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Abstract

In this Note, we introduce the Fourier Singular Complement Method, for solving Maxwell equations in a 3D pri
domain. The numerical implementation of this method provides a continuous approximation of the electromagnetic fie
be applied to the computation of propagating and evanescent modes in prismatic stub filters, thus generalizing 2D ap
To cite this article: P. Ciarlet, Jr., et al., C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Résolution des équations de Maxwell dans des domaines prismatiques tridimensionnels. Dans cette Note, nous in
troduisons la Méthode du Complément Singulier avec Fourier, pour résoudre les équations de Maxwell dans des
prismatiques tridimensionnels. La mise en œuvre numérique de cette méthode permet de calculer une approximatio
du champ électromagnétique. Elle peut être appliquée à la détermination des modes propagatifs ou bloquants dan
à stubs prismatique, ce qui constitue une généralisation des méthodes applicables en domaine bidimensionnel.Pour citer cet
article : P. Ciarlet, Jr., et al., C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Les nombres entre parenthèses renvoient à la version anglaise. L’opérateur rotationnel est noté curl.
Nous nous intéressons à la résolution des équations de Maxwell dans un domaineΩ prismatique, i.e.Ω =

ω × ]0,L[ (voir la Fig. 1), à l’aide d’une généralisation de la méthode du Complément Singulier, bien con
en domaine 2D [2,1,10,8,11]. Elle fournit une discrétisation continue du champ électromagnétique, avec
compte explicite des conditions aux limites. On souhaite simuler la propagation d’ondes électromagnétiques au
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d’un conducteur parfait. On se ramène à un domaine borné, en introduisant une frontière artificielle, notéeΓA, sur
laquelle on impose une condition aux limites de type Silver–Müller. Il est important de noter que le cha
régulier au voisinage de cette frontière artificielle [6]. La frontière du domaine de calculΩ est donc décomposé
en ∂Ω = ΓC ∪ ΓA ; on appellen la normale unitaire extérieure à∂Ω . Soit (E,H) le champ électromagnétiqu
fonction dex et t . Les équations de Maxwell dans le vide sont relatées en (1) et (2). Les densités de chaρ et
de courantJ vérifient l’équation de conservation de la charge∂tρ + divJ = 0, et la connaissance dee� permet
de modéliser les ondes planes incidentes (e� �= 0), ou la frontière absorbante (e� = 0). A la suite de [3,4], on peu
reformuler de façon équivalente (1), (2), en remplaçant les deux premières équations de (1) par (3), (4), ce
permet d’obtenir deux systèmes « découplés » du second ordre en temps, enE et enH. Dans la suite, on considè
uniquement le système enE , sachant que celui enH peut être résolu similairement. On peut prouver (cf. [
que, sous des hypothèses de régularités des données ad hoc, le champE est l’unique solution de la Formulatio
Variationnelle (6), de régularité en temps (7). Si on suppose que la densité de charge appartient àL2(Ω), on peut
« stabiliser » cette FV par ajout d’un terme en(div ·,div ·)0 et dualisation de la relation de Coulomb [3] : on about
une FV Augmentée, Mixte (9), (10). Elle est posée dans l’espace produitXE × L2(Ω) (voir (8)) ; le multiplicateur
de Lagrange est introduit pour imposer l’équation de Coulomb, dans le cas où l’équation de conservation d
charge ne serait pas vérifiée numériquement (par exemple, calcul du déplacement de particules chargées soumis
au champ auto-généré).

Comme on l’a remarqué précédemment, le champ est régulier au voisinage de la frontière artficielleΓA. Ceci
signifie que, modulo un relèvementH1(Ω), on peut toujours supposer que le champ électrique appartient à l’e
X 0

E (voir (8)). Or, à l’aide de [5,7], on peut facilement prouver la

Proposition 0.1. SoitV ∈ X 0
E : Vz appartient àH 1(Ω), et∂zVx et ∂zVy appartiennent toutes deux àL2(Ω).

En d’autres termes, dans un domaine prismatiqueΩ = ω×]0,L[, seulsEx etEy peuvent avoir un comporteme
singulier et, qui plus est, uniquement selon les variablesx et y. Si on tient compte des conditions aux limit
sur E , on remarque que l’on peut décomposer ses trois composantes selon (11) dansL2(Ω), ce qui induit les
expressions de son rotationnel (12), (13) et de sa divergence (14) (resp. dansL2(Ω) et L2(Ω)). On choisit enfin
la décomposition (15) pourp. On introduit alors les opérateurs 2D curlv = ∂xvy − ∂yvx et divv = ∂xvx + ∂yvy ,
ainsi queν la normale unitaire extérieure à∂ω, etτ le vecteur unitaire tel que(τ, ν) est directe. On décompose
frontière∂ω en∂ω = γC ∪ γA, et on définit les espaces de SobolevXE etXE (16), « traces » surω deXE . A l’aide
de séries de Fourier adéquates pourJ , ρ et �e�, on vérifie que (9), (10) est équivalente à (18), (19).

