using (2.14) and the boundary
conditions on Ff for the singular lines in Lemma 6.4.

Lemma 6.4. Suppose that Ff are two singular lines of uw which intersect with each other at the origin and
(6.2) is fulfilled. Then the following equations hold for the coefficients {an,by} in (2.14):

aneN0 — pyeiNO — (6.9)

anN — bN =0. (610)
Proof. Using (6.1) and Lemma 2.5, together with (6.2), we can derive (6.9) and (6.10). O

In particular, for two intersecting nodal lines I‘ff, we can derive the equations for {a,,b,}, n =0,1,---,
by Lemma 2.5 as follows.

Lemma 6.5. Suppose that I‘f are two nodal lines of u which intersect with each other at the origin, then the
following equations hold for the coefficients {an,b,} in (2.14), n =0,1,...:

aneanO + bne—lnGO — 0)

an +b, =0.

Proof. Substituting (2.14) into u = 0 on I‘f, we can obtain that
= Z (ane™ + bye™ %) J,( Z an + b)) Jn (V).
n=0 n=0

Then the desired results follow directly from Lemma 2.5. O

In the rest of this section, we provide detailed proofs of theorems for general vanishing orders in Section 3.
6.1. Proof of Theorem 3.1

According to Theorem 5.1, we know that Theorem 3.1 holds at least for N = 3. Hence, by virtue of
Lemma 6.2, we see that (6.2) holds for N = 3. Now we apply the mathematical induction, and assume that
(6.2) holds for any N > 3 and N € N. Then using (6.4) we can directly derive by virtue of (3.4) that

e2iNOo 1
1 -1

’:1_62iN90 #0

for 0y # X (m = 0,1,..., N — 1). This implies that ay = by = 0, and completes the proof of Theo-
rem 3.1. O
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6.2. Proof of Theorem 3.2

Since u = 0 on I‘,ﬁ by Lemma 6.5 we know

ein@g e—inﬂg

1 1 — e—in90 (eQineg _ 1) 7é O

if 09 # =% (m =0,1,...,n — 1). This readily implies that a,, = b, =0, n =1,2,.... O
6.3. Proof of Theorem 3.3

In combination with Lemma 6.4, Theorem 3.3 can be proved by following a completely similar argument
to the one for Theorem 3.1 in Subsection 6.1 by formally taking 17; = 0 and 7, = 0.

6.4. Proof of Theorem 3.5

From Theorem 5.2, we know that Theorem 3.5 holds at least for N = 3. Therefore, by virtue Lemma 6.2,
one can conclude that (6.2) holds for N = 3. Now we apply the mathematical induction, and assume that
(6.2) holds for any N > 3 and N € N. Since u = 0 on I';, from Lemma 6.5, one has

any + by =0. (6.11)
Since % + nou =0 on I‘Z, by virtue of (6.4), it holds that
ane®N0 _py = 0. (6.12)
In view of (6.11) and (6.12), if 6 # Z2HDT (1 = 0,1,..., N — 1), then

62iN90 71
1 1

‘ — N0 1 £
which readily shows that ay = by = 0. The proof is complete. O
7. Discussions about the condition «(0) = 0

We recall a critical condition u(0) = 0 that was used in Theorems 3.1, 3.3 and 3.6 in Section 3. It is
also noted that in other three theorems of the same section, the condition that u(0) = 0 is always fulfilled
because one of the two line segments is a nodal line there. In this section, by illustrating with several specific
examples, we show that the condition «(0) = 0 can be fulfilled in certain scenarios in Theorems 3.1, 3.3 and
3.6, if one imposes certain generic conditions on the boundary parameters C;, the intersecting angle a - w
and the eigenvalue A.

It is stated in the introduction that one of the main motivations of our study in this work is the unique
identifiability in inverse scattering problems. As we will see in the next section, we are able to develop a pow-
erful mathematical strategy so that this condition is always fulfilled by making use of a linear combination
of two eigenfunctions.

Proposition 7.1. Let u be a Laplacian eigenfunction to (1.1), with its Fourier series given by (2.14). Suppose
that there are two generalized singular lines T}t and T), from M@ such that (3.2) and (3.3) hold. Assume
that my = C1 and 1o = Cy for two constants C1 and Cs. Then if « = 1 and C7; # C5, the Laplacian
eigenfunction u fulfills u(0) = 0. If « # 1, two coefficients a; and by in (2.14) can be expressed explicitly by



148 X. Cao et al. / J. Math. Pures Appl. 143 (2020) 116-161

1 1
V/Asin 0y v/ Asin 0y

Proof. Recall the Laplacian eigenfunction u has the spherical wave expansion (2.14) in polar coordinates

ay = (Cle_ieo + C2)U(O), by = (Cleieo + OQ)U(O) (71)

around the origin. Then we can obtain from Lemma 6.3, and noting that o = 1 implies 6y = =, the following
equations

2C2((10 + bo) - i\ﬁ)\(al - bl) = 0,
201(0,0 + bo) — i\/X(CLl — bl) =0.

