INFINITE MULTIPLICITY FOR AN INHOMOGENEOUS
SUPERCRITICAL PROBLEM IN ENTIRE SPACE
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ABSTRACT. Let K(z) be a positive function in RN, N > 3 and satisfy limg| 00 K(z) =

Ko where K, is a positive constant. When p > %—'LI,’,N > 4, we prove the

existence of infinitely many positive solutions to the following supercritical
problem:

Au(z) + K(z)uP? =0,u > 0in RY, lim wu(z) = 0.

|z] =00
If in addition we have, for instance, lim|;| o0 |2|* (K (2) — Koo) = Co # 0,0 <
u < N, then this result still holds provided that p > %

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The purpose of this paper is to establish the existence of infinitely many pos-
itive solutions to the following inhomogeneous equation

{ Au+ K(z)uP =0, (1.1)

u>0 in RV lim, . u(z) = 0.

where N > 3,p > ££2 and 0 < a < K(z) < b < +00.

Semilinear elliptic equations like above seem to arise naturall in man applied
areas. e refer the interested readers to 3 and for a brief histor and
background of (1.1).

n ing and i showed that for p > £%2 if z K(z) > 0 and K(z) is
s mmetricin z , =1,..., N then equation (1.1) admits in nitel man solutions.
sing sub-super solution method ui - showed that there exists an exponent
p (de ned at (1. ) below) such that forp > p , N > 11 equation (1.1) has in nitel
man (well-separated) solutions in the case when K is radiall s mmetric. ecent
extensions can be found in aeand i 3 and ae 1. owever in 1 3
and it is alwa s assumed that p > p and N > 11. The case of N < 10
and % < p < p has left open. ote that in this case the method of sub-
super solution breaks down. ther related results can be found in ang- ei 11
anagida- otsutani 1
n this paper under reasonable conditions on K we establish that when p >

%, equation (1.1) has a continuum of solutions. ur basic assumption is the
following
() K(z) is smooth, lim K(z)= K, > 0.
|z|—00

ur main result is the following



T e em K(x) () p>TE N>
<

N N+42 N+
R o <p< §— K
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Kz ,...,z ,....,.zy)=K(z ,..., z,...,zN), =1,...,N.

The basic obstruction to extend the result to the whole supercritical range is
that the lineari ed operator around canonical approximation will no longer be onto
if % <p< %—f This problem can be overcome through a further condition on
K(x). e have the validit of the following result.

T e em K(z) () H<p<{E N>
p>45 N=3
>N
K(i) Ko =0, K@) Ko < z~, z>1
N- R N "’;’T“< <N
lim z (K(z) K») (—) =0,
|z|—o0 T
(z) (lﬁ—l)x_ x+ =0 (0) <N
=0 (o,N 22t2
b p7

lim z (K(z) Ku)=

|z|—00

nstead of using sub-super solution method (which limits the applicabilit on the
exponent p) we use as mptotic anal sis and iapunov-Schmidt reduction method
to prove Theorem 1.1 and Theorem 1. . This is based on the construction of a
su cientl good approximation solution. t is well known that the problem
A + P=0 in RV (1.)
possesses a positive radiall s mmetric solution (z ) wheneverp > &£2. e x
in what follows the solution  of (1. ) such that

0) =1 (1.3)

Then all radial solutions to this problem can be expressed as

t main order one has



which implies that this behavior is actuall common to all solutions  (z). n 10
and it is shown that if p = p

()= :+alog +(log ), 0o,
where :IJ%(N p%),a <0, >0andifp>p
O=—+2% (=), o
where
o EERew

The idea is to consider  (z) as an approximation for a solution of (1.1) pro-
vided that > 0 is chosen small enough. To this end we need to stud the solvabil-
it of the operator A +p P~ in suitable weighted Sobolev space. ecentl this
issue has been studied in avila-del ino- wusso and avila-del ino- usso- ei

n particular our method here is closel related to where standing wave
solutions are constructed for nonlinear Schrodinger equations

Au (£)u+uP =0,u>0in RV, | |11>H—i1- u(z) =0 (1.)
with
1
@)= (5), @20 1)

Throughout the paper the s mbol denotes alwa s a positive constant inde-
pendent of  which could be changed from one line to another. enote if
and onl if there exist two positive numbers a,b such that a < <b

A n le ment Theresearch of the rst author is partiall supported b an
armarked rant from of ong onganda irect rant from . e
thank rofessor .- . i for useful discussions.

