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On mapping cones of Seifert fibered surgeries

Zhongtao Wu

ABSTRACT

Using the mapping cone of a rational surgery, we give several obstructions for Seifert-fibered
surgeries, including obstructions on the Alexander polynomial, the knot Floer homology, the
surgery coefficient and the Seifert and four-ball genus of the knot. These generalize the
corresponding results in Kronheimer, Mrowka, Ozsvath and Szabé [‘Monopoles and lens space
surgeries’, Ann. Math. (2) 165 (2007) 457-546] and Ozsvath and Szabé [On Heegaard Floer
homology and Seifert fibered surgeries, Geometry and Topology Monographs 7 (Geometry and
Topology Publications, Coventry, 2004)].

1. Introduction

Seifert fibered spaces comprise a special, yet broad class of three-manifolds. A Seifert fibered
space is a three-manifold together with a ‘nice’ decomposition as a disjoint union of circles.
They account for all compact-oriented manifolds in six of the eight Thurston geometries of the
geometrization conjecture. It is a meaningful question to characterize knots K in the three-
sphere so that certain surgery along K can yield a Seifert fibered rational homology sphere.
This question has received considerable attention recently [2, 3, 6].

In [19], certain obstructions were established that come from the Heegaard Floer homology of
Ozsvéth and Szabd [14] and the related knot invariant defined in [16, 22]. Ozsvath and Szabd,
among other things, proved that all the non-zero torsion coefficients ¢;(K) (to be defined
soon) have the same sign if there is an integer g # 0 for which S3 /q(K ) is Seifert fibered.
In [9], Kronheimer, Mrowka, Ozsvath and Szab6 used the monopole Floer homology to give an
obstruction on the degree of the Alexander polynomial. More precisely, they proved that if K is
a knot whose Alexander polynomial A (7T') has degree strictly less than its Seifert genus, then
there is no rational number p/q > 0 such that S;’ / q(K ) is a positively oriented Seifert fibered
space. In both references [9, 19], it was also shown that when the Seifert genus g > 1, S3 /q (K)
is never a negatively Seifert fibered space for any ¢ > 0 if Ax(T') has degree strictly less than
g. The aim of the present article is to generalize these results to all rational p/g-surgeries and
Seifert, fibered spaces of both orientations.

The Seifert fibered spaces to be considered in this article are all rational homology spheres.
Such a manifold can be realized as the boundary of a four-manifold W (T') obtained by plumbing
two-spheres according to a weighted tree I'. We define the orientation of a Seifert fibered space
from the intersection form.

DEFINITION 1.1. Suppose that T' is a weighted tree that has either negative-definite or
negative-semi-definite intersection form. Then, we say that the induced orientation —0W (T")
is a positive Seifert orientation.
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Note that if Y is a Seifert fibered space with by(Y) = 0, then at least one of +Y or —Y has a
positive Seifert orientation. Moreover, either orientation on any lens spaces is a positive Seifert
orientation. Our first obstruction of Seifert fibered surgeries can be expressed in terms of the
Alexander polynomial.

THEOREM 1.2. Let K C S? be a knot in the three-sphere. Write its symmetrized Alexander
polynomial as
Ag(T)=ao+ Y ai(T"+T7),
i>0
and let

ti(K) = Zjamﬂ' (1)

denote the torsion coefficients of the knot. Then, if there is a rational number p/q > 0 for which
S;’ / ,(K) is positively Seifert fibered, all the torsion coefficients t;(K) are non-negative; if there
is a rational number 0 < p/q < 3 for which S;’/q(K) is negatively Seifert fibered, then, for all

i > 0, the torsion coefficients t;(K) are non-positive.

We have also a Seifert fibered surgery obstruction, which can be stated in terms of the knot
Floer homology. The knot Floer homology determines the genus of the knot

g(K) = max{i| HFK(K, i) # 0}, (2)
and the Alexander polynomial:
Ag(T) =" X(HFK(K i) - T". (3)
€7

THEOREM 1.3. Let K C S® be a knot with genus g. If there is a rational number p/q > 0
such that Sg/q(K) is a positively oriented Seifert fibered space, then @(Sg,lﬂ g) is trivial
in odd degrees (and non-trivial in even degrees). If there is a rational number p/q > 0 such
that S;f/q(K) is a negatively oriented Seifert fibered space, and the genus of the knot g > 1 and

29 — 1> p/q, then I-Tﬁ{(SS, K, g) is trivial in even degrees (and non-trivial in odd degrees).
This has the following corollary (cf. [9, 19]).