Noting that ag + by = «(0) and using the assumption C; # Cs, we can derive from the above equations
that 4(0) = 0. And (7.1) follows readily from (6.5) and (6.6) if « #1. O

Proposition 7.2. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two generalized singular
lines FZ and I', from ./\/lf-‘z such that (3.2) and (3.3) hold. Assume that 11 = Ci and ny = Cy for two
constants Cy and Cs. If o # %, then as and by in (2.14) can be expressed explicitly as

2u(0 ) .
2= m(os)ineo(0102 + C1Coe™ 2% 4 2 cos by + C? cos fpe™12%0),
_ L@ 20, 2 5 260
bo (C1C5 + C1Ce“% + C5 cos by + C5 cos Hpe'<?°). (7.2)

"~ \sin 26, sin 6,

Proof. Substituting (7.1) into (6.5) and (6.6) and taking n = 2, we can obtain that

2C5(a1€1% + bie1%) + iv/A(age%0 — bye1200) = 0, (73)
201(&1 + bl) — i\/X((IQ — bz) =0. .
After rearranging the terms, (7.3) can be further simplified as
a 61290 _ b 67i290 — @ a 6100 +b 67190 ,
2 2 ay (a1 1 ) (7.4)

ag — b2 = —Z%i (CL] + bl)

Substituting (7.1) into (7.4), then we can derive by direct calculations (7.2) for the explicit expressions of
as and by. 0O

Proposition 7.3. Let u be a Laplacian eigenfunction to (1.1). Suppose that there are two generalized singular
lines T} and T';, from MJ such that (3.2) and (3.3) hold. Assume that 1 = C1 and n2 = Co for two
constants Cy and Cs. Then if a = %, C1 # Cy and

4
L+ o5 (CT+ GG+ CF) #0, (7.5)

the Laplacian eigenfunction w fulfills w(0) = 0. Furthermore, if a # %, then as and bs in (2.14) can be
expressed explicitly as

1 .
a3 = ———(By — Boe~3%),
’ \/Xsin?)@o( ! 2 )

1

= ——(By — Bye'3%), 7.6
’ \/Xsin?)ﬁo( ! 2 ) (7.6)

where By and Bsy are given by
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By = i\/X(aleigo — ble_igo) + Cz(a2€i200 + b2€_i200) + CQU(O), (77)
By = i\/X(al — bl) - Ch (CLQ + bQ) — C’lu(O), (78)
with (a1,b1) and (ag,bs) defined in (7.1) and (7.2), respectively.

Proof. Recall (6.7) and (6.8). Comparing the coefficients of 2 on the both sides of these two equations, we
can derive that

i\/X(aleleo —bre %) + 51\/X(a36139° — bz 1300)
+ Ca(a2e™? + bye™2%) + Cy(ag +by) =0 on I, (7.9)
and
1
i\/X(al —b)+ 51\/X(a3 — b3) — Cl(az + bo) — Cl(ao + bo) =0 onlY. (7.10)

Since ag + by = u(0), substituting (7.7) and (7.8) into (7.9) and (7.10), we can further obtain that

30, _ 2B 2B,

1300 _ b, as — by = _ (7.11)

as

Since o = %, taking 6y = % in (7.11), we have

) 2B,  2iB,
a3 —by3=——+ = ,
which indicates that
B1+ B =0, (712)
where
. T T 227 s 27
By = iVA(a1€'% — b1e78) 4 Cyage’s + bae '3 ) + Cou(0), (7.13)

and By is defined in (7.8). Substituting (7.1) and (7.2) into (7.13) and (7.8), after straightforward calcula-
tions, (7.12) can be reduced to

4
(Cl — CQ) 1+ 5 (012 + C1Cy +CZ2) U(O) =0.

This implies u(0) = 0 by noting that C; # Cs and using (7.5). Similarly we can deduce (7.6) from (7.11)
directly for a #1/3. O

We end this section with two important remarks.

