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Abstract

In this Note, we introduce the Fourier Singular Complement Method, for solving Maxwell equations in a 3D prismatic
domain. The numerical implementation of this method provides a continuous approximation of the electromagnetic field. It can
be applied to the computation of propagating and evanescent modes in prismatic stub filters, thus generalizing 2D approaches
To citethisarticle: P. Ciarlet, Jr., et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Résolution des équations de Maxwell dans des domaines prismatiques tridimensionnels. Dans cette Note, nous in-
troduisons la Méthode du Complément Singulier avec Fourier, pour résoudre les équations de Maxwell dans des domaine:
prismatiques tridimensionnels. La mise en ceuvre numérique de cette méthode permet de calculer une approximation continu
du champ électromagnétique. Elle peut étre appliqguée a la détermination des modes propagatifs ou bloquants dans un filtr
a stubs prismatique, ce qui constitue une généralisakis méthodes applicables éomaine bidinensionnelPour citer cet

article: P. Ciarlet, Jr., et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Les nombres entre parenthéses renvoient a la version anglaise. L'opérateur rotationnel est noté curl.

Nous nous intéressons a la résolution des équations de Maxwell dans un d@enpimmatique, i.e2 =
w x 10, L[ (voir la Fig. 1), & l'aide d’'une généralisatiade la méthode du Complément Singulier, bien connue
en domaine 2D [2,1,10,8,11]. Elle fournit une discrétisation continue du champ électromagnétique, avec prise en
compte explicite des conditions aux limites. On souhaiteugér la propagation d’'ondes électromagnétiques autour
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d’un conducteur parfait. On se rameéene a un domainedan introduisant une frontiere artificielle, notég sur
laguelle on impose une condition aux limites de type Silver—Mdiller. Il est important de noter que le champ est
régulier au voisinage de cette frontiere artificielle [6]. La frontiére du domaine de c2lest donc décomposée
end2 = I'c U T, ; on appellen la normale unitaire extérieured@?. Soit (£, H) le champ électromagnétique,
fonction dex etz. Les équations de Maxwell dans le vide sont relatées en (1) et (2). Les densités deoccairge
de courant7 vérifient I'équation de conservation de la chafge + div. 7 = 0, et la connaissance @& permet
de modéliser les ondes planes inciden&sA 0), ou la frontiére absorbante*(= 0). A la suite de [3,4], on peut
reformuler de fagon équivalente (1), (2), en remplad¢as deux premiéres équations de (1) par (3), (4), ce qui
permet d’obtenir deux systéemes «découplés» du second ordre en terfipst, @nf{. Dans la suite, on considere
uniguement le systeme efy sachant que celui el peut étre résolu similairement. On peut prouver (cf. [4])
gue, sous des hypothéses de régularités des données ad hoc, le&chatijunique solution de la Formulation
Variationnelle (6), de régularité en temps (7). Si on suppose que la densité de charge appafii&); an peut
« stabiliser » cette FV par ajout d’un terme(egliv -, div -)g et dualisation de la relation de Coulomb [3] : on aboutita
une FV Augmentée, Mixte (9), (10). Elle est posée dans I'espace prguit L2(£2) (voir (8)) ; le multiplicateur
de Lagrange est introduit pour imposer I'équation drildmb, dans le cas ou I'équation de conservation de la
charge ne serait pas vérifiée numériquement (par exeroglcul du déplacement de peunles chargées soumises
au champ auto-généré).

Comme on I'a remarqué précédemment, le champ gsilig¥ au voisinage de la frontiére artficiellgy. Ceci
signifie que, modulo un relévement (£2), on peut toujours supposer que le champ électrique appartient & I'espace
Xg (voir (8)). Or, a I'aide de [5,7], on peut facilement prouver la

Proposition 0.1. SoitV € Xg .V, appartient aH1(£2), etd. V), et 9.V, appartiennent toutes deuxiz(£2).