Ceci va nous permettre de définir la Méthode du Complément Singulier avec Fourier, pour résoudre
quement le problème posé. D’après la Proposition 0.1, il est loisible d’approcherEk

z à l’aide de l’EF de Lagrang
continuP2 (par exemple). Pour ce qui concerne les deux premières composantesEk

x,y , nous choisissons parmi le
MCS [2,1,10,8,11], l’EF de Lagrange continuP2 (composante par composante), avec un Complément Sing
Enfin, p est approché à l’aide de l’EF de Lagrange continuP1. Il en résulte un EF de typeTaylor–Hood, avec
Complément Singulier. Outre la coercivité de la forme bilinéaire sur(XE × XE)2 (pour toutk � 0), on prouve
aisément la

Proposition 0.2. La FVAM 2D discrète(18), (19)vérifie unecondition discrète inf–sup uniforme.

NB. Cette condition est uniforme vis-à-vis du pas du maillage et de l’indice de Fourier.
Pour conclure, nous définissons l’approximation parla Méthode du Complément Singulier avec Fourier

(E,p). Soith le pas du maillage de la triangulation deω, etN le nombre de modes Fourier effectivement calcu
Suivant [7] et ce qui précède, nous approchonsE etp par (20).
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1. Introduction

TheSingular Complement Method(SCM) was originally developed to solve Maxwell equations in bounded
convex domains, with a piecewise smooth boundary. Indeed, when the domain is either convex or with a
boundary, all components of the electromagnetic field belong toH 1(Ω). This feature guarantees the converge
of Finite Element techniques, based on the continuousP1 or P2 Lagrange Finite Element approximation [3
But when there aregeometrical singularities, such as reentrant corners in 2D, or reentrant edges and/or
convex vertices in 3D, the components of the EM field do not belong in general toH 1(Ω). What is more, the
subspace of allH1(Ω)-smooth fields is closed in the space of admissible EM fields. Since the continuous La
FE approximation always belongs to the regular subspace, this prevents convergence (see [2]). To address
difficulty, one possibility is to enrich the space of test-fields bysingular fields: we call this approach the Singul
Complement Method. We refer to [2,1,10,8,11] for instances of the 2D-SCM. Interestingly, this method works
both the static and time-dependent Maxwell equations [2,1,9].

This Note explains how one can apply a similar technique to solve Maxwell equations in a 3D prismatic d

2. The model problem and its variational formulation

The aim is to compute the EM field, in the neighborhood of a perfect conducting bodyO, which is locally of
prismatic shape. In order to reach this goal, we define a computational domainΩ , by taking the complementary o
O in a cube (for instance): its boundary∂Ω is made up of two parts:ΓC andΓA, with ΓC = ∂Ω ∩ ∂O theperfect
conductor boundary(the interface with the bodyO), andΓA anartificial boundary, which is introduced in orde
to bound the domain. It is split intoΓ i

A andΓ a
A . OnΓ i

A, we model incoming plane waves, whereas we impos
Γ a

A an absorbing boundary condition, both with the help of the Silver–Müller condition. The domainΩ is equal to
Ω = ω×]0,L[, whereω is a 2D polygon (see the Fig. 1). So, the geometrical singularities are the reentrant edg
of ΓC , i.e. those edges with an interior dihedral angle larger thanπ . It is crucial to note that the EM field is smoo
in a neighborhood ofΓA [6], so its singular behaviour occurs only at the reentrant edges ofΓC .

Let E andH be the electric and magnetic fields,which depend on the space variablex and on the time variablet .
Further, letc, ε0 andµ0 be respectively the light velocity, the dielectric permittivity and the magnetic permea
(ε0µ0c

2 = 1). Then, Maxwell equations invacuum, supplemented with boundary and initial conditions, ca
expressed:

ε0
∂E
∂t

− curlH = −J , µ0
∂H
∂t

+ curlE = 0, div(ε0E) = ρ, div(µ0H) = 0 in Ω, (1)

E × n = 0 onΓC,

(
E −

√
µ0

ε0
H× n

)
× n = e� × n onΓA, E(0) = E0, H(0) =H0. (2)

The dataρ andJ are the charge and current densities (they satisfy the charge conservation equation∂tρ +divJ =
0), e� models the incoming plane waves (e� �= 0) or the absorbing b. c. (e� = 0), and(E0,H0) is the initial value