Remark 7.1. By tracing the proofs of Propositions 7.1-7.3 and repeating similar arguments, we can find
that under some mild assumptions on C1, Cs, the intersecting angle a.- m and the eigenvalue A, the property
u(0) = 0 still holds for the rational intersecting angle a - w generically except for « = 7/2m, where
m=1,2,---. The detailed arguments are rather tedious and technical, but straightforward.
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Remark 7.2. In Propositions 7.1-7.3, we studied the property u(0) = 0 for two intersected generalized
singular lines only for some conditions on C7, C5, the intersecting angle o - m and A. Other situations may
be analysed similarly, e.g., either C; = 0 or C5 = 0. But as shown in Theorem 2.2, we can not guarantee
1(0) = 0 by imposing some conditions on the intersecting angle between two intersecting singular lines.

8. Unique identifiability for inverse scattering problems

In this section, we apply the spectral results we have established in the previous sections to study a
fundamental mathematical topic, i.e., the unique identifiability, in a class of physically important inverse
problems. These include the inverse obstacle problem and the inverse diffraction grating problem, which
are concerned with imaging the shapes of some unknown or inaccessible objects from certain wave probing
data in different physical settings. These inverse scattering problems may arise from a variety of important
applications such as radar, sonar and medical imaging, as well as geophysical exploration and nondestructive
testing.

8.1. Unique recovery for the inverse obstacle problem

We first consider the inverse obstacle problem. Let k = w/c € R be the wavenumber of a time harmonic
wave with w € Ry and ¢ € R, respectively, signifying the frequency and sound speed. Let @ C R? be a
bounded domain with a Lipschitz-boundary 9 and a connected complement R?\(. Furthermore, let the
incident field u’ be a plane wave of the form

u' = ui(x;k,d) =" x e R?, (8.1)

where d € S! denotes the incident direction of the impinging wave and S! := {x € R? : |x| = 1} is the
unit circle in R2. Physically, € is an impenetrable obstacle that is unknown or inaccessible, and v’ signifies
the detecting wave field that is used for probing the obstacle. The presence of the obstacle interrupts the
propagation of the incident wave, and generates the so-called scattered wave field u®. Let u := u’ 4+u® be the
resulting total wave field, then the forward scattering problem can be described by the following Helmholtz

system:
Au+ k?u =0 in R2\Q,
u=u'+u° in RZ2,
(8.2)
B(u) =0 on 09,
lim r2 (8u‘ — ik:us) = 0.
r—00 or

The limiting equation above is known as the Sommerfeld radiation condition which holds uniformly in
% := x/|x| € S! and characterizes the outgoing nature of the scattered wave field u*. The boundary operator
B could be Dirichlet type, B(u) = u; or Neumann type, B(u) = d,u; or Robin type, B(u) = d,u + nu,
corresponding to that €2 is a sound-soft, sound-hard or impedance obstacle, respectively. Here v denotes
the exterior unit normal vector to 9Q and n € L>(9N) signifies a boundary impedance parameter. It is
required that Rn > 0 and Sn > 0. In what follows, we formally take w = 0 on 9 as d,u + nu = 0 on
0N with 7 = +o0. In doing so, we can unify all three boundary conditions as the generalized impedance

boundary condition:

B(u)=0,u+nu=0 on 09, (8.3)
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where 1 could be oo, corresponding to a sound-soft obstacle. The forward scattering problem (8.2) is well
understood [16,53] and there exists a unique solution u € H}. (R?\Q) that admits the following asymptotic
expansion:

eikr

ut (x; k, d) = (%;k,d) + O (L) as T — 00 (8.4)

m““’ r3/2

which holds uniformly with respect to all directions % := x/|x| € S*. The complex valued function us, in
(8.4) defined over the unit sphere S! is known as the far-field pattern with & € S! signifying the observation
direction. The inverse obstacle scattering problem is to recover 2 by using the knowledge of the far-field
pattern us(X;k,d). By introducing an operator F which sends the obstacle to the corresponding far-field
pattern through the Helmholtz system (8.2), the inverse obstacle problem can be formulated as the following
abstract operator equation:

F(Q,m) = uoo (X5 k,d), (8.5)

where F is defined by the forward obstacle scattering system, and is nonlinear. That is, one intends to
determine (£2,7) from the knowledge of uq(X; &, d).

A primary issue for the inverse obstacle problem (8.5) is the unique identifiability, which is concerned
with the sufficient conditions such that the correspondence between ) and wus, is one-to-one. There is a
widespread belief that one can establish uniqueness for (8.5) by a single or at most finitely many far-field
patterns. We remark that by a single far-field pattern we mean that u..(X; k, d) is collected for all & € S!, but
is associated with a fixed incident e!**'4, Phrased in the geometric term, it states that the analytic function
Uso On the unit sphere associated with at most finitely many k& and d can supply a global parameterization
of a generic domain €. This problem is known as the Schiffer problem in the inverse scattering community.
It is named after M. Schiffer for his pioneering contribution around 1960 which is actually appeared as a
private communication in the monograph by Lax and Phillips [45]. There is a long and colourful history on
the study of the Schiffer problem, and we refer to a recent survey paper by Colton and Kress [17] which
contains an excellent account of the historical developments of this problem.

