ON THE GIERER-MEINHARDT SYSTEM WITH PRECURSORS
JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. We consider the following Gierer-Meinhardt system with a precursor u(x) for the activator
Ain R%: , ,
A=A — p(x)A+ % in (—1,1),
TH, = DH — H + A2 in (—1,1),
A(-1)=A(1)=H'(-1)=H'(1)=0.
Such an equation exhibits a typical Turing bifurcation of the second kind, i.e., homogeneous uniform
steady states do not exist in the system.
We establish the existence and stability of N—peaked steady-states in terms of the precursor p(z) and
the diffusion coefficient D. It is shown that u(x) plays an essential role for both existence and stability

of spiky patterns. In particular, we show that precursors can give rise to instability. This is a new
effect which is not present in the homogeneous case.

Dedicated to Professor M. Mimura on the occasion of his 65th birthday

1. INTRODUCTION

Since the work of Turing [43] in 1952, a lot of models have been proposed and studied to explore
the so-called Turing diffusion-driven instability. One of the most famous models in biological pattern

formation is the Gierer-Meinhardt system which after suitable re-scaling can be stated as follows:

A=SAA-A+4 i Q,

(1.1) TH, = DAH — H+ A% inQ,
g—f:%—szo on 0f),

where Q C R (K < 3) is a smooth and bounded domain.

Problem (1.1) has been studied by numerous authors. In the one-dimensional case where 2 = (—1, 1),
the existence of symmetric N—peaked solution was first established by I. Takagi [42]. The existence
of asymmetric N—spikes was first shown by Ward-Wei [45] using matched asymptotic analysis and
Doelman-Kaper-van der Ploeg [4] using dynamical system techniques. The stability of symmetric
N —peaks in the one-dimensional case was established by Iron-Ward-Wei [17] using matched asymptotic
expansions. For asymmetric N —spikes in R!, the stability was proved in Ward-Wei [45]. Later we gave
a unified rigorous approach to the existence and stability of both symmetric and asymmetric spikes, [55].
In two dimensions, the existence and stability of symmetric and asymmetric N spots were established

in a series of papers [56], [57], [58].
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Problem (1.1) can be considered as a typical Turing bifurcation of the first kind, i.e., homogeneous
uniform steady states exist in the system. If these states have instabilities which are spatially varying
but no instabilities which are spatially uniform one says that a Turing instability occurs. This behavior
is commonly used to explain the onset of spatial patterns.

Holloway et. al. [13] among others have added precursors to (1.1), i.e. they have added coefficients
which are spatially varying. This dramatically changes the behavior of (1.1) so that now a Turing
bifurcation of the second kind occurs, i.e., homogeneous uniform steady states do not exist in the
system and so they cannot be used to explain the onset of pattern formation.

The existence of precursor gradients in the system also changes its behavior fundamentally. In par-
ticular, in [13] the authors numerically studied the following Gierer-Meinhardt system with a precursor

(inhomogeneity) p(z) in the variable A:
A=A — p(x)A+ %2 in (—1,1),
(1.2) TH, = DH" — H + A? in (—1,1),
A(-1)=A(1)=H'(-1)=H'(1)=0

They consider two classes of precursors: linear precursors (u(x) = Ax + B for some constants A, B)
and exponential precursors (u(x) = Y, A;e”1*=%l for some constants A; > 0 and points z; € (—1,1)).
As we shall see in this paper, precursors greatly change the profile and other properties of the peaked
solutions.

Precursor gradients have been used in reaction-diffusion models for over thirty years. The original
Gierer-Meinhardt [7] model was introduced with precursor gradients. This was effectively used in their
first application, localization of the head structure in the coelenterate Hydra, and in much subsequent
work. Gradients have also been used in the Brusselator to limit pattern formation to some fraction of
the system [14]. In that example, the gradient carries the system in and out of the pattern-forming
region of the linear parameter space (across the Turing bifurcation), effectively confining the region
wherein peak formation can occur. Such localization has been used to model segmentation patterns in
the fruit fly, Drosophila melanogaster in [22] and [12].

Another important effect of precursors is the appearance of stable asymmetric multi-peak pattern
(with irregular spacing and unequal amplitudes), which is frequently observed for real biological appli-
cations (such as seashells, spots on fish skins, etc.) and seems to be more common than symmetric peak
pattern (with regular spacing and equal amplitudes), which is typical for systems without precursors.

Note that both of these properties are clearly evident in the simulations presented in the last section of
this paper, in particular for confinement see Figure 5 and for asymmetric peaks with irregular amplitudes
and spacing see Figure 6.

An area of particular interest for precursors is ecology where commonly precursors are included into
the model to represent the interaction between the eco-system and its heterogeneous environment.
Typical variables considered include temperature, flow of air and water, movement of soil and chemical

reactions. Reaction-diffusion systems have been successful in modelling some pattern-forming effects
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and stability properties in ecosystems. The interplay of different scales often plays a central role. For
a survey see [39].

Precursors have also been shown to cause the Brusselator to form striped patterns in two dimensions
[20]. We refer to Chapter 4 of the PhD thesis by Holloway [13]. Since we are considering a one-
dimensional system we do not investigate this effect here.

Turing systems have mostly been considered with kinetic parameters and diffusion coefficients con-
stant in space. But even Turing himself stated that “most of an organism, most of the time, is develop-
ing from one pattern to another, rather than from homogeneity into a pattern” [43]. This fundamental
idea can be incorporated into reaction-diffusion models by precursors representing pre-existing spatial
structure within a biological system, e.g. a living organism.

The purpose of this paper is to rigorously study the effect of u(x) on the existence and stability of
N-peaked solutions. In [46], Ward etc. have studied the pinning phenomena for the following problem

Ay = EAA — py(2) A+ %2 in

(1.3) TH; = DAH — py(z)H + A*>  in Q,
%—f = %—Ij =0 on 09

where  is a bounded smooth domain in R' or R%. There they only considered one-spike solutions. In
this paper we shall consider multiple spikes of (1.2) in the 1-D case. (So we may assume from now on
that N > 2.) Of course, the 2-D case is also very interesting. We shall come to this issue in a future
study.

One can certainly generalize the results of this paper to the Gierer-Meinhardt system with precursors

in both A and H, for example to the following equation:
A= E(Di(@)A) = m(n)A+ pi(x) % i (=11,
(1.4) TH, = (Dy(2)H') — po(2)H + po(x)A? in (—1,1),
A(-1)=A(1)=H'(-1)=H'(1)=0.
But to keep the presentation simple we restrict our attention to (1.2).
The stationary solution to (1.2) satisfies
A" — p(x)A+ %2 =0 in (—1,1),
(1.5) DH' —H+A>=0 in (—1,1),
A(-1)=A(1)=H'(-1)=H'(1)=0
We remark that even the existence of N-peaked solutions to (1.5) is not easy as u(z) # constant.
Recall that in the proof of existence of N-peaked solutions, I. Takagi [42] first studied 1-peaked solutions.
Then by even extension he obtained N-peaked solutions. If there is a precursor in the system, the
symmetry is lost and this method can not be applied. Even in the construction of 1-peaked solutions
Takagi used symmetry — he restricted solutions to be in the class of even functions. Here, again, we do

not have this symmetry. Instead, we have to work on the whole function space (which greatly increases
the difficulty) and then use the method of Liapunov-Schmidt reduction which has been used for the
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1-D Schrédinger equation [6], [37], [38] and then been extended to the higher-dimensional Cahn-Hilliard
equation [52], [53] and semilinear elliptic equations [10], [11]. This method has also been applied to the
2-D Gierer-Meinhardt system [55]-[58].

