CLASSIFICATION OF SOLUTIONS OF
HIGHER ORDER CONFORMALLY INVARIANT
EQUATIONS
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ABSTRACT. We study higher order conformally invariant equa-
tions involving the operator (—Awu)?,p > 1 which arises naturally
from conformal geometry and Sobolev embedding. We classify all
possible solutions without any condition on the lower order deriva-
tives of u. Our main idea is that we first derive a prior estimates
of (=A)iu,1 < j < p—1 and then use Kelvin transform as well as
moving plane method.

1. INTRODUCTION

Recently, there have been much analytic work on the conformally
invariant operators as well as its associated di erential e uations.
well known second order conformally invariant operator comes from the

amabe problem or, more enerally, the problem of prescribed scalar
curvature. iven a smooth positive function = de ned on a compact
Riemannian manifold of dimension , we ask whether there
e ists a metric conformal to  such that is the scalar curvature
of the new metric . et for or - for ,
then the problem is reduced to nd solutions of the followin nonlinear

elliptic e uations

1.1
for , or
- o 1.
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for , where denotes the aplace eltrami operator of
and is the scalar curvature of

n studyin e uations 1.1 and 1. as well as other problems, it is
very important to understand the solution set of the followin e uations

for , or
. in 1
in
for
y employin the method of movin planes, a arelli idas pruck
was able to classify all solutions of 1. for ,and hen i
did the same thin for both e uations 1. and 1.
he natural enerali ationsof 1. and 1. are the followin hi her
order conformally invariant e uations

1 on

1.
and
. in 1
in
uation 1. with arises from the di erence oflo determinants

of a conformally covariant operator with respect to two conformal met
rics. or back round material and other related problems, we refer
and the references therein. uation 1. can be derived from the

obolev s embeddin of into

sup 1.

s concerned with the classi cation of solutions of 1. and 1. |,
the method of movin planes bein used to study e uations 1. and
1. naturally comes to ones mind. owever, the central di culty
is that the a imum rinciple can not be directly appplied to if
one does not know enou h information about 1 1.

here e ist several works on this classi cation problem but up to our



limit knowe e, it seems that the said information was taken as ranted
in most previous works as one will comment it later.

he main point of present paper is to show that the e uations 1.
and 1. provided enou h information for applyin the ma imum prin
ciple.  ore precisely, one states it in the followin theorem which is

one of main results in this article.

T

1 1 1.

R ondition 1. is needed in our proof and in the classi ca
tion of solutions of 1. which has been pointed out in 1

nce we have 1. |, we can use elvin transform and movin planes
method to prove symmetric property of the solution.  ere we apply

movin plane method to the function

e rst have

T
lo —M 1.1

e t we consider e uation 1. . e prove that all solutions of 1.
are radial
T

- 1.11
1

e also prove a none istence result.



1.1
1 _
inally we prove a converse of heorems 1. and 1. .
T
1.1
lim 1 1 —
o ma
e remark that the method of movin planes was rst invented by
le androv 1, and was shown to be a powerful tool in studyin
e uations 1. and 1. by idas i irenber , a arelli idas

pruck and hen i
e note that for , similar results are obtained independently

by . . in 1 and the second author 1. in uses the method
of movin planes for both e uations 1. and 1. while the second
author uses the method of movin spheres, a variant of the method of
movin planes for e uation 1. . e remark that this second method
can also be applied to the e uation 1. . e also note that in
han and an wused the method of movin planes to prove heorem
1.1 under the condition that lo

function  de ned on in , they also consider the case when

for some smooth

for odd . ereour condition is much weaker than theirs. e
also remark that in , roy studied symmetry problems for system
in bounded domains. or e uation 1. ,if is the ma imi er of the
ener y 1. which was ensured to e ist by ions e istence theorem
11, then also by ions heorem 11, is radially symmetric and has

property 1. . inally, was shown to be of the form 1.11 in this



case by . wanson 1 . wur heorem 1. has been e isted for several
years in di erent form but all with the assumption that is radial and
ine uality 1. holds true for ,see 1 and 1
he or ani ation of the paper is the followin n ection , we rst
study the asymptotic behavior of solutions of 1. satisfyin 1. |
especially we establish heorem 1.1 for e uation 1. . hen we o
on to prove heorem 1. by applyin the method of movin planes
to reduce the solution to the radially symmetric case. nd nally, we
show that the radial solutions of 1. necessarily have form 1.11 .
e prove heorem 1.1 for e uation 1. in ection and then we
use movin planes method to prove heorem 1. and heorem 1. in
ection . ection is devoted to the proof of heorem 1. .