Recent progress on the Schiffer problem is made on general polyhedral obstacles in R™, n > 2. Uniqueness
and stability results by using a finite number of far-field patterns can be found in [4,15,48-51]. The major
idea is to make use of the reflection principle for the Laplacian eigenfunction to propagate the so-called
Dirichlet or Neumann hyperplanes. In the two-dimensional case, the Dirichlet and Neumann hyperplanes
are actually the nodal and singular lines introduced in the present paper. In [51], two of the authors of
the present paper made an effort to answer the unique determination issue for impedance-type obstacles
but gave only a partial solution to this fundamental problem. In this section, we develop a completely
new approach that is able to provide a solution to this inverse obstacle problem in two dimensions, and
the approach is uniform to sound-soft, sound-hard and impedance type obstacles. The new approach is
completely local, and enables us to show in a rather general scenario that one can determine an impedance
obstacle as well as its surface impedance by at most two far-field patterns.

Consider an obstacle §2 associated with the generalized impedance boundary condition (8.3). It is called
an admissible polygonal obstacle if  C R? is an open polygon, and on each edge of O, 7 is either a constant
(possibly zero) or oo. That is, each edge K of an admissible polygonal obstacle is either sound-soft (7 = oo
on K), or sound-hard (n = 0 on K), or impedance-type (7 is a constant on k). It is emphasized that n may
take different values on different edges of 9. We write (€2, ) to signify an admissible polygonal obstacle.

Definition 8.1. Let (€2, 7) be an admissible polygonal obstacle. If all the angles of its corners are irrational,
then it is said to be an irrational obstacle. If there is a corner angle of () is rational, then it is called a
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rational obstacle. The smallest degree of the rational corner angles of §2 (cf. Definition 1.2) is referred to as
the rational degree of €.

It is easy to see that for a rational polygonal obstacle €2 in Definition 8.1, the rational degree of 2 is at
least 2.

Definition 8.2. Q) is said to be an admissible complex polygonal obstacle if it consists of finitely many
admissible polygonal obstacles. That is,

l
(9777) = U(ijnj)7 (86)
j=1

where ! € N and each (€2;,7;) is an admissible polygonal obstacle. Here, we define

l
n= Z 15X 6%, - (8.7)
j=1

Moreover, {2 is said to be irrational if all of its component polygonal obstacles are irrational, otherwise it is
said to be rational. For the latter case, the smallest degree among all the degrees of its rational components
is defined to be the degree of the complex obstacle 2.

Next, we first consider the determination of an admissible complex irrational polygonal obstacle by at
most two far-field patterns. We have the following local uniqueness result.

Theorem 8.1. Let (2,1) and (ﬁ,?ﬂ be two admissible complex irrational obstacles. Let k € Ry be fized and
dy, £ =1,2 be two distinct incident directions from S'. Let G denote the unbounded connected component

of R*\(QuU §~2) Let us and Uy, be, respectively, the far-field patterns associated with (Q,n) and (S~2, n). If
Uoo (X,dy) = oo (X,dy), X €S (=12, (8.8)
then one has that
(aa\aﬁ) U (aﬁ\aﬁ)
cannot have a corner on 0G.

Proof. We prove the theorem by contradiction. Assume (8.8) holds but (69\86) U (0@\65) has a corner

X, on 0G. Clearly, x. is either a vertex of 2 or a vertex of {2. Without loss of generality, we assume that
X. is a vertex of ). Moreover, we see that x. lies outside 2. Let h € R be sufficiently small such that
By (x.) € R2\Q. Moreover, since x, is a vertex of ), we can assume that

Bi(x.) N9Q =T%, (8.9)

where Ff are the two line segments lying on the two edges of Q) that intersect at Xe-

Recall that G denotes the unbounded connected component of R2\(QU ). By (8.8) and the Rellich
theorem (cf. [16]), we know that

u(x; k,dg) = u(x; k,dg), x€G, £=1,2. (8.10)
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It is clear that I C OG. Hence, by using (8.10) as well as the generalized boundary condition (8.3) on a9,
we readily have

dyu+nu=08,u+7u=0 on I'f. (8.11)

It is also noted that in By (x.), —Au = k?u. Next, we consider two separate cases.