COROLLARY 1.4. Ifdeg Ak < g(K), then forp/q > 0, Sg/q(K) is never a positively oriented

Seifert fibered space. If, in addition, g > 1 and 2g — 1 > |p/q|, then no p/q-surgery along K is
Seifert fibered.

Proof. Note that S, (K) =-S5 , (m(K)), where m(K) denotes the mirror of K. The

corollary follows immediately from the Euler characteristic relation (3) and Theorem 1.3. [

In [8], Ichihara showed that, for a hyperbolic knot K, if |p/q| > 3-27/%g ~ 10.1g, then
Sz?; /q(K ) is a hyperbolic three-manifold (thus, is not a Seifert fibered space). Corollary 1.4
basically supplies a bound on the surgery coefficients from the other end when the condition
on the degree of the Alexander polynomial deg Ax < g(K) is satisfied. Concerning the surgeries
yielding lens spaces, Goda and Teragaito [5] conjectured that 2g + 8 < [p/q| < 49 — 1 if a Dehn
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surgery with slope p/q on a hyperbolic knot in S yields a lens space. This conjecture is now
settled following the works of Kronheimer—-Mrowka—Ozsvdth-Szabé [9], Rasmussen [23] and
Greene [7]. Tt is natural to compare Corollary 1.4 with [21, Corollary 1.4], which says that
S5, (K) is not an L-space if 29 — 1 > |p/q].

Finally, we present two Seifert fibered surgery obstructions in terms of the four-ball genus
of a knot. For relationships between the genus g(K), the four-ball genus ¢*(K) and the knot

Floer homology of a knot K, see Ozsvath and Szabo [13, 18|.

THEOREM 1.5. Let K C S® be a knot with genus g > 1. If deg A < g and the four-ball
genus g*(K) < g, then K does not admit a Seifert fibered surgery.

As an application of the theorem, we consider the family of Kinoshita—Terasaka knots KT;. ,
with |r| > 2 and n # 0 that was also used for illustrations in [19]. These knots all have trivial
Alexander polynomial, have genus equal to |r| (see [4, 17]), and they are slice, that is, g* (K) =
0. Thus, Theorem 1.5 applies and these knots do not admit Seifert fibered surgeries.

THEOREM 1.6. Let K C S3 be a slice knot. If there are both positive and negative torsion
coefficients t;(K), then K does not admit a Seifert fibered surgery.

Using KnotInfo [1], we checked the list of all slice knots with fewer than 12 crossings.
By applying the above obstructions (Theorems 1.5 and 1.6), we found that among the 76
alternating slice knots, only the knots 6; and 103 could possibly admit a Seifert fibered surgery,
and the knots 61, also known as the Stevedore’s knot, indeed admitted one. Also, among the
81 non-alternating slice knots, there are only 17 that could potentially admit a Seifert fibered
surgery.

2. Rational surgeries and the mapping cones

In this section, we recall the rational surgery formula of Ozsvath and Szabé [21]. For simplicity,
we shall use Fy = Z/27Z coefficients for the Heegaard Floer homology throughout this paper.

Given a knot K in an integer homology sphere Y, let C' = CFK> (Y, K) be the knot Floer
chain complex of (Y, K). There are chain complexes

Af=cC{iz0orj>k}, kez,
and BT = C{i > 0} 2 CF*"(Y). As in [20], there are chain maps
Vi, by A; — BT,
Let
AT =D (s Al sy (). B =P (s, BY).

SEZL SEZL

For a given rational number p/q # 0, define maps

+ . + +
Vittps)sa)t (5 Allitps) g K)) — (8, B7),

+ . + +
hlrpsysa)t (5 Alrps)sq) () — (s +1,B7).

Adding these up, we get a chain map

D;‘p/q: A;’ — IB%;',
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with
D;rp/q{(s’ as)}sez = {(87 bs)}seZ7
where

— ot +
bs = Vi1 psy ) (@s) + R ps 1) gy (@s-1)-

THEOREM 2.1 (Ozsvath-Szabd). Let ij/q be the mapping cone of D;‘p/q; then there is a
relatively graded isomorphism of groups
HL(X],,,) = HF (Y,,(K), ). (4)

The mapping cone can be as well applied to the zero-surgery of a knot. Specifically, the
integer long exact sequence for surgeries (of [15, Theorem 10.19]) shows that HE" (Yy(K),1) is
identified with the homology of the mapping cone of

vf +hi: A — BT (5)
REMARK 2.2. Let
0,0 H.(A)) — H.(B])

be the map induced by D;Fp /q 01 homology. Then the mapping cone of @jp /q is quasi-isomorphic
to X, . By the abuse of notation, we do not distinguish Az, A;“, BT, ]B%;r from their homology,

and do not distinguish Djp/q from @jp/q.