Before we state our main results in Section 2, we introduce some notation. Throughout this paper,
we always assume that Q = (—1,1). With L*(Q) and H?(2) we denote the usual Sobolev spaces. With

the variable w we denote the unique homoclinic solution of the following problem:

w —w+w?=0 in R,
(1.6)
w >0, w(0)=maxerw(y), w(y)—0 asl|y] — oo
Note that w is an even function and w'(y) < 0 if y > 0. An explicit representation is
3 o a-2Y
= Zcosh ? 2.
w(y) 5 cosh™ 3

Elementary calculations give

N 2
(1.7) / w?(z)dz = 6, / w*(2)dz = 7.2, / (w > (z2)dz =1.2.
R R R
We assume that the precursor p(z) satisfies
(1.8) w(x) € C*(Q), wp(xr) >0in Q.
Let Gp(z, z) be Green’s function given by
{ DGp(z,2)" —Gp(x,2)+6,=0 in (—1,1),

(19) Gh(—1,2) = Gy(1,2) = 0.

We can calculate

{ A(z) cosh[f(1 4 x)]/cosh[0(1 + 2)], —1<z <z,
(1.10) Gp(z,z) =
A(z)cosh[f(1 — z)]/cosh[f(1 — z)], z<x<]1.
Here
1 o
(1.11) A(z) = ﬁ(tanhw(l —z)] + tanh[f(1 +2)])~,0 = D™ 2.
We set

1 ——L|z—2z|
Kp(lz — z|) = —=e vD

2v/D

to be the singular part of Gp(x, 2) and by Gp = Kp — Hp we define the regular part Hp of Gp. Note
that Hp is C* in both = and z.
We use the notation e.s.t. to denote an exponentially small term of order O(e~%¢) for some d > 0 in

the corresponding norm. By C we denote a generic constant which may change from line to line.
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2. MAIN RESULTS: EXISTENCE OF N—PEAKED SOLUTIONS

Let —1 <t <--- <ty <--- <t} <1be N points in (—1,1) and g = p(t)),i =1,...,N. We
assume that D < 400 is a fixed number.

By a simple scaling argument, the function

(2.1) wa(y) = aw(a'?y),
where w satisfies (1.6), is the unique solution of the following problem:

w, —aw, +w? =0 in R,
(2.2)

Wq > 07 wa(o) = IMaXycRr wa(y)a wa(y) — 0 as |y| — 00.
We compute
(2.3)

/Rwi(y) dy:a?’/z/sz(Z) dz, /Rwi(y) dy=a5/2/Rw3(2)dz, /R(w;)z(y) dy=a5/2/R(w/)2(2) dz

Put

(2.4) £ = (E/sz(z) dz)_l.

We introduce several matrices for later use: For t = (t1,...,ty) € (=1, 1)V let
(2.5) Gp(t) = (Gp(ti 1))
Recall that
Gp(ti,t;) = Kp(|t: = t;]) = Hp(ti, 1;).
Let us denote W as V. When i # j, we can define V, G(t;,t;) in the classical way. When i = j,
Kp(|t; — tj]) = Kp(0) = ﬁ is a constant and we define

)
——|x:tiH(SC, tz)

thGD(tz,t,L) = ax

Similarly, we define

— D pmts 2|yt Hp(,y) if i =3

= lz=t; =t; 1p\T, Y Ve

(2.6) ViV Cpltty) =4 "
VtinjGD(ti,tj) if 4 7é]

Now the derivatives of G are defined as follows:
(2'7) ng(t) = (VtiGD(tiatj))a V2gD(t) = (VtivtjGD(ti7tj)>'
We now have our first assumption:

(H1) There exists a solution (é?, ..., €%) of the equation
(2.8) ZGD 2 NEN (W) =¢, i=1,..,N.

Next we introduce the followmg matrix
(2.9) bij = Gp(t] ) (E) )™, B = (by).

Our second assumption is the following:



6 JUNCHENG WEI AND MATTHIAS WINTER

(H2) Tt holds that

(2.10) ¢ o(B),

where o(B) is the set of eigenvalues of B.
Remark 2.1. Since the matrix B is of the form GD, where G is symmetric and D is a diaognal matrix,
it follows that the eigenvalues of B are real.

By the assumption (H2), for t = (¢1,...,tx) near t° = (9, ...,¢%) and p; = p(t;), i = 1,..., N, by the
implicit function theorem there exists a (locally) unique solution £(t) = (& (t), ..., £y (t)) of the following

equation
N

(2.11) S Gt t)Eu)* =&, i=1,..,N.
j=1

Moreover, £(t) is C" in t.
Set

I i

(2.12) H(t) = (&(t)@j% p(t) = (M(ti)5ij)7 p(t) = (p (E‘)@j)-

We introduce the following vector field:

where
5. al .
(2.13) Fi(t) = S (1) + > VL Gplti ), i=1,...,N.
=1
Set
OF;(t
(2.14) M(t) = ( ( >) |
ot

Our final assumption concerns the vector field F(t).
(H3) We assume that at to = (£9, ..., %)

(2.15) F(te) =0, det (M(tg)) # 0.

Remark 2.2. By the same reasoning as for the matrix B, the eigenvalues of M are all real.
Let us now calculate M (t%): Therefore we first compute the derivatives of £(t). It is easy to see that
£(t) is ' in t and from (2.11) we calculate: for i # j

N
- . . 0 - 3 - '
V& =2 E Gpl(t, tl)fl,u?/zvtj& + %(GD(% tj))f?lt?m + §GD(% tj)f?lt;ﬂﬂj,
=1 1
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and for i = j

A 3 /
Vi& = 2ZGD ti, )& m&wzat (Go(ts ))& + S Gt t)E 1y j

=1

= 2ZGD (ti )t >V & + Vo, G (b, 1) €2 — flu;lu’(ti)

+2 GD(tZ,Hf? 2 ’+O<Z|Fj(t>!>,
j=1

where we have used the definition of (2.13).
Note that

(Vi,Gpl(ti ) = (VGp)T.

Therefore introducing matrix notation

(2.16) VE= (V&) P=(I-2GpHu"")™,
we have
N
@17 vE) =P[<ng>TH2u3/2 2+ SO0 | 40 (Zm(t)\).
j=1
Let
(2.18) 0= ()= ((Lesr L Y,
. = (¢i5) = 551 M~ opap | %)

We can compute M (t°) by using (2.17): we have for i # j

N
(2.19) >V (Ve Goltih) ) = (Ve Vi Gt ty)) 4
=1

and for i = j

Z vt Vt CTYD (tu tl)) 512/1'?/2 = Z vtivti GD (ti7 tl) IQN?/Q

= I1=1,...,N,I#i
. O?
Hp(z,t;) | 437 —
. D(SE7 )) gz /’L'L axay

82
-\ 22,
1
= 5 E GD<tzytl)€l2H:lg/2 - EHD(th )52 3/2

1
I=1,...,N,li
82
B 0xdy

N
1
B 52 o(te )& — 5 K01 + V1.V, G (i, 1)E 1)
1.

x=t;, y=t;

Hp(z, >>52 ;

Hp(x, >>£2 ;2

T=t;, y=t;

D

(2'20) - Dfz o D ( )52 3/2+VtivtiGD(ti7t ))52 3/2
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by (2.8), and hence
(2.21) M%) = (V3Gp — QH* 1P 4+ 2V G HVE P

5 ~ ’ _ ’ 5 _ 7 3 ’
1 | Ve = HpT ) |+ R e+ VG R

Using

(2.22) VE) =P | (VGp) " Hu? - ZHMW - ;QDHZNU 2//] :

which follows from (H3) and (2.17), we obtain

M%) = (V2Gp — QHp3? + 2VGpHP(VGp) TH? 1i3/?