Case 1. Suppose that either u(x.;k,d1) or u(x.;k,dsa) is zero. Without loss of generality, we assume that
u(Xce; k,d;) = 0. By the assumption of the theorem that 2 is an irrational obstacle, we see that I‘; and I'};
intersect with an irrational angle. Hence, by our results in Sections 2 and 4, one immediately has that

u(x;k,d1) =0 in Bp(x.), (8.12)

which in turn yields by the analytic continuation that

u(x;k,d;) =0 in R?\Q. (8.13)
In particular, one has from (8.13) that
lim |u(x;k,dy)| = 0. (8.14)
|x|—o0

But this contradicts to the fact that follows from (8.4):

lim |u(x;k,di)| = lim ’eikx'dl +u®(x;k,dy)| = 1. (8.15)

|x|—o00 |x|—o00

Case 2. Suppose that both u(x.; k,d1) # 0 and u(x.; k,d2) # 0. Set

a1 = u(Xe; k,d2) and  ag = —u(x; k,dy), (8.16)
and
v(x) = au(x; k,dy) + asu(x; k,d2), x € Bi(x.). (8.17)
Clearly, there hold
~Av=kv in Bu(x.); Ou+iv=0 on I'f. (8.18)

Moreover, by the choice of oy, s in (8.16), one obviously has that v(x.) = 0. Hence, by our results in
Sections 2 and 4, one immediately has that

v=0 in Bp(x.), (8.19)

which in turn yields by the analytic continuation that
au(x; k,di) + agu(x; k,de) =0 in RA\Q. (8.20)
However, since d; and ds are distinct, we know from [16, Chapter 5] that u(x;k,d;) and u(x;k,ds) are

linearly independent in R2\Q. Therefore, one has from (8.20) that a; = ap = 0, which contracts to the
assumption at the beginning that both a; and ay are nonzero. 0O
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Tt is recalled that the convex hull of 2, denoted by CH(R2), is the smallest convex set that contains .
As a direct consequence of Theorem 8.1, we next show that the convex hull of a complex irrational obstacle
can be uniquely determined by at most two far-field measurements. Furthermore, the boundary impedance
parameter 7 can be partially identified as well. In fact we have

Corollary 8.2. Let (2,7n) and ((2, 7) be two admissible complex irrational obstacles. Let k € Ry be fized and
dy, £ =1,2 be two distinct incident directions from S'. Let G denote the unbounded connected component

of R2\(QU ?2) Let usy and Uy, be, respectively, the far-field patterns associated with (Q,n) and (§~2, n). If

Uoo (X, dy) = oo (X,dy), X€SH =12, (8.21)
then one has that
CH(Q) =CH(Q) =3, (8.22)
and
n=1 on ONNINNIT. (8.23)

Proof. From Theorem 8.1, we can immediately conclude (8.22). Next we prove (8.23). Let £ C 9QNHNNIT
be an open subset such that 1 # 77 on £. By taking a smaller subset of £ if necessary, we can assume that
n (respectively, 77) is either a fixed constant or co on &. Clearly, one has u = u in R?\X. Hence, there hold
that

u+nu=0, du+nu=0, uv=u du=0,u on &. (8.24)
By direct verification, one can show that
u=0,u=0 on &, (8.25)

which in turn yields by the Holmgren uniqueness result (cf. [50]) that u = 0 in R?\Q. Hence, we arrive at
the same contradiction as that in (8.15), which implies (8.23). O

Remark 8.1. Let V() and V(CH(2)) denote, respectively, the sets of vertices of Q and CH(2). It is known
that V(CH(R2)) C V(). Theorem 8.1 states that if the corner angle of the polygon  at any vertex in V()
is irrational, then CH(Q2) can be uniquely determined by two far-field patterns. Indeed, from the proof of
Theorem 8.1, we see that this requirement can be relaxed to that the corner angle of the polygon 2 at any
vertex in V(CH(S2)) is irrational.

We proceed now to consider the unique determination of rational obstacles. Let © be a polygon in R?
and X, be a vertex of Q. In what follows, we define

Q.(x.) = B.(xc) NRA\Q, rcR,. (8.26)

For a function f € L2 (R2\Q), we define

loc

L(f)(xc) := lim L / f(x) dx (8.27)

r—=+0 [ (%)
QT(XC)

if the limit exists. It is easy to see that if f(x) is continuous in Q. (x.) for a sufficiently small 7o € R, then