REMARK 2.3. Although not explicitly exhibited in [20, 21], we can assign a Z/2Z-grading
i /g SO that the isomorphism (4) respects the Z/2Z-grading, by keeping the original Z/27Z-
grading on A;r and reversing the original Z/2Z-grading on IB%;L when p/q > 0. Similarly, we can
assign a 7/27Z-grading on the mapping cone of (5) so that the isomorphism to HF" (Yy(K), 1)
respects the Z/2Z-grading, by reversing the original Z/2Z-grading on A; and keeping the
original Z/2Z-grading on B;'.

For a rational homology three-sphere Y with a Spin® structure s, HF'(Y,s) can be
decomposed as the direct sum of two groups: The first group is the image of HF*(Y,s) in
HF*(Y,s), whose minimal absolute Q grading is an invariant of (Y,s) and is denoted by
d(Y,s), the correction term [11]; the second group is the quotient modulo the above image and
is denoted by H Fyeq(Y, ). Altogether, we have

HF'(Y,s) = T(;{Y&) @ HF,eq(Y,5).
For a knot K C S3, let AT = U"A; for n>> 0; then AT =T+ Let sz/q be the restriction
of D , on
i,p/q
T T
Aj = @(&AL(iﬂ)s)/qJ (K)). (6)
SEZL

Since v,j, h: are isomorphisms at sufficiently high gradings and are U-equivariant, v,:'|A£
is modeled on multiplication by U"* and hﬂA{ is modeled on multiplication by UH* where
Vi, Hi, > 0. We list some of the properties of V;, and Hj here, and refer the reader for their
proofs to [10, 22].
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LEMMA 2.4 [22]. The non-negative integers Vj, and Hy, satisly the following properties:

(1) Vk = H,k;
(2) for k>0, we have Vi, + 1 > Vi1 = V;
(3) Vi < max{0,¢*(K) — k}, where g*(K) is the slice genus of K.

It is clear that Vj, = 0 when k > ¢* and Hp = 0 when k < —g*; also Vi — +o00 as k — —o0
and H;, — +o00 as k — +oo.

LEMMA 2.5. The U-exponents Vy = Hy. Moreover, Vi, > Hy, if k < 0 and V), < Hy, if k > 0.

Proof. 1If
o, B,w,2)
is a doubly pointed Heegaard diagram for (S2, K), then
(-3, 8, a, z,w)

is also a Heegaard diagram for (S3, K). Hence, the roles of i, j can be interchanged. It follows
that vy is equivalent to hJ, hence Vo = Hy. For the second part, note that HF " (S5(K),i) =
HF! (S3(K),i) for a non-torsion Spin® structure i. By the mapping cone formula (5), we
must have V; # H; for all non-zero integers i. The inequalities then follow from Vj = Hy and
Lemma 2.4. |

LEMMA 2.6. Suppose p/q > 0. Then the map D?p/q is surjective.

The exact same lemma is proved in [10, Lemma 2.9]. Nevertheless, we include the proof here
so that the reader may have an opportunity to get used to our notation.

Proof. Let 0 <i < p— 1. Suppose

n = {(s,1s)}sez € B}
Let
-1 = U HiGre-0rain, ¢ =0.
For other s, let
U~ Viti+ps)/al (775 — UH(i+p(s—-1))/4a) fs—l) if s >0,
&= U—Hiro/a) (g g — UViGHee+/a ) if s < —1.

By the definition of direct sum, 75 = 0 when |s| > 0. Using the facts that

H(itp(s—1))/a) = Viitps)/q) — +00, as s — 400
and

ViGtp(st1)/a) = H(itps)/q) — +00, as s — —o0,

we see that & = 0 when [s]| > 0. So & = {(s,&)}sez € AT. Clearly,

DiTJ)/q(S) =N U
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3. Seifert fibered surgeries

For a three-manifold Y = —9W (T"), where I' is a negative-definite graph with at most one bad
point, HF" (Y) can be explicitly calculated in terms of the graph I'. The part of that calculation
that we will use in the present paper can be summarized as follows.