4 (vg )THQILLI/2 !

= 2 Hp (Y + SO 1%)]

5 " i
+ZH[M‘1M — 12 (1)?) 4+ 3VGrHPGyH 121t ——ngHPHW?

Our first result can be stated as follows:

Theorem 2.1. Assume that assumptions (H1), (H2) and (H2) hold. Then for e << 1, problem (1.2)

has an N -peaked solution centered at tg,- - tj\,. More precisely, it satisfies

(2.23) Zfeé} w; (x — tE) :

where w; is given by (2.2) for a = p(t?),

(224) ( ) 5627 izl?"'7N7

(2.25) o=t =1,

)

The next theorem reduces the stability to the conditions on the two matrices B and M.

Theorem 2.2. Let (A, He) be the solutions constructed in Theorem 2.1. Assume that e << 1.
(1) (Stability) If

1
2.2 i —
(2.26) Urer}‘l(rllg)a > 5
and
(2.27) o(M) C {o|Re(c) > ¢ > 0},

there exists 1o > 0 such that (A, H.) is linearly stable for 0 < 7 < 9.
(2) (Instability) If
1
2.28 i < =,
22 7 <2

then (A, He) is linearly unstable for all 7 > 0.
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(3) (Instability) If there exists
(2.29) o€ a(M), Re(o) <0,
then (A, H.) is linearly unstable for all T > 0.
We end this section with a few remarks.
Remark 2.3. Generally speaking, if u(z) # constant, £0 # éjo for i # j. Thus the height of different
peaks may be different. This is strikingly different from the symmetric solutions constructed by I.

Takagi in the homogeneous case [42].

Remark 2.4. For the linear gradient case, we have

W) =co, '(t])=0.

Condition (H2) corresponds to a shift of (¢, --- %) from the centered position.

Remark 2.5. Let us consider the following special quadratic gradient case

ZN (2j - 1)

_ 02 0 __ — i

M(x)_A+]:1 BJ(I—t]) s t]——l—f—T, j—l,,N

We take symmetric N —spikes:§; = & = ... = {y. For this choice of ¢} the assumptions (H1) and

H2) are satisfied. In fact, we have 12 = A. The matrix M becomes
(H2) , 14
M = (mj; +m) = M + M?,
where
1 5 —1 1"
M? = (V3Gp — QH* P + 2VGHP(VGp) T H? 12
Note that H = &y, u = Al. So
m}j = COBi(Sij~

The second matrix M? = (m?;) does not depend on B; and its eigenvalues have been computed in [17]
and [55]. Thus if A is fixed and B; = —B < 0, then for B sufficiently large we have instability. We
conclude that precursors may give rise to instability. This is a new effect which is not present in the
homogeneous case.
Remark 2.6. Numerical studies of the precursor case can be found among others in [13], [40] and [41].
In the last section, we shall perform some numerical experiments to verify our theory.

The proof of both Theorem 2.1 and Theorem 2.2 will follow the same line as in [55], where we

considered the existence, stability and classification of N —symmetric spikes.

3. SOME PRELIMINARIES

In this section, we study a system of nonlocal linear operators. We first recall
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Theorem 3.1. [51]: Consider the following nonlocal eigenvalue problem

we
R
(1) If v < 1, then there is a positive eigenvalue to (3.1).

(2) if v > 1, then for any nonzero eigenvalue o of (3.1), we have
Re(a) < —¢g <0 for some ¢y > 0.

(3) If v # 1 and oo = 0, then
oo

for some constant cg.

Next, we consider the following system of linear operators

(3.2) LY := AP — ¢+ 2wd — 2 (/RwB@) (/RuP)_lw?,

where
1
P2 N
=1 . € (H*(R))".
ON
Set

Lou := Au — u + 2wu,
where u € H*(R).
Then the conjugate operator of L under the scalar product in L?(R) is

-1
(3.3) L'V = AV — U + 200 — 2 (/ w2) (/ w2BT\11) w,
R R

where

(0
U= :% e (H*(R))".

(CIY
We then have the following

Lemma 3.2. (Lemma 3.2 of [55].) If 5 & o(BB), then

(3.4) Ker(L) = Xo® Xo® -+ & X,
where 5
w
Xy = —_—
(2]
and

As a consequence of Lemma 3.2, we have
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Lemma 3.3. The operator
L:(H*(R)™ — (L*(R))"
s an invertible operator if it is restricted as follows
L:(Xo® @ Xo) N(H*(R)N = (Xo® - & Xo)" N(L*(R).

Moreover, L™! is bounded.

Proof: This follows from the Fredholm Alternatives Theorem and Lemma 3.2.

4. STUDY OF APPROXIMATE SOLUTIONS

Let —1 <t} <--- <t} < .-t} <1 be the N points satisfying the assumptions (H1) — (H2). Let
€0 = (€9, ..., €%) be the (locally) unique solution of (2.8). Let uf = u(?) and

to = (t(l)v"' 7t(])V)'

We now construct an approximate solution to (1.5) which concentrates near these prescribed N

points.
Let -1 <t; <ty <---<t;<---<ty<1besuchthat t = (t;, - ,ty) € Be(t°).
Set
T —t;
(1) wyto) = e (i (257

Let ro be such that
1

(4.2) =15 (min (t? +1,1— t?\,,rgéijn [t — t§?|>> :

Introduce a smooth cut-off function x : R — [0, 1] such that
(4.3) x(z)=1 for |z|] <1 and x(z)=0 for |z|> 2.
We now define our approximate solution

- r —t;

(4.4 5(z) = w(2)x ( ) |

Then w;(z) satisfies

(4.5) E AW — i + ZDJQ +es.t. =0.

Recall that, by assumption (H2), for t € B.s/a(t") there exists a unique solution & = (&, ..., ty) such
that

N
j=1

Moreover, such a solution is also C! in t.
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Put
(4.7) Wet( Z Ew;(z
For a function A € H%(—1,1) we define T[A] to be the solution of

DAT[A] —T[A]|+ A>=0, —1<z<1,
9 {

TAY(=1) = T[AJ(1) = 0,

where & has been introduced in (2.4). The solution T'[A] is positive and unique.

For A = w.4, where t € B_s/4(t°), let us now compute
(4.9) 7, .= T[A](t;).

From (4.8), we have

n o= T[A|(t) = /_ Gp(t;, 2)A%(2) d2

1

_ 252/ Gt )i (2) dz
- E:g { (ti, 1)) /%w

—00

w2(y) dy + o<e>}

—+o00

- Sefounr ]

N
_ [GD ) 320 + 00
7=1

(4.10) = &[G +0(9)]  (by (4.6)).

wP(y) dy + 0<e>} (by (2.3)

o0

(by (2.4))
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Let x =t; + ey, where z € B 3/4(1,) We calculate for A = wey:

1

T[Al(x) = T[A)(t:) = /1[GD(% 2) = Gp(ti, 2)]A%(2) dz

= 512 [GD(ZL‘,Z) GD(th dZ+Z§ / GD lL‘ Z) GD<tZ,Z)]’lIJ]2(Z)dZ
! J# -

= & [KD(|=T —z|) = Kp(|t; — 2])]wi(2) dz — & /I[HD(%Z) — Hp(t;, 2)Jw}(z) dz

—I—Zf/ Gp(z,z) — Gp(t;, z)]w ()dz (letting z = t; + €Z)
J#i B

+o0
= ¢ [/ [%m — %hj — 2@ w?(2)dz + Oley® + 62)}

+oo
+e*¢ |:_vaD<x;ti)|z:ti y/

oo
+Z & VaGp(a,t))|o= ty/ wi(z) dz + O(ey® + €%)]