L(f)(xe) = f(%e)-
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Theorem 8.3. Let (2,7n) be an admissible complex rational obstacle of degree p > 3. Let k € Ry be fized and
dy, £ = 1,2 be two distinct incident directions from S'. Set uy(x) = u(x;k,dy) to be the total wave fields

ikx~d5

associated with (,7n) and e , £ = 1,2, respectively. Recall that G denotes the unbounded connected

component of R%\(Q U fvl) If the following condition is fulfilled,
L (ug - Vug —uy - Vug) (x¢) # 0, (8.28)
where X, is any vertex of 2, then one has that
(ag\aﬁ) U (aﬁ\aﬁ)
cannot have a corner on 0G.
Proof. We prove the theorem by contradiction. Assume that there exists an admissible complex rational
obstacle of degree p > 3, (€,7), such that (8.8) holds but (89\65) U (8()\892 has a corner on 0G. In

eorem 8.1. Note that the
total wave fields ug, ¢ = 1,2, associated with (€2,7), are also assumed to fulfill the condition (8.28).

what follows, we adopt the same notation as those introduced in the proof of T

By following a similar argument to the proof of Theorem 8.1, one can show that there exist two line
segments I‘f in R2\Q such that d,u + 7ju = 0 on Ff, and I‘Z and I', intersect at a point x. which is a
vertex of Q. Using the fact that u = @ near x. and the condition (8.28) on (£2,7), we actually have

u(Xe;da) - Vu(xe;dy) — u(xe;dy) - Vu(xe; dz2) # 0. (8.29)

Clearly, (8.29) implies that ay := u(x¢;d2) and ag := —u(x.;d;) cannot be identically zero. Set v to be the
one introduced in (8.17), then it clearly satisfies

v(x.) =0 and Vu(x.)#0. (8.30)

Since € is rational of degree p > 3, we know that FZ and I'; intersect either at an irrational angle or
at a rational angle of degree p > 3. In either case, by our results in Sections 2, 3 and 4, we can see that v
is vanishing at least to the second order at x.. Hence, there holds Vu(x.) = 0, which is a contradiction to
(8.30). O

Similar to Corollary 8.2, as a direct consequence of Theorem 8.3, under the condition (8.28), we next
show that the convex hull of a complex rational obstacle of degree p > 3 can be uniquely determined by at
most two far-field measurements. Indeed we have

Corollary 8.4. Let (2,n) be an admissible complex rational obstacle of degree p > 3. Let k € Ry be fized
and dg, £ = 1,2 be two distinct incident directions from S'. Set u,(x) = u(x;k,d;) to be the total wave
fields associated with (2,m) and e**d¢ ¢ = 1,2, respectively. If (8.28) is fulfilled, then CH(Q) is uniquely
determined by us(X,dy¢), £ = 1,2. Similar to Corollary 8.2, the boundary impedance parameter 1 can be
partially identified as well.

Remark 8.2. As mentioned earlier that a general rational obstacle is at least of order 2. By Remark 3.1,
we can easily extend the proof of Theorem 8.3 to cover the general case that p = 2. However, as discussed
in Remark 3.1, we need to exclude the case that 7 = oo and 7 is a finite number (possibly being zero),
respectively on the two intersecting line segments Ff (as appeared in the proof of Theorem 8.3).
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Remark 8.3. Similar to Remark 8.1, the condition (8.28) can be relaxed to hold only at any vertex in
V(CH(Q)) in Theorem 8.3 and Corollary 8.4. Furthermore, since in the proof of Theorem 8.3, we only make
use of the vanishing up to the second order. By our results in Section 5, we know that Theorem 8.3 actually
holds for a more general case where the surface impedance 7 can be a C' function.

It would be interesting to investigate the sufficient conditions for (8.28) to hold. From a practical point of
view, the condition (8.28) depends on the a-priori knowledge of the underlying obstacle as well as the choice
of the incident waves. As an illustrating scenario, suppose that the obstacle €2 is sufficiently small compared
with the wavelength, namely k - diam(§2) < 1. Then from a physical viewpoint, the scattered wave field due
to the obstacle is of a much smaller magnitude than that of the incident field, and the incident plane wave
dominates in the total wave field u = u’ + u®. In such a case, one can verify that the condition (8.28) is
fulfilled in the setup described in Theorem 8.3 (thanks to the fact that the condition is actually satisfied by
two incident plane waves). However, we shall not explore more about this point. Finally, we also would like
to point out that our arguments for the uniqueness results in Theorems 8.1 and 8.3 are “localized” around
the corner point x.. Therefore one may consider other different types of wave incidences from the incident
plane wave (8.1), e.g., the point source of the form,

u'(x;20) = Hy (k|x — 20), x,20 € R?,

where H{} is the zeroth-order Hankel function of the first kind, and zg signifies the location of the source
u'(x,20). u'(x;20) blows up at the point zo. By direct verifications, we can show that both the uniqueness
results in Theorem 8.1 and 8.3 still hold for this point source incidence.