THEOREM 3.1 [12]. Let I' be a negative-definite graph with at most one bad point. Then
HET(—0W(T")) is supported in even dimensions. Moreover, if I' has no bad points, then
HF, (=W () = 0.

3.1. Positively oriented Seifert fibered space

The following statement is a generalization of Ozsvéth and Szabd [19, Theorem 3.4] and is
essentially the same as [9, Theorem 8.9]. We present a proof using the mapping cone formulas
discussed in the previous section.

THEOREM 3.2. Let K C S® be a knot in the three-sphere, and suppose that there is a
rational number p/q > 0 and a negative-definite or semi-definite graph I' with only one bad
point with the property that

83 (1) =~ (T);

then, for any k € Z, all elements of H,(A}") have an even Z/2Z-grading. Here, A} = C{i >
0 or j > k} denotes the chain complex associated to the knot K C S3.

COROLLARY 3.3. Under the same conditions, all the elements of HF! (S3(K)) have an
odd 7/2Z-grading, and all the torsion coefficients t;(K) (cf. equation (1)) are non-negative.

Proof. By (5), HF"(S3(K),i) is identified with the homology of the mapping cone of
v +hf: Af — BT. When i # 0, we have V; # H; (Lemma 2.5), so the map is surjective.
Thus, the homology of the mapping cone comes entirely from the kernel of the map. It then
follows from Theorem 3.2 and the Z/27Z-grading-shift of the mapping cone that all the elements
of HFT(S3(K),i) have an odd Z/2Z-grading. When i =0, Vy = Hy; but the reduced part
of the homology still comes from the kernel of the map, so the same argument applies to
HE' (S3(K),0). Finally, the statement of the torsion coefficients follows from the fact that

NHFF(S3(K), i) = —t:(K), for i #0

and
X(HF4(S5(K),0)) = —to(K). O

Proof of Theorem 3.2. By abusing notation, we do not distinguish AZ from its homology
and write
AL =AY © ARG © AR5

,red?
where AT 2 7T has an even Z/2Z-grading, and the reduced group is divided into even and odd
parts according to their Z/2Z-gradings. We claim that A299, = 0. Otherwise, take 6 € A%firded
and extend it to 0 € A;?,‘rigd for some appropriate ¢ by adjoining zero in other relevant A™
components. Since the map DiTp/q: AT — B is surjective (Lemma 2.6), we can find £ € AT

such that sz/q &) = —Djp/q(é). Thus, £ + 0 is in the kernel of the mapping cone

D

At +
i,p/q " A B,
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which, by Theorem 2.1, is isomorphic to HW(SS/q(K),i). On the other hand, we see that
€ + 0 has a mixing Z/27Z-grading. But according to Theorem 3.1, the group HF" (S;’/q(K), i)
is supported in even dimensions. This is a contradiction! Hence, all elements of A; have or,
more precisely, the homology H*(AZ,') has an even Z/2Z-grading. |

3.2. Negatively oriented Seifert fibered space

The case of negatively oriented Seifert fibered space is more interesting and subtle. First, we
adapt the argument in the previous section to prove an analogous result for negatively Seifert
fibered spaces.

PROPOSITION 3.4. Let p/q > 0, and suppose that Sg/q(K) is a negatively oriented Seifert
fibered space. Then, for any k € 7Z,

H(AD) =T, @ Ag‘fr‘éd.

even

Here, AZ‘ = C{i >0 or j > k} denotes the chain complex associated to the knot K C S8,

Proof. Again, by abusing notation, we do not distinguish A: from its homology and write
A = AT © AT © AR,
where AT = 7+ has an even Z/2Z-grading, and the reduced group is divided into even and

odd parts according to their Z/2Z-gradings. This time we need to prove that A',’;Yf;ld =0. If

this were not true, then take 6 € AF' and extend it to 8 € AfIeh for some appropriate ¢ by

adjoining zero in other relevant AT components. Since the map DiTp /g AT — IB%;' is surjective
(Lemma 2.6), we can find & € AT such that DiTp/q(f) = —Djp/q (0). Thus, € 4 0 is in the kernel
of the mapping cone

Dxp/q: A7 — B,

which, by Theorem 2.1, is isomorphic to HF"'(S;’/(I(K)7 i). Note that £ + 60 € HF:;d(S;’/q(K), i)
and it has an even Z/2Z-grading. On the other hand, according to [15, Proposition 2.5], if
Y is any rational homology three-sphere, then HFjed(Y) = HF:;d(—Y), under a map which
reverses the Z/2Z-grading. Hence, there should not be any elements of HF:red(S;’/q(K), i) that
are supported in even dimension. This is a contradiction! |

We now apply (5) using the mapping cone
Uj + hj: A;r — BT

to compute HF'(S3(K),4). Note that V; < H; when i > 0, and the image of A4, under v;

i,red
and h; must be zero due to the Z/2Z-grading consideration. Hence, we have the following.