J#i >

w?(2) dz + O(ey® + 62>1

= 2Py +Ze§/ 2) dz [VoGp(x,t;)|a=t]y

J#i
+o0
+¢ [ () ds =V, Hp(at) - y-+ Ol + )
Pz 2 3/2
- 656 5 o0 o5/ N 71 Z v GD x tj >|$:t1]y
Jowie)dz 2

(4.11) +£2 3/2[ VxHD(xati)|x:ti]y+O(ey2 +52>},
by (2.3), (2.4), where

+o0
(112) RO = [ |55l gpl - #l| wke) ae

Let us define

AP
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where T[A] is given by (4.8). We now compute S¢[w.y]. In fact,

Se[we,t] = 62Au}e,t - :U’(x)we,t + =

T[we 4]

= —Zﬁj(ﬂ(ﬂf)—ﬂj)wﬂr (Z] 1&%) Zfa +es.t.

wet
(414) = El + E2 + e.s.t.,
where
N
(4.15) By ==Y &(ulx) — p(t)d,
j=1
and

(4.16) Ey =

> ft] Zfa ]

As we shall see, F; and E, contribute separately and they are competing with each other.
We first estimate Ejy:

N

B ==Y (W) - )+ g ) - 67 + 0l — 1)

Jj=1

(417) Xéj’w]' (37 — tj) X (Q? — tj) .
€ To

Therefore

(4.18) & N Brllzaamy = Oe).
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For E,, we calculate

(3,5 &)

(419) €&'By, = Tg— Zfﬂ ~2
- 3 e - e
= D g o = Y s (Tl = Tl

N ) N N
. : ¢ o T(wee] — Tlwe](t;) -
_ 2 [ S 2 : DI 2 2
R _@) I s T R P PR
J=1 J j=1 ’ j=1
a ” 5 (Y;)
= —EZUQ{JQI w2 VGt vy
J=1 —o0 ¥ k#j
N
(4.20) &0 [~V Hp (2, 1)) oy, yj} +0 (62 Z@?) (by (4.11)),
where for # € B (t;) we have denoted y; = 2=
(4.21) & 1Bl 2(ry = O(e).
Combining (4.18) and (4.21), we conclude that
(422) £;1||SE||L2(R) = O(G)

The estimates derived in this section will enable us to carry out the existence proof in the next two

sections.

5. THE LIAPUNOV-SCHMIDT REDUCTION METHOD

In this section, we study the linear operator defined by

2A¢ A2
T[A]  (T[A])

j}e,t CH2(Q) — L*(Q),
where A = w, and for ¢ € L?(Q2) the function T"[A]¢ is defined as the unique solution of
DA(T'[A]¢) — (T'[A]p) + 249 =0, —1 <z <1,
{ (T"[A]p) (1) = (T"[A]¢)(1) = 0.
We denote Q. = (—1,1). We define the approximate kernel and co-kernel of the operator Ee,t,

€’ e

Ley = S{[A]p = A¢ — p(x)¢ +

5 (T'1Al9),

(5.1)

respectively, as follows:

dw; | .
Kt := span {% zzl,...,N}CH2(Q),
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dw;

Cex := span {%

izl,...,N} C L*(Q).

Recall the definition of the following system of linear operators from (3.2):

(5.2) Lo := AP — O+ 2wd — 2 </RwB<I>) (/Rw2>_lw2,

where
1
®2

o = € (H*(R))".

N
By Lemma 3.3, we know that
L:(Xo@® @ Xo)" N(H(R)" — (XKo@ @ Xo)" N (L(R)Y
dw

dy
We also introduce the orthogonal projection 72y : L*(Q2) — CZ and study the operator L.y :=

is invertible with a bounded inverse, where Xy = span{

7T€L7t o [:eyt. By letting € — 0, we will show that L. : lCét — Cit is invertible with a bounded inverse
provided € is sufficiently small. In proving this, we will use the fact that this system is a limit of the
operator L. as € — 0. This statement is contained in the following proposition, whose proof is given
in Proposition 5.1 of [55].

Proposition 5.1. There exist positive constants €, 6, \ such that for all € € (0,€) and all t € QN with
11+t + |1 — ty| + ming |t; — t;] > 0 we have

(53) ||Le,t¢e||L2(Qg) > )‘l|¢€”H2(Qe)
Furthermore, the map
Ly =m0 f/e,t : Kit - CEL,t

18 surjective.

Now we are in a position to solve the equation
(5.4) T 0 Se(Wey + ¢) = 0.
Since Ley : KL, — CX is invertible (call the inverse L_; ) we can rewrite

(5.5) ¢ = —(Leg 0 m) (Selwee]) — (Lg 0 mey) (Nee[d]) = Mol
where
Negld] = Selwee + @] — Sclwee] — Sifweelo
and the operator M. is defined by (5.5) for ¢ € Hx (). We are going to show that the operator M,

1S a contraction on

Bes = {¢ € H* Q9| r2(0) < 0}
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if 0 and e are sufficiently small. We have by (4.18), (4.21), and Proposition 5.1

EMIMee[d)ll 2y < ATET (It (Neeld) 2o + || (Selwe ] HLQ(QJ)

< C( 5+e<§: |+ZZ\vtjGD(tj,tk)\)>,

j=1 k=1

where A > 0 is independent of § > 0, € > 0 and ¢(d) — 0 as § — 0. Similarly, we show

N
EM Mt [0] = Megd Nl oy <A™ 10( 5+6<Z y+ZZ|vt].GD(tw’fk)’>> l¢=¢llm=ce

—1 j=1 k=1

where A > 0 is independent of § > 0, € > 0 and ¢(§) — 0 as § — 0. By the previous two estimates, if
we choose 0 and e sufficiently small, then M, ¢ is a contraction on B, ;. The existence of a fixed point
¢t now follows from the contraction mapping principle and ¢, is a solution of (5.5).

We have thus proved

Lemma 5.2. There exist € > 0 6 > 0 such that for every pair of €,t with 0 < € < € and t € B_s/a(t°),
it — t;] > 0 there is a unique Get € Két satisfying Se(wet + Pet) € Cer. Furthermore, we have the

estimate

(5.6) & beellma,) < Ce

6. THE REDUCED PROBLEM

In this section we solve the reduced problem and prove our main existence result, Theorem 2.1.

By Lemma 5.2, for every t € Bes/a(tg), there exists a unique solution ¢, € ICét such that
(61) Se[we,t + ¢e,t] = Vet € Ce,t-
Our idea is to find t = (¢5,...,ty) € B.s/a(t°) such that also

(62) SE [w67te —l— ¢67t5] J_ CE,te‘
Then from (6.1) and (6.2) we get that Sc[wete + Pete] = 0. To this end, we let
dw;
Weﬂ'(t) = 5;1671 / S[weyt + ¢e t] dw dfl?
Q
W.(t) == (Wei(t), ..., Wen(t)) : Bajalto) — RY.

Then W,(t) is a map which is continuous in t and (6.2) is reduced to finding a zero of the vector field
We(t).
Let us now calculate W (t). By (4.17) and (4.20), we have

di, di,
—1 -1 i =11 i
’ /Q Slwes + Gl G de = €' /Q Sluee] S da

41 [ o
Q
= Il + ]2 + ]3 + 0(62),

di;
dﬁ dz + O(é)

dw;

gt [ N
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where [, I and I3 are defined by the last equality.
The computation of I3 is the easiest: note that the first term in the expansion of NN, is quadratic in

®et and so
(6.3) I; = O(é%).

We will now compute /; and I. The result will be that I; is the leading term and I, = O(e).