8.2. Unique recovery for the inverse diffraction grating problem

In this subsection, we consider the unique recovery for the inverse diffraction grating problem. First we
give a brief review of the basic mathematical model for this inverse problem. Let the profile of a diffraction
grating be described by the curve

Ap = {(z1,22) € R 2 = f(a1)}, (8.31)
where f is a periodic Lipschitz function with period 27. Let
Qp ={x € R* 2y > f(z1),71 € R}

be filled with a material whose index of refraction (or wave number) k is a positive constant. Suppose further
that the incident wave given by

(e _ikd-x — ( _ T T
u'(x;k,d) =e , d=(sinf,—cosh)', 96( 2,2>,

propagates to Ay from the top. Then the total wave satisfies the following Helmholtz system:

Au+Kku=0 in Qf; B(u)|Af =0 on Ay, (8.32)
with the generalized impedance boundary condition
B(u)=0,u+nu=0 on 09, (8.33)

where 7 can be oo or 0, corresponding to a sound-soft or sound-hard grating, respectively.
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To achieve the uniqueness of (8.32), the total wave field u should be a-quasiperiodic in the x;-direction,
with a = ksin 6, which means that

u(zy + 27, 9) = €7 - u(xy, 20),

and the scattered field u® satisfies the Rayleigh expansion (cf. [55,56]):

(x;k,d) Z Un& > for o> max f(x1), (8.34)

z1€[0,27]
n=—o00

where u,, € C(n € Z) are called the Rayleigh coefficient of u*, and

€n(0) = (@n(0), Ba(0)) ", @n(8) = n + ksin®,

k2 —a2(0), if |an,(0) <k (8.35)
Bn(0) = '
ivo2(0) — k2, if |on,(0)] > k

The existence and uniqueness of the a-quasiperiodic solution to (8.32) for the sound-soft or impedance
boundary condition with n € C being a constant satisfying $(n) > 0 can be found in [2,14,37,38]. It should
be pointed out that the uniqueness of the direct scattering problem associated with the sound-hard condition
is not always true (see [35]). In our subsequent study, we assume the well-posedness of the forward scattering
problem and focus on the study of the inverse grating problem.

Introduce a measurement boundary as

Ty = {(z1,b) € R* 0 <z <27, b> max ]If(xl)\}-
x1€|0,27

The inverse diffraction grating problem is to determine (Af,n) from the knowledge of u(x|r,; k,d), and can
be formulated as the operator equation:

‘F(Af777) = U(X; ka d), XE Fba

where F is defined by the forward diffraction scattering system, and is nonlinear.

The unique recovery result on the inverse diffraction grating problem with the sound-soft boundary
condition by a finite number of incident plane waves can be found in [38,39]. But the unique identifiability
still open for the impedance or generalized impedance cases, and will be the focus of the remaining task
in this work. To do so, we propose the following admissible polygonal gratings associated with the inverse
diffraction grating problem.

Definition 8.3. Let (Af,n) be a periodic grating as described in (8.31). Suppose there is a partition, [0, 27] =
U, [ai, aiq1] with a; < aip1, a1 = 0 and apyq = 2m. If on each piece [a;,ai11], 1 < i < ¢, f is a linear
polynomial and 7 is either a constant (possibly zero) or oo, then (Af,n) is said to be an admissible polygonal
grating.

Definition 8.4. Let (A, n) be an admissible polygonal grating. Let I'" and I'™ be two adjacent pieces of Ay.
The intersecting point of I'" and I'~ is called a corner point of Ay, and Z(I't,I'7) is called a corner angle.
If all the corner angles of Ay are irrational, then it is said to be an érrational polygonal grating. If a corner
angle of Ay is rational, it is called a rational polygonal grating. The smallest degree of the rational corner
angles of Ay is referred to as the rational degree of Ay.
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Clearly for a rational polygonal grating A in Definition 8.4, the rational degree of Ay is at least 2. Next,
we establish our uniqueness result in determining an admissible irrational polygonal grating by at most two
incident waves. We first present a useful lemma, whose proof follows from a completely similar argument to
that of [16, Theorem 5.1].