HE SOL A ILIT OF LINEARI ED O ERATOR A+p P~

ur main concern in this section is to stud the existence of solution in certain
weighted spaces for

A +p P = inRV, (.1

where  is the radial solution to (1. ) (1.3) and is a known function having a
speci ¢ deca at in nit .

e work in weighted ©° spaces ad usted to the nonlinear problem (1.1) and
in particular take into account the behavior of  at in nit . e are looking for
a solution  to ( .1) that is small compared to at in nit thus it is natural

to require that it has a deca of the form (z = ) as =z +00. s aresult



we shall assume that behaves like this but with two powers subtracted that is

= (z~ 7% at in nit . These remarks motivate the de nitions
=sup z (x) +sup z~  (z), (.)
|| ||
and
=sup z2* (z) +sup z T? (2), (.3)
|| ||

where > 0 will be xed later as needed.
The following lemmas and remarks on the solvabilit are due to avila-del ino-
usso and avila-del ino- usso- ei
Lemma p>%—f,N2 0< <N
>0 < oo

() <
N+2

n obstruction arises if 575 < p < %—Jj which can be handled b considering
suitable orthogonalit conditions with respect to translations of . et us de ne

- ()

x
and ©(RN) 0< <1,
()=1 for z < , (z)=0 for z > +1.

e work with >0 xed large enough.
Then we have

Lemma N>3 %<p<x—f 0< <N
(7 PR N): () <o
N
A +p T o= 4 RY ()
N
+ <
=0 1< <N
=0 1< <N
. < < ()
Rema p=8*

=sup z (x) +sup z T (2),

=sup ¢ "2 (2) +sup T T (2),

|| ||

>0



The operator in emmas .1- . emark .3 are constructed b hand b
decomposing and into sums of spherical harmonics where the coe cients are
radial functions. The nice propert is of course that since is radial the prob-
lem decouples into an in nite collection of S. e omit the details for the
construction and refer to  and  for the details.

3. HE ROOF OF HEOREM

et p > %—J_r e prove Theorem 1.1 in this section. The main idea is to use
emma .1 and a contraction mapping principle.
a change of variables Koo ~ u(%) equation(1.1) is equivalent to
Au+u? + K(EWP =0 in RV, (3.1)
where
z,  K(%)
K(-)= 1. 3.
)= % ()
ote that b our assumption on K for an xed z =0 we have K(%£) = (1).
e look for a solution of (3.1) of the form v = +  which ields the following
equation for
x
A +p 7 =N() KE)( + )
where
N()= ( + )P+ P+p 7 . (3.3)

sing the operator de ned in emma .1 we are led to solving the xed point
problem

e use a xed-point argument  onsider the set

= RN <
where (0,1) is to be chosen (suitabl small) and the operator ( ) = N( )
K(%)( + )P . enow prove that hasa xed point in
or an , b the argumentsin -  we know that for 0 < < p% chosen
in(.) (.3) it holds
N() < ( 2+ D). 3.)
ext we estimate K(%£)( + )P . et >0. bservethat

sup, @t K(T)( + )P sup, =t K(B)( L+ P)

sup

ININA
w
fart
g
B
+

ut

sup 22t K(D)( 4+ < () o+ 7 3.)

||



where

n the other hand

sup;, =t K(E)( 4+ )P < a(-)sup, T ( P+ P)
< a(-)A+ )< a(-) (3.10)
Thusb (3. ) (3. ) (3.10) we get
KO + P < a( )+l +( 2+ r . @)

emma .1 (3. ) and (3.11) we have

() NO) o+ KA+
2+ P4a( Y+a(-)+( ) (3.1)
< P+ Paa( )+a(-)+( )M

IN A

ow we choose small enough such that ( 2+ P) < - . Then choose
large enough such that a( ) < - . 1inall we choose small enough such that
a(-)+ ( ) <5 . 1 ijeldthat ()
t remains to prove that is contractible.

Similar to arguments in we see that , 2
N( ) N(2) < (+P) s - (3.13)
bserve that
K& (+ P (+2P< K& o 7+ 7+ o)

Similarl we obtain

sup, ¥ K(®) ( + )P (4 )P

< 2 SUD, 2 PT 4 P74 ,P7)

< o ()24 P (3.1)
sup 22 K(O) (4 )P (+ 2P < oal) 2

le] 3.1)
sup z 2T K(f) ( + Y ( 4+ 2P < a(l) 2 .
le| 3.1)

enceb emma .1 (3.13) (3.1 ) we have

() (2) (N(C ) N(2) + K& + )P ( + 2P
2 + P +( )Y+a( )+a(-)

IANIN TN

b) 2
provided that small enough large enough and small enough.