For I;, we have

dw;

L =¢e 1/Q(E1+E2)d

d&?"—O( )— [11 +[12,

where E; and Es have been defined in (4.15) and (4.16), respectively.
We calculate, using (4.17),

dw;
]11:§EI_I/E1d dx
Q X

. / yéwi(y)ul(y) dy + O(e)

Next, we calculate by (4.20)

dw;
112 :fel_l/EQd dﬂf
Q X

B / [ZSZ/@/Q V Gp(T tk)|ﬂc =t; ]y+§2 3/2[ Va:HD(xvti”wti]y] IZJ; dy + O(e)
k#i

= / Yy dy {Zszui” {[VaGp (@, ti) =) (1 — 1) — [vzHD<x,ti>|x_ti]5ik}} +0(e)
ws / w'dy {Zsiui” VoG () oms, ) (1 — Git) — [vaDu,tz—)u:ti]@k}} +0(e)
since P;(y) is an even function. Using (1.7), we have

(6.4) I = ,u?/ [cl,u( ) — di NV, Hp(t;, t;) + devt Gp(ti,t;)| + O(e),

J#i

where

C; = 35“ dzg = 2. 4,&152 3/2
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For I, we calculate

o= ' [ S G de
= e [ [ ptovn Tt - o]
SR A el e ]
! [ ()
He [0t~ o S e € [ o) B+ O = O
by (4.5), (4.10), (4.11) since
() = ()| = O, ol = O0)
Combining I, I and I3, we have
(6.5) Wei(t) = u? [ci,u'(ti) — iV Hp(ti, t:) + Y dijVi,Gp(ti,ty)| + O(e),
JF#i

where

¢ =38, dy= 2-4%5]2-/1?/2

Recall from (2.13) that
F(t) = (Fi(t),..., Fyx(t)),
where
W.i(t) = 244 *Fy(t) + O(e), i=1,...,N.
By assumption (H3), we have F(ty) = 0 and

det (D, F (t0)) 2 0.

Therefore the vector field W, (t) = (W1(t), ..., Wen(t)) satisfies We(t) = Dy, F(to)(t — to) + O(e).
Thus for € small enough F(t) has exactly one zero in B (t°) and we compute the mapping degree

of W(t) for the set B/ (t°) and the value 0 as follows:
deg(W,,0, Bs/a(t")) = sign det (Dg, F (to)) # 0.

Therefore, standard degree theory implies that, for e small enough, there exists a t. € B.sa(tg) such
that We(t.) =0 and t. — to as € — 0.

Thus we have proved the following proposition.

Proposition 6.1. For e sufficiently small there exists a point t. € Bss(tg) with t. — to such that
We(te) = 0.
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Finally, we prove Theorem 2.1.
Proof of Theorem 2.1: We sketch the main arguments. By Proposition 6.1, there exists a t. €
Bsa(tg) such that t. — t° and W,(t.) = 0. In other words, S.[wcs, + @ct.] = 0. Let w, = weg, + Pey. -
By the Maximum Principle, w. > 0. Moreover, by its construction, w, has all the properties required
in Theorem 2.1. The proof is finished.
O

7. STABILITY ANALYSIS [: LARGE EIGENVALUES

In this section, we study the eigenvalues with A, — A\g # 0 as € — 0. The key ingredient is Theorem
3.1.

We need to analyze the following eigenvalue problem

- 2A6, Az
(71) Le,teqbe - €2A¢e - u(m) ¢ - (T [A]¢E) = >\e¢e7

Pt T T TA

where A is some complex number, A = wey, + ¢ct. With t. € B (to) determined in the previous

section and
(7.2) ¢ € HY ().
(Recall that T"[A] was defined in (5.1).)

Because we study the large eigenvalues there exists some small ¢ > 0 such that |\ > ¢ > 0 for €
sufficiently small. We are looking for a condition under which Re (\.) < 0 for all eigenvalues A of (7.1),
(7.2) if € is sufficiently small. If Re(\¢) < —c, then ). is a stable large eigenvalue. Therefore for the rest
of this section we assume that Re(\.) > —c and study the stability properties of such eigenvalues.

In (7.1), (7.2) it is assumed that 7 = 0. By a straight-forward perturbation argument all the results
also hold true for 7 > 0 sufficiently small.

We first rigorously derive the limiting problem of (7.1), (7.2) as € — 0 which will be given by a system
of NLEPs. Let us assume that

Pl 200y = 1.

We cut off ¢, as follows: Introduce

(7.3) Pej(y) = Pe(y)Xe,pe (€y),

where y = (x —t;)/e for z € Q.
From (7.1), (7.2), using Re(\.) > —c and ||dey,

m2(.p) = O(€), it follows that

K
(7.4) b= ¢e;+O0()  in H* Q).
j=1
Then by a standard procedure we extend ¢, ; to a function defined on R such that

|Pejllz2(r) < Cll el 20020 j=1... K

Since [|¢c || m2(0) = 1, [|@ejllm2(0) < C. By taking a subsequence of €, we may also assume that ¢.; — ¢;
ase— 0in H'(R) for j=1,...,N.
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Sending € — 0 with A\c — Ao, (7.1) for € B,ss(t;) can be written as

1
Aydi — pidi + 21;¢; <Z Gp(t),t)) /fkwk¢kdy> (ZGD t2.17) /(ggwk)Q dy) w;?.

Rewriting this as a system, using the transformation § = ,/zy, this implies (after dropping the tilde)

1
(7.5) Lq):A(I)—CI)+2w<I>—2</ wB@dy) (/ wzdy> w? = N\,
R R

where

b1
P2

o= . € (H*(R)™
O
and (2.3), (H1) have been used.

Then we have

Theorem 7.1. Let A\. be an eigenvalue of (7.1) and (7.2) such that Re(\.) > —c for some ¢ > 0.

(1) Suppose that (for suitable sequences €, — 0) we have A, — \g # 0. Then Ay is an eigenvalue of
the problem (NLEP) given in (7.5).

(2) Let Ao # 0 with Re(\o) > 0 be an eigenvalue of the problem (NLEP) given in (7.5). Then for €
sufficiently small, there is an eigenvalue A\ of (7.1) and (7.2) with A\c — Ao as € — 0.

Proof:
(1) of Theorem 7.1 follows by asymptotic analysis similar to Section 5.
To prove (2) of Theorem 7.1, we follow the argument given in Section 2 of [3], where the following

eigenvalue problem was studied:

_ r U«:ilh :
7 EAh — 4 pup~th — ety — A hin @

h =0 on 012,
where u, is a solution of the single equation

e Au — ue +uP =0 in Q,
e > 0in Q, u. = 0 on 0f.

Herel<p<Z—Jjgifn23and1<p<+ooifn:1,2 > 1 and €2 C R" is a smooth bounded

qr
T (s+1)(p—1)
domain. If u. is a single interior peak solution, then it can be shown ([51]) that the limiting eigenvalue

problem is a NLEP

r—1
. A¢ — 4 ST L

where w is the corresponding ground state solution in R™:
Aw—w+uw’ =0, w>0in R", w=w(|y|) € H'(R").

Dancer in [3] showed that if Ay # 0, Re(Ag) > 0 is an unstable eigenvalue of (7.7), then there exists
an eigenvalue A, of (7.6) such that A, — A.



22 JUNCHENG WEI AND MATTHIAS WINTER

We now follow his idea. Let A\g # 0 be an eigenvalue of problem (7.5) with Re(\g) > 0. We first note
that by(5.1) we can express T'[A]¢. in terms of ¢, by the Green’s function. Then we rewrite (7.1) as
follows:
2Ap. A2
T[A] T[4

(7.8) e = —Re(Ae)

riae)

where R.()\) is the inverse of —A + (u(x) + Ao) in H*(R) (which exists if Re(\.) > — mingeg p(z) or
Im(\) # 0). The important thing is that R.()\.) is a compact operator if € is sufficiently small. The
rest of the argument follows in the same way as in [3]. For the sake of limited space, we omit the details
here.
O
We now study the stability of (7.1), (7.2) for large eigenvalues explicitly and prove (2.26) and (2.28)
of Theorem 2.2.
Let 0;, © =1,..., N be the eigenvalues of the matrix B. These eigenvalues are real, see Remark 2.1.