hrou hout this paper, the constant  will denote various eneric

constants. means
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TOTIC IOR O O UTION O

n this section, we study the asymptotic behavior for a solution

of 1. . irst, we note that the fundamental solution of the operator
18
1 1
lo
where 1 is the volume of the unit ball in
et be asolution of 1. . et
1



and

lo

bviously, satis es
1 in

e rst have some preliminary analysis of

1 1

et 1 1. e rst prove that

uppose not, there e ists such that

ithout loss of enerality, we assume that . e introduce the

avera e of a function

hen we have by ensen s ine uality see 1 in the case 1,

ince and , we have
for all

hen it is easy to see that

ence

for



ame ar uments shows that

for
and
1 for 1
ence
1 for 1
ince , we have for . his is in contradiction
with assumption that
ence
ow we show that for all 1 1 by mathematical
induction. or 1, we have shown that above. ssume for
, and at some point .  ithout loss of
enerality, we can assume that . hus we can form the above
system a ain. ow since by assumption, ,we et
nte rate it to see that . hen it follows that
for some constant . Repeatedly inte rate the system
to conclude that
1
f , @ ain we are done since then at in nity and
f 1, then 1. hen . learly this implies
that which contradicts to assumption a ain. his nishes the
proof of emma .1.
O
e now study properties of . e have

lo 11



lim 1 1 1

lim 1 1

he proof of .11 is elementary, see emma .1in 1

oprove .1 and .1 , we rst note that if is a solution of

1. and satis es 1. , then for some constant . n
fact, by emma .1, we know that . ssume that there
is a constant such that then it is easy to show
that which contradicts to the assumption that

hus lim . ence, , i.e., is
bounded. imilar ar ument shows that are also bounded for

1.  herefore has upper bound by the followin the

proof of heorem 1 of 1. ence we can di erentiate the inte ral in

to obtain
L lo
hus
lo
ence
as
bserve that
lo
where . .1 follows by

elementary calculations and an observation that



L
1 1 1
e rst prove it for 1.
et . hen and by emma .1
and emma . , we have lim and by ma imum principle
y iouvilles heorem, we have for some nonne ative
constant
e claim that . n fact, suppose not. hen
et be the avera eof asin emma .1. et
1 . hen asin emma .1, we will have
1
for .
learly it contradicts to the fact that
ow that . hen we have . imilar
ar uments as before show that . he rest of the proof follows
then.
O
L
lo 1
his follows e actly from the ar uments of 1  note that now
1 1by emma . . e omitthe details. O
e t lemma is the key result in this section.
L

lo —— 1



lim 1
lo
lim 1 1
1 1
y emma . , we have in . ytheassumption
and emma . and emma ., we have . ince

is a harmonic function, by the radient estimates of harmonic

functions, we have for some constants
hus
ince , we have for 1 . ence we have
proved .1
he other claims follows from emma . and emma . and inte

ral representation .1  of
O
e t we shall prove that . 0 this end, we need the followin

oho aev s identity.

L



otice that

y repeatly usin this fact and the second reen s identity, we can et

above formula easily. O

L



et be a solution of 1. with

et
where
lo
ote that by emma . , choose such that , then
1 1. vy pluin the asymptotic

formula of both and , we have

ence

— 1
— 1
imilarly we have
1
ence
— 1
0
O
OT y the proof of heorem 1. in | since
satis es emma . and emma ., is radially symmetric with
respect to some point .  ithout loss of enerality, we can assume
hus where . hoose so that
lo . nd set lo t is well known that is a

solution of 1. . et . hen by our choice of |,



nd since is smooth at , we have

for 1 1. owsince and are both solution of 1. |
we et
where 1 1 for some between

and 1. emma . and the implicit e pression of  imply that

lim sup

his implies that cannot be oscillatory at . hus by the theory
of ordinary di erential e uation, can only have at most nitely many

€ros on . f is not identically ero, then by simple countin
the eros of , we can see that the number of eros of must be
ero and similarly cannot have ero either on . ut the fact
that forces identically ero. he interestin reader
can nd the details of this ar ument in 1 . herefore the proof of

heorem 1. is complete.

O
ROO O OR OR U TION

n this section, we prove heorem 1.1 for e uation 1. . n fact, we

can prove more. amely, we shall prove
T
1 1
1 1
et 1 1 with ; e r1st

prove the followin

uppose not, there e ists such that



ithout loss of enerality, we assume that . s in the proof of

emma . , we introduce the avera e of a function
1
hen we have by ensen s ine uality see 1 in the case 1.
ince and , we have
for all

hen it is easy to see that

ence
for
ame ar uments shows that
for
and
1 for 1

ence if is odd, we have a contradiction with the fact that

o must be even and we have

and

for

ettin 1 and suppose now that

— for



hen we have

ence

for

imilarly

for

ence

for

y induction, we have

ence

et

irst of all, by mathematical induction, it is easy to see that

by noticin that

A1



ence we also can set

hen we have

otice that

where can be chosen to be

Iso notice that, by usin the iteration formulas above, we have

1 1
1
and
1
1
ence, if we take 1 is lar e enou h so that if
1 and if 1, and then take
or dependin on whether is reater than or less than