PROPOSITION 3.5. Suppose p/q >0 and that Sg/q(K) is a negatively oriented Seifert
fibered space. Then, for i # 0,

HF+(SS’(K), Z) = (A?ggd)even D (F2)(‘>/éd

and
HF"(S3(K),0) = (ASed)even @ T T O T

Note the Z/2Z-grading shift in the statement of the above proposition. This is due to
Remark 2.3. Applying Lemma 2.4, we can obtain a bound for the torsion coefficients t;(K).
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COROLLARY 3.6. Suppose p/q > 0 and that Sg’/q(K) is a negatively oriented Seifert fibered
space. Then, for i > 0,

t;(K) < max{g*(K) —1,0}.
Moreover, if g*(K) < g, then all the elements of HF! (S3(K), g — 1) have even Z/2Z-grading.

Proof. For i # 0,
ti(K) = —x(HF"(Sg(K), 1))
= V; — rank(A%44))

i,red

The second part of the statement follows from Proposition 3.5. |

When 0 < p/q < 3, we can actually prove something stronger, which is a natural generaliza-
tion of Ozsvéath and Szabd [19, Proposition 3.5].

THEOREM 3.7. Suppose 0 < p/q <3 and that Sg/q(K) is a negatively oriented Seifert
fibered space. Then all the elements of HF (S35 (K), i) have even Z/2Z-grading. Hence, for all
i >0, t:(K) <0.

Proof. In light of Proposition 3.5, it is enough to show that V; = 0 for all 7 > 0; and since V;
is a decreasing sequence, this is equivalent to V3 = 0. We prove by contradiction by assuming
Vi > 0. Let us carefully elaborate on the cases p/g =1 or 2, for all the other cases can be
argued similarly. Let # € AT be the generator of AT = 7+, Under the assumption that V; > 0,
we have hi(0) = v1(6) = 0. Thus, by adjoining 0 in other A+, we can extend 6 to 8 € A, and
it is clear from the construction that 6 € H*(X:;l’p/qzl or 2) = HF+(S§/q(K),i = 1) has an
even Z/27Z-grading.

We claim that 6 is not in the free part 7+ of HF+(SS/q(K),i =1). Otherwise, take
n > V; and we have U0 := & = {(s,&,) }sez € AT. Note that £, = U~"6. For p/q = 2, since
h_1(£-1) = v1(&) and H_; = Vi, we must have £_1 = U~"0_;, where 6_; is the generator of
AT, Forp/q =1, since ho(é_1) = v1(&) and Hy = Vi > Vi, we must have {_; = U~ Vo+Vig,,
where 6 is the generator of Al. In either case, this implies that @ = U"¢ has a non-zero
component in AT, or Al contradicting the original assumption of 6. Note that the same
argument works for an arbitrary positive rational number p/q < 3, since what we really used
in our argument is the fact that there is an A;‘ such that the left adjacent complex of A}
is either Al or AT,. Hence, what we have achieved so far is finding an element 6 with an
even Z/27Z-grading that is not in the free part of HF+(Sg/q(K), i) for some ¢. This contradicts
the fact that S;’ /q(K ) is a negatively oriented Seifert fibered space, whose reduced part of the
Heegaard Floer homology should support on odd dimension. |

In fact, for an arbitrary positive rational number p/q, we can likewise obtain a bound for
the torsion coefficients ¢;(K) in terms of the size of the surgery.

PROPOSITION 3.8. Suppose 0 < p/q<2m+1, m > 1, and that S;’/q(K) is a negatively
oriented Seifert fibered space. Then, for i > 0,

t;(K) < max{m — i,0}.
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Moreover, for i > m, all the elements of HF ,(S3(K),4) have an even Z/2Z-grading.