Then the system (7.5) can be re-written as

-1
(7.9) Lo; = A¢; — ¢ + 2we; — 20; </ w¢idy> (/wzdy) w2:/\0¢i7 i=1,...,N,
R R

where
¢; € H¥(R), i=1,...,N.

Suppose that we have
1
7.10 i < -,
70 A7 <2
by Theorem 3.1 (1), there exists a positive eigenvalue of (7.9) and so also of (7.5). By Theorem 7.1 (2),
for e sufficiently small, there exists an eigenvalue A, of (7.1) and (7.2) such that Re(A\.) > ¢y for some
positive number ¢g > 0. This implies that A = wct, + ¢4, is (linearly) unstable.
Suppose now that
1
7.11 1 > —
Ty R )
is satisfied, then by Theorem 3.1 (2), we know that for any nonzero eigenvalue )¢ in (7.9) and so also

in (7.5) we have

Re(M\g) < ¢ <0 for some ¢y > 0.

So by Theorem 7.1 (1), for e sufficiently small, all nonzero large eigenvalues of (7.1), (7.2) all have

strictly negative real parts. We conclude that in this case all eigenvalues A, of (7.1), (7.2), for which

|Ae] > ¢ > 0 holds, satisfy Re(\.) < —c¢ < 0 for € sufficiently small. This implies that A = wet, + @c.
is stable.

O

In conclusion, we have finished the study of large eigenvalues and derived results on their stability

properties. It remains to study small eigenvalues which will be done in the next section.
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8. STABILITY ANALYSIS II: SMALL EIGENVALUES

Now we study (7.1), (7.2) for small eigenvalues. Namely, we assume that \. — 0 as ¢ — 0.
Let
(81) we = 56_1 [wgt‘ _I' ¢e7t5] ) He = T’['we,tE + ¢e,t5]>

where t° = (t{,...,t5).
After re-scaling, the eigenvalue problem (7.1), (7.2) becomes
2

(8.2) EAG — () e + 2%@ = j;”]—w = oo,
(8.3) DAY — e + 26 W pe = ATV

where & is given by (2.4).

Our basic idea is the following: the eigenfunction ¢. can be expanded as

N

0
Z ajg—tj(we,t)
7j=1

Note that w,t ~ Zjvzl &i(t)w;(z). So when we differentiate w.y with respect to ¢;, we also need to
differentiate &; and u(t;) with respect to ¢;. Thus we have to expand ¢, up to O(e?).
Let us define

(8.4) W j(r) = x (

where ¢ and x(x) are given in (4.2) and (4.3). Similarly as in Section 5, we define

T — t¢

J) we(zr), j=1,...,N,

To

Kied = span {@;,ﬂj =1,...,N} C H*(Q),

Crev = span {w, ;j = 1,...,N} C L*(Q).

Then it is easy to see that

N
(8.5) We(r) = Y e (x) +est.
=1
and
1
Hi(t) =& / VGt 2t dz
-1
N ) 5
(8.6) =D VaGoltn o) + 0(e) = =i + O(e)
k=1
by (H3).
Note that . (x) = &w; (x_etj> + O(e) in HE (—1,1) and w, ; satisfies

e At.; — p(x) e + (wg) +es.t. =0

€
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~1 d . .
Thus @, ; 1= =5=% satisfies

dz
: po ey o WE;
(8.7) AW, ; — p(x)w, ; + Hi’] W, ; — (Hi;2 c— B (2)W; +est.=0.
Let us now decompose
N
(8.8) G =€ _asi,; + ¢F
j=1

with complex numbers a5, (the scaling factor € is introduced to ensure ¢. = O(1) in HPoc(S2)), where
ot L Keee.
Suppose that ||¢c||g2(q.) = 1. Then |a§| < C.

The decomposition of ¢, implies the following decomposition of .:

N
(89) 1/}6 = Eza§¢e7j + ¢5L7

7j=1
where ) ; satisfies
(8.10) DAY = e + 20t ; = 0,
Yt satisfies
(8.11) DAY =} + 26w = 0.

and both (8.10) and (8.11) are solved with Neumann boundary conditions.
Throughout this section, we denote

/

(t5), 1y =p (t9).

Substituting the decompositions of ¢. and . into (8.2) we have, using (8.7)

al (We;)? -, (@) N,
Yoo (Ve - Gl ) e S an i,
€ € j=1

py = p(t5), ;= p

j=1
W, w? Y €~
(8.12) +EAdL — pr)pr + 20 ;- mwé — A test. = A (fzajwe,j> :
€ € Jj=1
Let us first compute
N - _
€ (w€J)2 rr’ (w5)2
o= (M- S,
N - N -
€ (w€ )2 4 € ( Ek‘)Q
— gzaj( HJQ (H, — ) —eZaﬂ/Je] 7o~ Test
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We can rewrite I, as follows

(8.13) I, = —ei iai (ww) <¢€k ) + e.s.t.

i=1 k=1 6
Let us also put
ool 2A 41 L, 2w€ L w oy
(8.14) Leoe = EAGE = pl2)o + 00 — v
and
(8.15) a‘:= (a5, ...,a5)".

Multiplying both sides of (8.12) by w;l and integrating over (—1, 1), we obtain, using (2.3),

N 1
rhs. = e/\GZaj/ Ib;juﬁéldx
j=1 -1
(8.16) ~ i [ @il dy (1+0()
R
(8.17) — il [(W)Pdz (14 0()
R

and, using (8.13),

N N 111)2 1w2
Lhs., — ¢ ( Hé) d /EHL
N 1 1,u~)2l
—i—eZa;/ [ e j W, dx Hfé(@bl )d:r+/ o wey dx
—1 —1 €

= (Jl,l -+ JQJ + Jg,l + J47l -+ J5,l)<1 + O(E)),

where J;;, @ =1,2,3,4,5 are defined by the last equality.
For Js;, integrating by parts gives

eai [*

N 1
’ . ! "9 2
€ E aj./ pe W, dr = - u W, dx + o(€”)
- 1 _
J=1

6 as "
i [

For J,;, we decompose

Jog = Jo; + J7u,
where
1 ~2
(8.18) Joy = — (z/%(tl) ) d
1 ~2
(8.19) Jrg=— (W( ) — O (t)w,, da.
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We define the vectors
(8.20) Ji=(Jia, - in)’, i=1,2,3,4,56,7.

The following is the key lemma.

Lemma 8.1. We have

X _
(8.21) J; = —€ (5 / w3dy) Hu? | (V2Gp )V HA P — QH%E’/?] a’
R
5 [ , 5 ,
—€ (6 / w? dy) Hp®2 | (VGp) A P = S Hp? () |2 + o(e?),
R
5 _ ’ 5 _ ’
(822) 3, = & (z / 3dy) H | (VO IH 2| 4 o),
R
(8.23) J3 = —¢€ (i/w?’dy) H2 P a0 + o(€),
12 /,
5 ;3 /
(8.24) J5 = —¢ (g/w?’dy) Hu5/2/w2 (VO™ 1+ JHp™* (1) 2" + o(e?),
R R
5 [ , 3 ,
(8.25) Jg = —¢ (g/w?’dy) Hu®? | 2Go (VO 1+ SGpHu 2 (1)? (a7 + o(€),
R
1 [ 3 ,
(8.26) J; = —¢ (g/w?)dy) Hpub/? 2(VQD)H(V£)/A3/2+§(VQD)H2u1/2u a’ + o(e?),
R
where we recall that Gp are H are introduced in (2.5) and (2.12), respectively, a. is given in (8.15)and
(8.27) a’ = lim a“.