(3.1)



(3.1 ) and (3.1 ) is a contraction mapping. contraction-mapping
principle it follows that hasa xed point in . Since +  is a solution of

Au+uP + K(Z)u? =0, (3.1)
>0 in RY,lim ;o u(z) = 0. )
or z such that =1, +  remains bounded because (z) < . Then
uniform upper bound for 4+  follows from (3.1 ) b observing that (1 +
KE) + )P remains bounded as 0for >Z. nfact
A+EE) ( + )7 < P P< o+ TP <
provided that > 0 small. ence
+ < forall z <1 (3.1)
t follows from then that
(z) < for all =z. (3. 0)
Thusu (z) =K ~ ( ( 2)+ ( =))is a continuum solutions of (1.1) and
limu (z) =0
—
uniforml in RY. This ends the proof of Theorem 1.1.
Rema
N+2 N
¥ <p< K N
Kx,...,0 ,...,an)=K(z ,..., z,...,ZN), =1,...,N.
HE ROOF OF HEOREM
n this section we consider the case when p (%, %—Jj and prove Theorem
1. . eneed touse emma . and a iapunov-Schmidt reduction argument.

emma . and emark .3 there is an obstruction in the solvabilit of the
lineari ed operator. To overcome the obstruction we introduce a new parameter
where  achieves its maximum. or this reason we make the change of variables
Ks ~ 7 u(*=—) and look for a solution of the form v = + leading to the
following equation for

A +p 7 =N() K( e+ )5

where
NO)= ( + P+ T4p 7
e will change slightl the previous notations to make the dependence of the norms
on explicit. ence we set

= sup z () + sup = — (2

lz— | lz— |



and

= sup =z 2 @)+ sup =z P (z).
lz— | lz— |

n the rest of the section we assume that

N + <p< N+1
N PSN 3
The case p = %—; can be handled similarl with a slight modi cation of the norms
where it is more convenient to de ne
= sup = (r) + sup =z 7t (2)
lz— | lz— |
and
= sup = 2 @)+ sup T (x)
lz— | lz— |

for some small xed > 0. See emark .3 and emark
The proof of Theorem 1. is through a iapunov-Schmidt reduction procedure.

This will be achieved in t te n the rst step we solve (3.1) modulo
using emma . . That is we have the following lemma.
Lemma N >3, «p< B K(z) ()
>0 > 0 < <
) ( )7"'7 N( )
{(ap v =NO KD 4ye N
K(z)
Klz) Ko < 27, x>1, (.)
>0 0< <N
N
+ () < 2+ 0< < . (.3)
P Similar to the proof of Theorem 1.1 we x0 < < min ,p% and de ne
for small >0
= RN <
and the operator = () to
{8 e SNO KD+ e T
lim|z|_>oo (:L') =0. ( . )
the same proof as in those of Theorem 1.1 we have for an , , »
N() < ( )+ ( < (P+ D), ()
N( ) N(2) < (+7) 2 (-)
KE—)( + )7 < a()+a=)+( P +( )7,




T 1
K( )+ )P+ ) < a( )+a(=)+( )+ P 2 -
()
sing emma . and xed point theorem we get a solution , ( ),..., n( )
of ( .1) provided small enough large enough and small enough.
s in the proof of (3. 0) we can obtain
< for all . (.)
nder the assumptionof ( . Jandfor0 < < N  we can estimate K(*—)( +
)? as follows for xed large enough
sup ¢ 2F K(w )+ )P < sup +  sup
lz— | lo— | lz— |
SUP|;_ | z M K(E)( 4+ )P < supp z P ( P4+ ?P)
< )+ SUp |5 | z 2
< ()4 (), (10
sup  pm | = P K(F)( 4+ )P < sup o oz T ( P4 P
2+ 2
< + ; ( .11)
sup,_ | ¢ PTTK(E)( 4+ ) < 1+ ( )P osup,_ | oz
< 1+( ) (.1)
Thus
KE—)( + )y < o g
(.13)
f0< <% accordingto (3. ) emma . ields
N
+ ()< " (.1)
provided , small enough.

ow consider p%< <N andlet0< < p%.
fp> then0< < and

bserve that

sup =z Y N( ) < sup + sup

lo— | z— | z— |
Thanks to ( . ) we have
sup ¢ P N( ) <

lz— |



and

sup z T N() < | 2 sup =z P2
lz— | lz— |
< | > swp oz 2
le— |
< ( )2 < 2 2+ 2 ,
sip @z PN )< (0 < 2ol
lo— |
Thus
N( ) < HEo2gf o p> . (.1)
Similarl ifl<p< using N( ) < P we can get
N( ) < opop (1)

fter nite steps we get for an p > 1
N( ) < S (.1)
ccording to ( .13) ( .1 ) we get