1, then we have
as

ince is independent of , a contradiction is reached.

ence

e t we claim that
1

he proof is e actly the same as before e cept now that we need take
e tra care about the case that is odd if iseven. e omit the details.
U

e t we recall the followin lemma.



i 1

i he ar ument for this is standard. e refer interestin reader to
for the proof of case . ith help of heorem .1, it is

not hard to enerali e it to present case. e omit the detail here.

ii  his is a well known fact. here are several di erent forms for it.

he details can be found, for e ample, in . O

et be a smooth positive solution of

in
for 1 ——. e de ne the elvin transform
— 1
y a direction computation,  satis es
in 1
where
et . hen has the followin asymptotic behavior
at
— 1
where and . n particular, we have for lar e |,
1

he key fact in usin movin plane method is the followin lemma.



e rst prove that _ . n fact, suppose not,

then we have

ake —-.  hen we have

1

which implies

for

imilar as in the proof of heorem .1, we have by induction
1

f isodd, then which is a contradiction. ence must

be even. n this case, we have

for
amely
his implies that for small otherwise is increasin
for small and hence which is impossible by noticin  emma
i and assumption that is not in
n the other hand, if we let - . hen

y the ar ument in the proof of heorem .1, we have
1

y emma . ,



1.e.

ote that an easy computation shows that

since and 1.

hus we et the desired contradiction.

ence . hen we can prove that in the
distribution sense.  he proof is standard, we include it here for the

sake of completeness.

n fact, let _ be a nonne ative function. e want to
prove that
1
et _ satisfy 1 for and for

e also assume that

for 1 . ultiplyin .1 by , we have

et . e have for

and for , and



ince - - - where - 1 -, we have

as . herefore, by .1 , we have
lim
hus in _
U
ROO O OR ND O IN N T OD

n this section, we apply the well known method of movin plane to
prove heorem 1. and heorem 1. . ince the method is standard,
we shall only sketch the proof. or more details, please see  and 1

he key point is that we apply movin plane method to the function

et be a solution of 1.1 . et — . et
y emma . , in and

satis es for any ,

inf for 1
ince is a superharmonic function in by the proof of
emma . and , then we have

inf for

ollowin conventional notations, for any , and ,
we let and

be the re ection point of with respectto . ostartthe



process of movin planes alon the direction, we need two lemmas

below.

L

he proofs of both lemmas are contained in
ow let in ince

has a harmonic e pansion .1 at in nity, by emma .1 and .1,

there e ists a such that
in
for all .y the ma imum principle, we have
in
for all . here is a subtle estimate, please see and 1 for
similar ar uments.
e consider the case —— rst. et
for
Ilthou h  may besin ularat ,by .1 and . , we still can apply
the same ar uments as in heorem 1. to prove in
ince , we must have . ince we can move the hyperplane
alon any direction in is radially symmetric w.r.t. . ince

we can take any point in as the ori in, we conclude that if is a



positive smooth solution of |, then in which implies

in . hus, heorem 1. is proved.
he proof of the case —— is similar. o the solutions to e uation
1.1  with —— areradial. heorem 1. is proved by the followin
lemma.
L o
1
otice that is a solution of e uation 1. . t is not
hard to see that if satis es
1

with non ne ative and non increasin , and  bounded for near
then

where is a dimensional constant. he interestin reader can nd the
proof for it in 1

rom this, we can easily et that . ince is
smooth on | . ence the iouville s theorem will imply

that has the inte ral representation

herefore, at
et be a solution of e uvation 1. . et be such that
e now claim that . n fact, let

irst we have the e uation

where 1 . ccordin to our estimates above

and the implicit e pression of , we clearly have



herefore we can ar ue e actly as in the proof of heorem 1. to con
clude that isidentically ero. hus we nish the proof of emma

and hence the proof of heorem 1. .

ROO O OR

n this section, we prove heorem 1. .

et bede nedby f and f . ycondition f and f |, we have

hen the ar ument in the proof of heorem .1 can be adopted to

show that satis es
1 1

rom this, by takin the spherical avera e, it is standard that

and

f we set — , then satis es
in where — . nd it is clear that

lim

ccordin to our assumption f and f | holds
when and , hence the movin planes method can apply
to a ain. herefore we conclude that is radial symmetric
about some point .  ain, we assume that

ow the same ar ument in emma . shows that ,
hence at

y usin the inte ral representation of | we have



his clearly implies that

as

pplyin the above ine uality to the aho aev identity see emma

, we have
ince — never chan es si n by condition f | we
have
_ for all
ence
for ma
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