By Lemma 8.1, Theorem 2.3 can be proved. Indeed, using the identity

/ _ / 5 _ / _ / 3 _ /
(VOp) M2y = (VO™ = Hu=* (1) + 20pHp* (V™ + SGpHp™ () = 0

which follows from (2.22), we have

Jit+Ja+ds = —€ (% / de) Hy® [(VQQD)H2M3/2—QH2M3/2]aO

R

5 (1 /b /

—f-E?Z (g/w?)dy) H,u5/2 [(Vﬁ)HM_llL +§HM_2(NJ )2 a0+o(e2).
R
Thus
1 b
Titdatdo 435 = € (5 / w® dy) Hp'? [(vngm%’”— QHQ/H/?] a’
R

(VOH ™ 1 —Hu™?(1)? [a” + o(€?).

5 /1
99 (1 34 5/2
‘ 4(3/R y)H“
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Combining the above estimate with those of J3 and J7, and using (2.3), we have

lLhs = J1+J2+J3+J5+J6+J7

1
= —¢ (—/w3dy) Hyuo'?
3Jr

5 A ’ 5 _ " _ ’ 3 ’
+5(VOu " + 1H [u Y= )2} +§(VQD)H2M1/2M

((VQQD) - Q)HQMS/Z + 2(ng>H(V£),u3/2

+ o(e?).

Comparing with r.h.s. and recalling the computation of M(t°) at (2.21), we obtain

(8.28) —2.4HuP P M(t9)a, + o(?) = A\’ *H3a, /R(u/(y))2 dy (14 O(e)),

using (1.7). Equation (8.28) shows that the small eigenvalues A, of (8.2) are
Ae ~ =260 (HT'M(t))

by (1.7).

Arguing as in Theorem 7.1, this shows that if all the eigenvalues of M (t°) are positive, then the small
eigenvalues are stable. On the other hand, if M(t°) has a negative eigenvalue, then we can construct
eigenfunctions and eigenvalues to make the system unstable.

This proves Theorem 2.3.

Lemma 8.1 follows from the following series of lemmas.

We first study the asymptotic behavior of ) ;.

Lemma 8.2. We have
ad A 2,3/2 3 -1/
(8.29) (e = HLdw) (1)) =~ (VGp) + 4+ O(0).

Proof:
Note that for [ # k, we have

(Ve — Hou) () = en(t])
1
= 2 / Gp(t, 2)we, ), dz
—1
(8.30) = Vi Gp(ti, t)Eu.

Next we compute 1. ; — H, near t;:

1
A(z) = & / Gl 2t dz
—+o00

1 1
= & Kp(|z)w?,(z + 2)dz — &, Hp(z, 2)w?, dz + & Gp(z, 2)w?, dz.
€,l . €,l . e,k

—c0 oAl Y
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So
_, +o00 , 1
H.(z) = & KD(|Z|)(2’LZJ€71($+Z)1ZJE7Z(ZL'—|-Z))dz—fe/ VIHD(x,z)zbgldz
oo ~1
1
+ee Y / V.Gp(w, 2)0?, dz.
kAl Y1
Thus

1 1
H —1hy = —fe/ V. Hp(z, 2)w?, dz + & Z/ V.Gpl(x,2)w?, dz
-1 k£l Y1

1
(8.31) - (—QEE/IHD(:U,Z)@GJ@;J dz) :

Therefore we have,

1 1
) - vatt) = ¢ [ VeH@2a 16 Y [ w6
-1 ol Y 1

€ 1€\ ¢2,,3/2
—V Hp(t;, )& + O(e)
N
€ € 2 3 2 € € o 3 2
= > VGt )&k = Vi Hp(tf 1)E " + O(e).
k=1

5. -1,/ € 1€\ ¢
(8.32) = _Zﬁlﬂl lﬂz - thEHD(tntz) ?N?ﬂ + O(e).

Combining (8.30) and (8.32), we have (8.29).

Similar to the proof of Lemma 8.2, the following result is derived.
Lemma 8.3. We have
(8.33) (e — Hoow)(t + ey) — (e — Hoou) (1)

= —eyVi Vi Gp(t], 1) 2+ O(ty?), for 1 £k

and

(8.34) (Yer — Hoow)(t5 + ey) — (er — H.0u)(t5)
N
— —ey Y ViGpl(t;, t,)&u* + O(€y), forl=k.
m=1

Next we study the asymptotic expansion of ¢-. Let us first denote

: a3 o 4 1 ’ ’
o) = =X ((Tgbhia(@)) = & (Vo) + g o)) )
=1
N ] N
(8:35) - ‘;Wﬁfl)@sl(@)—é'ufu} (we,j(w>+5ww;,j(x)), ! ::e;a; L

Now we derive
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Lemma 8.4. For e sufficiently small, we have
(8.36) o — edellmz(-1/e1/0 = O(€).

Proof: As the first step in the proof of Lemma 8.4, we obtain a relation between 1 and ¢+. Note
that similar to the proof of Proposition 5.1, L, is invertible from (K"*)* to (C**)* with uniformly
bounded inverse for € small enough. By (8.12), (8.13), Lemma 8.2 and the fact that L. is uniformly

invertible, we deduce that

(8.37) 162 || 2 () = O(e).

Let us decompose

(8.38) bej = & <x_t§>.

To

Then
N ~
gbeL = EZ ¢67j —|— 0(62
j=1

Suppose that
(8.39) be; — &; in HY(Q).

Let us also define

~

0;(y) = 105 (V/1sy)-
Set
Dy = (¢1, .oy )"
Then we have by the equation for 1 :

N 1 ~
Vi) = 26256 / Gp(t5, 2)Wepe dz

R woy d
= QGZGD tk fk 3/2%4—0(6 )
R
Hence
. . wdq dy
(8.40) (W), - ()T = QeQDHuwff;w—;’dy +0(e).
R

This relation between 1> and ¢ which is important will be important for the rest of the proof.
Now we substitute (8.40) into (8.12) and using Lemma 8.2, we have that the limit ®, satisfies

)
Ad, — By + 20Dy — 2GpHpu 32Jn %0

Jrw?

+(VGp)TH 1 *a%w? — H,u_l/ut/aow2 + Hu 'y a’w = 0.

2

Hence, using the relations
1
Ly'w® =w, Ly'w= Qyw' + w,



30 JUNCHENG WEI AND MATTHIAS WINTER

by (2.16), (2.17) we have

(I)O - _P (ng>TH2/.L3/2aO . ZH/-LllLLIaO + ggDHZIul/Qlu’aO] w— Hufllu/aOLOflw
’ 1 /
(8.41) = —(V&aw — Hu *tpa (w + Sy ) .
Now we compare ®y with ¢!. By definition
N N A N 1
o = —edai Y (Vb)) — €Y asbous s, (wqm + 5%@))

=1 j=1 j=1
N [N A N 1

(8.42) > [Z (Vi) a;] ey — €3 sy, (ww(w) + §me,j(x)) .
j=1 L =1 j=1

On the other hand

(8.43) —ez¢€]—|—0 _equ] (x_te) 0(e2).

Using (8.41) and comparing (8.42) with (8.43), we obtain (8.36).