N
+ ()< " (.1)
provided small.
n the second step we need to var so that =0, = 1,...,N therefore
proving Theorem 1. .
emma .1 we have found a solution , (),..., n( ) to ( .1).
emma . the solution constructed satis esforall1< < N
z
N( ) KE) 4 ) —=0
ifand onl if =0. e divide it into three cases.
Cae a > N. n this case we have
x
K(-) pT(@""' )= N K@) Ko *( )7( + (N) as 0,
where the convergence is uniform with respect to <
ndeed in the case p >  if we choose % < < min g,N then we
obtain
N( )— =
()= -

N _ < 2 -2 L 2 2+ < N+22
()—< (P = =< < ,
N()—< () e L

x
Thus
N( )— = (") (.1)



Similarl in the case 1 <p <  we get

N( )— < 7 2 = (M), (.0
x
since we can choose suchthat p = N 1 which is possible since then = NT_ <
N— N-2
—w <N

ext we need the following important claim

Claim 0< < < in () where =+ .
The upper bound has been given b ( . ) and we onl need to prove that has
alower bound. et ()=gzx(1 ?) so that

A 1, 0 on
and consider = +( N () ) - Then satis es
A <0.
maximum principle we have
N
1
T S TS IS C
since the convergence 0 as 0 is uniform on an compact set of RV 0 .
Then > ——>0in since () Oas Oand (), (1< < N)are

bounded. Thus we proved the claim.
enenow ()b

() = K(#) P—o(z+ )+ N( )+

’ (-1
N K@) Ko —()+ (M)
and = ( oeey M), ixnow > 0small. Then from (.1 ) (. 1) we
have for small
(), =0 forall = .
degree theor we deduce that () has a ero point in
Cae N ZPI’TH < <N.
bviousl
x x
K - i — .
() r— (e Pt )—(+ )
the above computation for , 3 (0,N ) we have
N( )_ — 2 2+ I 2+
x
f we choose = and p » = which are possible since < N and p > %
then
N — =
()— =) ()
x
KE—)( + yp P — = ¥ s




K&=)( + p P4 < C 7+ )
< r T
< ( N (.3)
< AN = (),
KE=)( + )r P— < z - ( P4+ )
< r T
< (N - (. )
< T N = (),
KE)(+ P P < z
< o= () (. )
Thus
N( ) KEE)( + )P & = K(*=) ?—+ ()
2T (E) P+ )—E 4 (),
e nenow to be given b
1 z
= e — - e pt .
= o5 = (D) @+)
ominate onvergence Theorem we get
. - ON- - - T J— N ——
O= - 27 (Dya+ -
and
() = =W ) N z- (gPz+m”
+ Nz =
Therefore () =0forall = where large. sing this and degree theor
we obtain the existence of such that =0,1< < N provided small enough.
Ca e = N.
n this case we will have
() = K(%) P—(z+ )+ N( )= ()
KE®) P—o(a+ )+ () '

uniforml for on compact sets of RV.
Similar to case (a) we derive that for small xed

(), =0 forall =
ndeed for > 0 small it holds
(), <0 forall =
Thus for > 0small and xed
sup (z4+ ), <0 forall =

T



e decompose

K& ?  (@+), = +
where
K(E) P ($+ )7 < N |z] e Ng~—~
S ( .30)
n the other hand for > 0 we ma write
K&)?  (@+), = +
e have
T
K(=) * (z+ ), = (). (.31)
Since b  laim we can get that
T T
K(=) * (z+ ), K(-) (3)
ut
K@) = N 2N ()
+ 7 e N TN TKE) (m) (g
and
1
v 2™V (=)= Mog= + (3)
while given an > 0 thereis > 0 such that
1
N 2N NaNK(E) () < Mg (3)

rom ( .30) ( .3 ) we deduce the validit of (. ). ppl ing again degree theor
we conclude that for some < wehave ()=0.

Ca e 0< <N 2;’%2. or simplicit we assume that > 0.
s in the proof of part (b) we get that
N - = 3
()= =() (3)

bserve that

x
K L
( ) . + +
bviousl
x
Koy — < (V= () (3)
n RV (), K(%¥—) doesn t change the sign provided xed large enough.

Thus and have the same sign.



the condition in Theorem 1. and the claim

x
K( ) P -z s
x x (.3)
where z ~ = (1) since < N.
nRY (), - K(*)< =z ~,z — P— (RN () since
< + < =z
ominated onvergence Theorem we get that
lim KE—) P— 2= . (.3)
- x
enenow ()b
x
= K(— p__ N N
() (&) P—@+ )+ N )—

and =( ,..., V). ixnow > 0small. Then from (.3) (.3) we
have for small
(), =0 foral =

degree theor we deduce that () has a ero point in

Rema p= %—f
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