Lemma 8.1. Let & € R?, ¢ =1,...,n, be n vectors which are distinct from each other, D be an open set in
R2. Then all the functions in the following set are linearly independent:

(> xeD, (=1,2,...,n}

Theorem 8.5. Let (Ay,n) and (AJ;, 1) be two admissible irrational polygonal gratings, and G be the unbounded
connected component of {2y N Qf' Let k € Ry be fixred and dg, £ = 1,2 be two distinct incident directions
from S', with

d, = (sineg,—COSOg)T, 0, € (—z, z) )
2°2
Let u(x; k,dy) and u(x;k,dy) denote the total fields associated with (Ag,n) and (A7) respectively and let
I’y be a measurement boundary given by

Ty := {(m1,b)€R2; O§x1§2ﬂ',b>max{ max |f(z1)], max f(m1)|}},

x1 €[0,27] x1€[0,27]

If it holds that
u(x; k,de) = u(x; k,de), £=1,2, x=(x1,b) €Ty, (8.36)

then it cannot be true that there exists a corner point of Ay lying on 8G\8Af, or a corner point of Af lying
on OG\OAy.

Proof. The proof follows from a similar argument to that for Theorem 8.1, and we only sketch the necessary
modifications in this new setup. By contradiction and without loss of generality, we assume that there exists
a corner point x¢ of A which lies on 0G\Ay.

First, by the well-posedness of the diffraction grating problem (8.32)-(8.34) as well as the unique
continuation, we show that u(x;k,d;) = u(x;k,dy) for x € G. In fact, by introducing w(x;k,dg) =
u(x; k,dg) —u(x; k,dg), £ = 1,2, we see from (8.36) that w fulfils

Aw+k?*w=0in U; w=0onT, and w satisfies the Rayleigh expansion (8.34),

where U := G N {x € R?;25 > b,x; € R} with 9U = T,. Hence, by the uniqueness of the solution to
the diffraction grating problem, we readily know w = 0 in U. On the other hand, since u(x;k,d;) and
u(x; k,d¢) are analytic in G, we know w(x;k,d;) = 0 in G by means of the analytic continuation, that is,
u(x; k,dy) = u(x; k,dy) for x € G.

Next, using a similar argument to the proof of Theorem 8.1, we can prove that

u(x;k,dg) =0 or w(x)=0 for x> max f(x1),
z1€[0,27]

where v is similarly defined to (8.17) and (8.16). Next, when o > max,, ¢jo,2 |f(21)], u(x;k,d,) has the
Rayleigh expansion (cf. [55,56]):
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—+oo
u(x; k,dy) = elFdex 4 Z U, €6 0% for gy > Ien[g); ]f(gcl), (8.37)
=—00 ] , 4T

where &,(0¢), an(0¢), 5n(0¢) are defined in (8.35). Using the definition of ag(6y) and By(0) in (8.35), we
can easily show that

kde = (co(0e), —Bo(0e)) (8.38)

We proceed to consider two separate cases.

Case 1. Suppose that either u(x.;k,d1) or u(x.;k,ds) is zero. Without loss of generality, we assume the
former case. Then

u(x;k,d1) =0 for x9> max f(z1).
1 €[0,27]
Clearly any two vectors of {£,(01) | n € Z} are distinct from each other. Moreover, in view of (8.38),
kdy ¢ {&.(01) | n € Z} since |61 < 7/2. In view of (8.37), from Lemma 8.1 we can arrive at a contradiction.

Case 2. Suppose that both u(x.; k,d1) # 0 and u(x.; k,d2) # 0. Then it holds that

aqu(x; k,dy) + agu(x; k,dy) =0 for a9 > m[%); ]f(:vl), (8.39)
x1€|0,27

where o # 0, £ = 1,2, are defined in (8.16). Substituting (8.37) into (8.39), we derive that

2 “+o0 2
D et NN () P =0 for mp > max f(x), (8.40)
=1

n=—oo =1 1€[0,27]
where u,(0;) € C(n € Z) are the Rayleigh coefficients of u®(x;k,d;) associated with the incident wave
elfdex Clearly, any two vectors of the set

{kdy } | J{kda} {6 (61) | n € Z} J{n(02) | n € Z}

are distinct since |0y| < 7/2 and (8.38). Using Lemma 8.1 and (8.40), we can see ay = 0 for £ = 1,2, which
is a contradiction to ap # 0, £ =1,2. O

For the polygonal gratings, one can introduce a certain notion of “convexity” in the sense that if two such
gratings are different, then their difference must contain a corner point lying outside their union. Clearly,
by Theorem 8.5, if a polygonal grating is “convex”, then both the grating and its surface impedance can be
uniquely determined by at most two measurements.

As the result in Theorem 8.3 for the inverse obstacle problem, we may consider the unique determination
of an admissible rational polygonal grating by two measurements if a similar condition to (8.28) is introduced
in this new setup. In such a case, one can establish the local unique recovery result, similar to Theorem 8.5.
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