Fig. 1. Sample prismatic domain.
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of the EM field. Following for instance [3,4], one can equivalently reformulate (1), (2) as two second order
systems of equations, the first one inE , the second one inH. One replaces the first two equations of (1) by

∂2E
∂t2 + c2 curl curlE = − 1

ε0

∂J
∂t

,
∂2H
∂t2 + c2 curl(curlH−J ) = 0 in Ω, (3)

1

ε0
(curlH−J ) × n = 0 onΓC,

∂E
∂t

(0) = 1

ε0

(
curlH0 −J (0)

)
,

∂H
∂t

(0) = − 1

µ0
curlE0. (4)

From now on, we focus on the electric fieldE (the magnetic fieldH could be handled similarly). Provided that t
charge conservation holds, and that the initial conditions are compatible with the initial values ofρ andJ , one
finds that the Coulomb equation div(ε0E) = ρ is a consequence of the first equation in (3). Now, if we let

TE := {
V ∈ H(curl,Ω): V × n|∂Ω ∈ L2(∂Ω), V × n|ΓC = 0

}
, (5)

then the first equation of (3) is equivalent to the Variational Formulation:findE ∈ TE s.t.

d2

dt2 (E,V)0 + c
d

dt
(ET ,VT )0,ΓA + c2(curlE, curlV)0 = − 1

ε0

d

dt
(J ,V)0 + c

d

dt
(e�

T ,VT )0,ΓA, ∀V ∈ TE. (6)

Above,VT denotes the tangential part ofV on the boundary. One can prove, following [4], that, under suita
assumptions on the data, there exists one, and only one solution to the VF (6), equal to the EM field, such

E ∈ C0(0, T ;TE) ∩ C1(0, T ; L2(Ω)
)
. (7)

Then, in order to get a VF which can be discretized with the help of a continuous approximation, i.e. conf
in H1(Ω), let us add a(div ·,div ·)0 term in (6) to get an Augmented Variational Formulation. In doing so,
explicitly assume thatρ belongs toL2(Ω). To this end, define

XE := TE ∩ H(div,Ω), (V,W)X := (curlV, curlW)0 + (divV,divW)0 + (VT ,WT )0,ΓA;
X 0

E :=XE ∩ H0(curl,Ω), (V,W)X0 := (curlV, curlW)0 + (divV,divW)0.
(8)

It is well-known [6] that(·, ·)X (respectively(·, ·)X0) defines a norm onXE (resp.X 0
E ), which is equivalent to the

full norm. Then,E is the solution to the Mixed, Augmented Variational Formulation:find (E,p) ∈ XE × L2(Ω)

s.t.

d2

dt2 (E,V)0 + c
d

dt
(ET ,VT )0,ΓA + c2(E,V)X0 + (p,divV)0

= − 1

ε0

d

dt
(J ,V)0 + c2

ε0
(ρ,divV)0 + c

d

dt
(e�

T ,VT )0,ΓA, ∀V ∈XE, (9)

(divE, q)0 = 1

ε0
(ρ, q)0, ∀q ∈ L2(Ω). (10)

Above, the Lagrange multiplierp is added, to enforce numerically the Coulomb equation, in the case whe
charge conservation equation is not numerically true. For instance, when one performs simulations on th
of charged particles, which amounts to solving the coupled Vlasov–Maxwell system of equations (see [8
MAVF was first introduced in [3], and it produced good results either in convex domains, or in domains
smooth boundary. To build a converging sequence of approximation in the case of a non-convex domai
non-smooth boundary, such has a prismatic domain with reentrant edges, one has to take into account the sing
behaviour of the electric field. This is the purpose of the next sections.

To conclude this section, recall that the lifting of the tangential trace ofE on ΓA belongs toH1(Ω). Thus, by
removing such a lifting to the electric field, the differenceE0 is in X 0

E . For discretization purposes, it is interesti
to note thatE0

z always belongs toH 1(Ω). Indeed, owing to [5,7], one can prove the
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Proposition 2.1. LetV ∈ X 0
E . ThenVz belongs toH 1(Ω), and∂zVx and∂zVy belong toL2(Ω).

In other words, in a prismatic domain of the formω×]0,L[, only the first two componentsEx , Ey of the electric
field may be singular. In addition, these two components can be singular only in thex, y variables.

3. Fourier expansion and consequences

Foru in L2(Ω) with Ω = ω×]0,L[, one can perform Fourier expansions, such as

u =
∑
k�0

uk(x, y)sin

(
kπz

L

)
or u =

∑
k�0

uk(x, y)cos

(
kπz

L

)
, with ‖u‖2

0 = L

2

∑
k�0

‖uk‖2
0,ω.