En d’'autres termes, dans un domaine prismatigue o x 10, L[, seulst, et&, peuvent avoir un comportement
singulier et, qui plus est, uniguement selon les variabled y. Si on tient compte des conditions aux limites
sur £, on remarque que I'on peut décomposer ses trois composantes selon (11L2d@nsce qui induit les
expressions de son rotationnel (12), (13) et de sa divergence (14) (resp.%d&hset L2(£2)). On choisit enfin
la décomposition (15) poys. On introduit alors les opérateurs 2D ocut: 9,v, — dyv; et divy = 0, v, + 9y vy,
ainsi quev la normale unitaire extérieureda, ett le vecteur unitaire tel quér, v) est directe. On décompose la
frontieredw endw = y¢c U ¥4, et on définit les espaces de Sobokev et X g (16), «traces» suv de Xr. A l'aide
de séries de Fourier adéquates pdyrp eté*, on vérifie que (9), (10) est équivalente a (18), (19).

Ceci va nous permettre de définir la Méthode du Complément Singulier avec Fourier, pour résoudre numéri-
quement le probleme posé. D'aprés la Proposition 0.1, il est loisible d’apprﬁﬁ:ﬁefaide de 'EF de Lagrange
continu P, (par exemple). Pour ce qui concerne les deux premieres compogﬁgtemus choisissons parmi les
MCS [2,1,10,8,11], 'EF de Lagrange contifa (composante par composante), avec un Complément Singulier.
Enfin, p est approché a l'aide de I'EF de Lagrange contiu Il en résulte un EF de typ&aylor—-Hood avec
Complément Singulier. Outre la coercivité de la forme bilinéaire(¥us x X )2 (pour toutk > 0), on prouve
aisément la

Proposition 0.2. La FVAM 2D discretg18), (19) vérifie unecondition discréte inf—sup uniforme

NB. Cette condition est uniforme vis-a-vis du pas du maillage et de l'indice de Fourier.

Pour conclure, nous définissons I'approximation [@aMéthode du Complément Singulier avec Fourier de
(&€, p). Soith le pas du maillage de la triangulationdeet N le nombre de modes Fourier effectivement calculés.
Suivant [7] et ce qui précede, nous approchdmes p par (20).
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1. Introduction

TheSingular Complement Meth¢8CM) was originally developed to solve Maxwell equations in bounded non-

convex domains, with a piecewise smooth boundary. Indeed, when the domain is either convex or with a smooth
boundary, all components of the electromagnetic field belorfge2). This feature guarantees the convergence
of Finite Element techniques, based on the continuBu®r P, Lagrange Finite Element approximation [3].
But when there argeometrical singularitiessuch as reentrant corners in 2D, or reentrant edges and/or non-
convex vertices in 3D, the components of the EM field do not belong in genefél¢®). What is more, the
subspace of aM(£2)-smooth fields is closed in the space of admissible EM fields. Since the continuous Lagrange
FE approximation always belongs to the regular subspatsepthvents convergence (see [2]). To address this
difficulty, one possibility is to enrich the space of test-fieldssigular fields we call this approach the Singular
Complement Method. We refer to [2,1,10,8,11] for instes of the 2D-SCM. Interestingly, this method works for
both the static and time-dependent Maxwell equations [2,1,9].

This Note explains how one can apply a similar technique to solve Maxwell equations in a 3D prismatic domain.

2. The model problem and itsvariational formulation

The aim is to compute the EM field, in the neighborhood of a perfect conducting®@pdsich islocally of
prismatic shape. In order to reach this joe define a computational domagh, by taking the complementary of
O in a cube (for instance): its boundaiy? is made up of two partsic and s, with I'c = 352 N a0 the perfect
conductor boundarythe interface with the bod§), andI"4 anatrtificial boundary which is introduced in order
to bound the domain. It is split intﬁlg andrI"{. On F/g, we model incoming plane waves, whereas we impose on
I'{ an absorbing boundary condition, both with theghed the Silver—Miiller condition. The domai@ is equal to
2 =wx]0, L[, wherew is a 2D polygon (see the Fig. 1). So, the getrical singularities are the reentrant edges
of I'c, i.e. those edges with an interior dihedral angle larger thadhis crucial to note that the EM field is smooth
in a neighborhood of 4 [6], so its singular behaviour occurs only at the reentrant edgé&g of

Let £ andH be the electric and magnetic fielaghich depend on the space variakland on the time variable
Further, letc, g andug be respectively the light velocity, the dielectric permittivity and the magnetic permeability
(eopoc? = 1). Then, Maxwell equations isacuum, supplemented with boundary and initial conditions, can be
expressed:

9 a
soa_f—curlH:—J, M03_7j+curI£:O, divieof) = p.  div(uoH)=0 in2, @
£xn=0 onlg, (5— /@Hxn>xn=e*xn only, &0)=%&. H(0)=Ho. (2)
€0

The datgp and.7 are the charge and current densities (they satisfy the charge conservation egyatialv 7 =
0), e models the incoming plane wavess ¢ 0) or the absorbing b. ce( = 0), and(&p, Ho) is the initial value

:;_L
\
=
i
[‘< :l\l

Fig. 1. Sample prismatic domain.
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of the EM field. Following for instance [3,4], one can equivalently reformulate (1), (2) as two second order in time
systems of equations, the first onefinthe second one . One replaces the first two equations of (1) by

2 1 2

2—§+c curlcurlé’_——aa—{ 872_{+c curl(curl H — ) = in$2, 3)
€0

—(curIH—j) xn=0 onlg, —(0) (curIHo—j(O)) %(O):—icurlso. (4)

&0 ot 2]

From now on, we focus on the electric fiefldthe magnetic field< could be handled similarly). Provided that the
charge conservation holds, and that the initiahditions are compatibleith the initial values ofo and 7, one
finds that the Coulomb equation di¢&) = p is a consequence of the first equation in (3). Now, if we let

Te = {V eHurl, 2): V x npe € L%(382), V x njr. =0}, (5)

then the first equation of (3) is equivalent to the Variational Formulafiod€ € 7 s.t.

d? d 1d d
@(5,1))0“&(&,1&)0,“+c2(cur|5,cur|V)0= - (j V)0+c (eT,vT)OpA, vV e Tx. (6)

Above, Vr denotes the tangential part ¥fon the boundary. One can prove, following [4], that, under suitable
assumptions on the data, there exists one, and only one solution to the VF (6), equal to the EM field, such that

£eC%0,T; Tp) NCH0, T; L3(£2)). 7)

Then, in order to get a VF which can be discretized with the help of a continuous approximation, i.e. conforming
in H1(£2), let us add adiv-, div-)o term in (6) to get an Augmented Variational Formulation. In doing so, we
explicitly assume thab belongs toL2(£2). To this end, define

Xe :=Tg NH(iv, £2), WV IW)x == (curl V, curl W)o + (divV, divW)o + Vr, Wr)o,ru:

(8)
X2 = Xg NHo(curl, 2), (V, W) xo := (curl V, curl Wyg + (div Y, div W)o.

It is well-known [6] that(-, -)x (respectively(-, -)yo) defines a norm o’z (resp.Xg), which is equivalent to the
full norm. Then,£ is the solution to the Mixed, Augmented Variational Formulatifimd (£, p) € Xz x L?(£2)
s.t.

d? d .
32 & Vote g Er.Vor, + (€, V)yo+ (p,divV)g

1d c? d
:—8——(j V)0+—(,o dIVV)o+C (eT,VT)OFA, vV e XE, 9)
divE, q)o= 8—0(,074)0, Vg € L?(92). (10)

Above, the Lagrange multipliep is added, to enforce numerically the Coulomb equation, in the case when the
charge conservation equation is not numerically true. For instance, when one performs simulations on the motior
of charged particles, which amounts to solving the coupled Vlasov—Maxwell system of equations (see [8]). This
MAVF was first introduced in [3], and it produced good results either in convex domains, or in domains with a
smooth boundary. To build a converging sequence of approximation in the case of a non-convex domain with a
non-smooth boundary, such has a prismatic domain withir@etnedges, one has to take into account the singular
behaviour of the electric field. This is the purpose of the next sections.

To conclude this section, recall that the lifting of the tangential tracg of 'y belongs toH(£2). Thus, by
removing such a lifting to the electric field, the differer&tis in Xg. For discretization purposes, it is interesting
to note thatf:z0 always belongs té71(£2). Indeed, owing to [5,7], one can prove the
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Proposition 2.1. LetV € x2. ThenV, belongs toH(£2), andd,V, andd,V, belong toL?(£2).

In other words, in a prismatic domain of the fotnx 10, L[, only the first two component;, £, of the electric
field may be singular. In addition, thesea components can be singular only in they variables.