From Lemma 8.4 and (8.40), we have that
3., 1
(8.44) (W (85), s ¥ () = —2eGpHp™? | VE+ S Hu™ i |a” + O(e),
Further,
Lyge Lyge 2 a € eV ¢ 3/2wa¢kdy
(845) we (tj + ey) — we (t]) = 2 yzvt§GD t t )f My fR—Qd + O(G )
k=1
3 /
(Wt +ey) =V (89), o U (B + ey) = 02 ()T = =26 (VGp)Hp*? | VE + S Hu™ | a’ + O(e?).

Finally we prove the key lemma — Lemma 8.1.

Proof of Lemma 8.1: The computation of J; follows from Lemmas 8.2 and 8.3: In fact,

N -
Jig = —e;ai 11 sz (Mk H;fslk) w;,z dz + o(€?)
- baZ,
_ _e;a; /_1 i (ng,k(tl) H(tl)(slk)w dz + o(?)
al € ! w?l — =/ ! 2
_E;ak /_1 Hg <[¢e,k($) — H (2)0n] — [ex(ts) — He(fl)fSlk]) W, dx + o(€%)
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For Jg;, we use Lemma 8.2 to obtain

2 & Lad, _, )
(8.46) Jsy = —ge;ak N (Verlt) = H (0o ) d + ofe?)
5 N
(8.47) = e ai ([ utdy) B0 (vuate) — Hle0i) + o)
k=1 R
Similarly,
) N
oy = 6251/ (ywlzwl(y)) dyzVt;Vt;GD(tf,tZ)fiui/zaZ+0( )
R k=1
1 - :
(8.48) = —¢ (§ / w? dy) 1%, Z(vtlEVtiGD(tlE;tZ) — qudu) 2y 2 + o(€).
R k=1
Combining (8.47) and (8.48), and using (8.6), Lemma 8.2, Lemma 8.3, (2.19) and (2.20), we obtain
(8.21).

For J,;, we have by Lemma 8.4
1

Jog = efl(t) | widlda+ o),

-1

where
Sa 4 4
(8.49) Z VuGp(t ti)éiy” = = 26w i+ 0(e)
k=1
by (8.6), and

+ O(€?)

1 N
2 D2 4 v
/ wio! de = —ep;”? (/ w’ dy) [Z(Vt§§l)“§ + s
by (8.41), (8.43), using

1
2 —1 3 1 2,/ ) 3
w(Ly w)dy = w® + —yww | dy=-= [ w’dy,
R R 2 6 Jr

which proves (8.22).
For (8.25), we have

1,52

wz;
S = <) [ g Tade
2 1 ! egl
- _§¢e (tl> . HSH dl'—i—O( )

2

(8.50) = —egH(tl)w(tl) s (/ w3dy) + o(e?).
R
Then (8.25) follows from (8.6) and (8.44).
For J; we have

L2,

(8.51) Jr=— W (@) = O (1) wey da + o).

, H?
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Now (8.26) follows from (8.41), (8.44) and (8.46).
(8.24) follows from Lemma 8.4.

9. NUMERICAL SIMULATIONS

We now show some numerical simulations for effects of precursors in the behavior of system (1.2).
We choose Q = (—1,1), 7 = 0.1 and varying diffusion constants (first €2 = 0.001, D = 0.1 and second
€ =0.0001, D = 0.01).

In each situation we always present the final state (for ¢ = 10%) which in all cases is numerically stable
(long-time limit). Always A is shown on the left, H on the right.

We first consider the system without precursor u(z) = 1, € = 0.001, D = 0.1.

Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

0.8 s 0.4 EH 1 02 04 06 X 1

0.8 06 04 02 [ 02 04 0§ 08

Figure 1. Two Spikes for (1.2) with ¢ = 0.001, D = 0.1, u = 1 (i.e. no precursor). The two spikes are
symmetric: They have the same amplitude and the spacing is regular.

Choosing a precursor with linear gradient we have the following picture.

Time=1e5  Line: Concentration, © Time=1e5  Line: Concentration, c2
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Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

0.8 s 0.4 EH 1 02 04 06 X 1 0.8 06 04 02 [ 02 04 0§ 08

Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

0.8 -6 0.4 0.2 1 02 04 06 [ 1 0.8 -6 04 02 [ 02 04 06 08

Figure 2. Multiple spikes in the precursor case for (1.2) with €2 = 0.001, D = 0.1 and p = 1 + 0.1z (top
row), p = 140.52 (middle row), p = 14+0.92 (bottom row). Note that the number of spikes changes depending
on the strength of the precursor: As the precursor becomes more pronounced the number of spikes decreases
and they move closer to the left side of the interval where the precursor is smaller. The spikes are asymmetric:
They have different amplitudes and the spacing is irregular.

Choosing a precursor with general gradient we have the following picture. The profile has the shape
of a cosine function which in leading order gives a quadratic profile near the maxima and minima. Again

the spikes move to values of smaller p.
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Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

0.8 s 0.4 EH 1 02 04 06 X 1 0.8 06 04 02 [ 02 04 0§ 08

Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

0.8 -6 0.4 0.2 1 02 04 06 [ 1 0.8 -6 04 02 [ 02 04 06 08

Figure 3. We simulate (1.2) with ¢ = 0.001, D = 0.1 and u(z) = 1 + 0.1cos(27z) (top row) or pu(z) =
1+ 0.1cos(4mz) (bottom row). In the first case we have two spikes pushed away from the middle (compared
to Figure 1), in the second case we have an asymmetric pattern of spikes with two different amplitudes.

Finally we do the simulations again with smaller diffusion constants which results in a higher number
of spikes. For the rest of the figures we choose €2 = 0.0001, D = 0.01.

We first consider the system without precursor p(z) = 1, €2 = 0.0001, D = 0.01.
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Time=1eS  Line: Concentration, ©

Figure 4. Two spikes for (1.2) with €2 = 0.0001, D = 0.01, u = 1 (i.e.

Time=1eS Line: Concentration, c2

no precursor). The spikes are

symmetric: They have the same amplitude and the spacing is regular.

-

Choosing a precursor with linear gradient we have the following picture.

Time=1e5  Line: Concentration, ©

1 0.8 E 0.4 02 1 02 04 06 0z
Time=1e5  Line: Concentration, ©
1 0.8 E 0.4 02 1 02 04 06 0z

Time=1e5  Line: Concentration, c2

-

Time=1e5  Line: Concentration, c2

IS
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Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

120

Figure 5. Multiple spikes in the precursor case for (1.2) with €2 = 0.0001, D = 0.01 and p = 1 + 0.1z
(top row), p = 14 0.5z (middle row), p = 1+ 0.9z (bottom row). Note that the number of spikes changes
depending on the strength of the precursor: As the precursor becomes more pronounced the number of spikes
decreases and they move closer to the left side of the interval where the precursor is smaller. The spikes are
asymmetric: They have different amplitudes and the spacing is irregular.

Choosing a precursor with general gradient we have the following picture. The profile has the shape
of a cosine function which in leading order gives a quadratic profile. Again the spikes move to values of

smaller p.

Time=1eS  Line: Concentration, ¢ Time=1eS  Line: Concentration, c2
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Time=1eS  Line: Concentration, © Time=1eS Line: Concentration, c2

Figure 6. We simulate (1.2) with €2 = 0.0001, D = 0.01 and p(x) = 1+ 0.1cos(27x) (top row) or

w(x) = 1+ 0.1cos(3mx) (bottom row). In both cases we have an asymmetric pattern of spikes with two

different amplitudes.

The effects of precursors on spiky solutions explored in this paper such as asymmetric positions or

amplitudes of spikes or movement of spikes to positions with small precursor values play an important

role in a variety of biological models such as animal skin patterns, formation of head structure in hydra,

segmentation in Drosophila melanogaster or ecology. We plan to shed more light on these issues in the

future, in particular in the higher-dimensional case, combining analysis with simulation and applying

the outcomes to biological observations and experiments.
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