In our case, we remark that, according to the boundary condition (2) onΓC , one has

Ex = Ey = 0 onΓC ∩ {z = 0} andΓC ∩ {z = L},
whereas there is no condition for the third component. Thus, a natural choice is to consider

Ex =
∑
k�0

Ek
x sin

(
kπz

L

)
, Ey =

∑
k�0

Ek
y sin

(
kπz

L

)
, Ez =

∑
k�0

Ek
z cos

(
kπz

L

)
. (11)

Obviously, the same choice is made for test functionsV of XE . This further leads to

curlV =
∑
k�0

([
(curlk Vk)xex + (curlk Vk)yey

]
cos

(
kπz

L

)
+ (curlk Vk)z sin

(
kπz

L

)
ez

)
, with (12)

(curlk Vk)x = ∂yVk
z − kπ

L
Vk

y , (curlk Vk)y = kπ

L
Vk

x − ∂xVk
z , (curlk Vk)z = ∂xVk

y − ∂yVk
x ; (13)

divV =
∑
k�0

(divk Vk)sin

(
kπz

L

)
, with divk Vk = ∂xVk

x + ∂yVk
y − kπ

L
Vk

z . (14)

Then, one chooses

p =
∑
k�0

pk sin

(
kπz

L

)
. (15)

Now, we introduce the 2D scalar curl and div operators curlv = ∂xvy − ∂yvx and divv = ∂xvx + ∂yvy . Letν denote
the unit outward normal to∂ω, andτ the unit vector such that(τ, ν) is direct. Let us split∂ω = γC ∩ γA and
introduce the Sobolev spaces defined onω

XE := {
v ∈ H(curl,div,ω): v · τ|∂ω ∈ L2(∂ω), v · τ|γC = 0

}
, XE := {

v ∈ H 1(ω): v|γC = 0
}
. (16)

According to (12), (14), there holds

V ∈XE ⇐⇒ ∀k � 0, Vk
x,y ∈ XE, Vk

z ∈ XE, together with the ad hoc equalities of norms. (17)

With suitable Fourier expansions ofJ , ρ ande�, we find that the MAVF (9), (10) is equivalent to the sequenc
2D-MAVFs, for k � 0: find (Ek,pk) ∈ (XE × XE) × L2(ω) s.t.

d2

dt2 (Ek,V)0,ω + c
d

dt
(Ek

T ,VT )0,γA + c2(curlk Ek, curlk V)0,ω + c2(divk Ek,divk V)0,ω + (pk,divk V)0,ω

= − 1

ε0

d

dt
(J k,V)0,ω + c2

ε0
(ρk,divk V)0,ω + c

d

dt
(e�,k

T ,VT )0,γA, ∀V ∈ XE × XE, (18)

(divk Ek, q)0,ω = 1

ε0
(ρk, q)0,ω, ∀q ∈ L2(ω). (19)

NB. Fork = 0, the unknown is(0,0,E0
z ,0), since onlyE0

z is not multiplied by zero in the Fourier expansions.
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4. The 3D Fourier Singular Complement Method

On the one hand, owing to Proposition 2.1, one can approximate the third componentEk
z by the usual continuou

P2 Lagrange FE. On the other hand, the first two componentsEk
x,y can be approximated by the 2D Singu

Complement Method [2,1,10,8,11], for instance by theP2 Lagrange FE component by component, together w
a suitable Singular Complement. Finally, the Lagrange multiplierp is approximated by theP1 Lagrange FE. This
yields aTaylor–HoodFE discretization,with a Singular Complement. One then proves easily the two results

Proposition 4.1. The bilinear form(V,W) 
→ (curlk V, curlk W)0,ω + (divk V,divk W)0,ω + (VT ,WT )0,γA is co-
ercive on(XE × XE) × (XE × XE), for k � 0.

Proposition 4.2. The2D discretized MAVF(18), (19)satisfies a uniform, discrete inf–sup condition.

NB. The discrete inf–sup condition is uniform with respect to the meshsize and to the Fourier mode.
To conclude, we introduce an approximation of the solution(E,p) to (9), (10). Leth denote the meshsize o

the 2D triangulation ofω, andN the number of Fourier modes that are actually computed. Following [7] an
previous sections, we approximateE andp respectively by

EN,h
Ω =

k=N∑
k=0

(
(Ek,h

x ex + Ek,h
y ey)sin

(
kπz

L

)
+ Ek,h

z cos

(
kπz

L

)
ez

)
, p

N,h
Ω =

k=N∑
k=0

pk,h sin

(
kπz

L

)
, (20)

where(Ek,h,pk,h) is the solution to the discretization of (18), (19). Then, combining the results of the p
ous sections allow us to prove that(EN,h

Ω ,p
N,h
Ω )N,h converges to the solution(E,p) of the MAVF (9), (10) in

XE × L2(Ω).
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