3. Fourier expansion and consequences

Foru in L2(£2) with £2 = wx]0, L[, one can perform Fourier expansions, such as

. (kmz kmz . L
uzzu"(x,y)SIn(T) or u:Zu"(x,y)cos<T>, with IIMIISZEZIIMI‘IIS@-
k>0 k=0 k>0

In our case, we remark that, according to the boundary condition (2}-¢one has

E=E =0 onIcn{z=0andIcN{z=L},
whereas there is no condition for the third qoonent. Thus, a natural choice is to consider

. (kmz . (kmz kmz
k k k
Ec=) & sm(T>, Ey=) & an(T), E=) & COS<T>. (11)
k>0 k=0 k>0

Obviously, the same choice is made for test functidred Xz. This further leads to

k k
curly = Z([(curl" VE) e + (curlf Vb ey ] cos(%) + (curl* Yk, sin(%)eZ) with (12)

k=0
k ok k ko k vk ks ok k kyk k k
(curl®VH, =9,V; — Tvy, (curl®* V%), = TVX -V, (acurl®VY), = 0 Vy — 0y Vs (13)
k k
divy =" (divk V¥ sin(%), with divk V¢ = 8,V 4 8,V T”vf. (14)
k>0

Then, one chooses
C(kmz
k>0

Now, we introduce the 2D scalar curl and div operatorswetl, v, — 9, v, and diw = 9, v, + 9,v,. Letv denote
the unit outward normal t@w, andt the unit vector such that, v) is direct. Let us splibw = y¢ N ¥4 and
introduce the Sobolev spaces definedwon

X = {veHurl div,w): V- 7, € L2(dw), V- 11y =0}, X :={ve HY(®): v, =0}. (16)
According to (12), (14), there holds
Ve Xg < Vk >0, nyy e Xg, Vf € Xg, togetherwith the ad hoc equalities of notrms a7

With suitable Fourier expansions ¢f, p ande*, we find that the MAVF (9), (10) is equivalent to the sequence of
2D-MAVFs, fork > 0:find (X, p*) € (Xg x XE) x L?(w) S.t.

d? d . . )

@wk, V)o.w + ca(é’};, Vo, + c2eurlf € curl¥V)g ,, + c2(divk £F, divk V)o ,, + (pF, divF V)o 0
——ig(jk V) +c—2( k div"V) + E(e*’k Vr) YVWWeXgxX (18)
- 80 dt ’ O,w 80 10 ’ O,a) cdt T » T OaVA’ E E,

. 1
(divk &%, g)0.0 = %(p", oo ¥q € L (w). (19)

NB. Fork = 0, the unknown ig0, 0, £9, 0), since onlyé’z0 is not multiplied by zero in the Fourier expansions.
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4. The 3D Fourier Singular Complement Method

On the one hand, owing to Proposition 2.1, one can approximate the third comb‘brhmthe usual continuous
P> Lagrange FE. On the other hand, the first two componéﬁgs can be approximated by the 2D Singular
Complement Method [2,1,10,8,11], for instance by e agrange FE component by component, together with
a suitable Singular Complement. Finally, the Lagrange multiplies approximated by thé; Lagrange FE. This
yields aTaylor—HoodFE discretizationwith a Singular Complemen®ne then proves easily the two results

Proposition 4.1. The bilinear form(V, W) - (curl* V, curl* W), + (divk V, divf W)o.,, + (Vr, Wr)o,y, IS co-
ercive on(Xg x Xg) x Xg x Xg), fork > 0.

Proposition 4.2. The2D discretized MAVR18), (19) satisfies a uniform, discrete inf—sup condition.

NB. The discrete inf—sup condition is uniform with respect to the meshsize and to the Fourier mode.

To conclude, we introduce an approximation of the soluti®np) to (9), (10). Letk denote the meshsize of
the 2D triangulation ofo, and N the number of Fourier modes that are actually computed. Following [7] and the
previous sections, we approximatend p respectively by

k=N

k=N
. (kmz kmz . (kmz
Sg’h = Z ((5§’hex +5§’h6y)5|n<T> +5§’h CO<T>EZ>, pg’h = Z pk’h S|n<T>, (20)
k=0

k=0

where (EF" | p%) is the solution to the discretization of (18), (19). Then, combining the results of the previ-
ous sections allow us to prove th@ftg’h, pg’h)N,h converges to the solutio¢t, p) of the MAVF (9), (10) in
Xg x L2(£2).
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