Proof. Following the same argument of the proof for Theorem 3.7, we are actually able to
show that V,,, = 0 if Sg/q(K) is a negatively oriented Seifert fibered space with p/q < 2m + 1.
Next, we apply Lemma 2.4 and see that V; < m — 4 for 0 < i < m. Thus,

ti(K) = —x(HF (S5 (K), 1))
=Vi— rank(A?figd)
<V

< max{m —4,0}.

The second part of the statement follows from Proposition 3.5. |

3.3. Proofs of the various obstructions

Proof of Theorem 1.2. This follows readily from Theorems 3.2 and 3.7. |

Proof of Theorem 1.3. According to [16, Corollary 4.5],
HFK(S®, K. g) = HF* (S§(K),g — 1)

under an isomorphism that reverses parity when g > 1. Suppose that Sg’ y q(K ) is a positively

oriented Seifert fibered space. It readily follows from Corollary 3.3 that @{(53,1(, g) is
supported in even degrees and is non-trivial by equation (2).

Now, suppose g > 1 and that Sg /q(K ) is a negatively oriented Seifert fibered space. If, in addi-
tion, 29 — 1 > p/q; by plugging m = g—1lin Proposition 3.8, we see that HF"(S3(K),g — 1)
is supported in even degrees. Thus, HFK(S3, K, g) is supported in odd degrees and is again
non-trivial according to equation (2). U

Proof of Theorem 1.5. Suppose that there is a p/g-surgery on K that yields a Seifert
fibered space. By taking the mirror if necessary, we can assume that p/q > 0. According to
Corollary 1.4, Sg /q(K ) can never be a positively oriented Seifert fibered space. On the other
hand, we see from Corollary 3.6 that all elements of HF ,(S3(K),g — 1) have an even Z/27Z-
grading. Thus, @{(53, K, g) is supported in odd degrees and has to be non-trivial according
to equation (2). It then follows from (3) that the Alexander polynomial must have a non-zero
leading term, which contradicts the assumption that deg Ag < g. |

In order to prove Theorem 1.6, we need to find a relationship between y(HF/,(S3(K),0))
and ¢o(K). This has to do with two numerical invariants analogous to the correction term,
d+1/2(Yp), on a three-manifold Yy with the first homology isomorphic to Z. More precisely,
d+1/2(Yp) is the maximal Q-grading of any element in HF"(Yy) contained in the image of
HF**(Yy) whose parity is given by i% + 27Z. We have the following identity:

d_1/2(S5(K)) — d1/2(S§(K)) + 1
2

xW@&%WHW( )—MK)

It also follows from the algebraic structure of HF™ that
di/2(Yo) — 1 < d_y/2(Yo). (7)

LEMMA 3.9. Suppose that K is a slice knot; then d(S3(K)) = 0.
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Proof. By Lemma 2.4, V5 =0. Now we can apply straightforwardly the formula from
[10, Proposition 2.11] for a general p/q surgery:

(S, (K),i) = d(L(p, q),i) — 2max{V{i/q), H|(i—p)/q) }
and the result follows. ]

Proof of Theorem 1.6. First, we show that if K is a slice knot, then
dijo(Sg(K)) =1 and d_y/2(S5(K)) = —13.

Indeed, the argument follows exactly the same line as that of Ozsvdth and Szabd [19,
Proposition 3.5]. We start with the long exact sequence that connects the HE™ of $3, S3(K) and
S3(K), and it is easy to see that d_y /o(S5(K)) = —1. This implies that dy /5(S5(K)) < 3 by (7).
On the other hand, since the map from HF " (S3(K),0) to HF"(S3(K)) drops degree by %, we
see that d(S3(K)) < d1/2(S§(K)) — 4. We apply Lemma 3.9 to conclude that dy »(S5(K)) > 3.
Hence, d /2(S3(K)) = 3.

Next, by taking the mirror of K if necessary, we need only to worry about positive surgery
coefficients p/q > 0. It is then clear from Theorem 1.2 that no surgery on a knot with both
positive and negative torsion coefficients can yield a positively oriented Seifert fibered space.
So Sg’ 4 can only be a negatively oriented Seifert fibered space. But, for i > 0, it follows from
Corollary 3.6 that ¢;(K) < 0; for i = 0,

to(K) = —x(HF-,(S3(K), 0)) + (

= —x(HF4(S5(K),0))
<0,

d_1/2(S§(K)) — di/2(S3(K)) + 1)
2

where the inequality follows from Proposition 3.5. This contradicts the original assumption on
torsion coefficients and concludes the proof. |
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