NONRADIAL SYMMETRIC BOUND STATES FOR A SYSTEM
OF COUPLED SCHRODINGER EQUATIONS

JUNCHENG WEI AND TOBIAS WETH

ABSTRACT. We consider bound state solutions of the coupled elliptic system
Au—u+u® + Bv’u=0in RY,
Av—v+v*+pu’v=0in RY,

u>0,v>0u,v€ IHII(]RN)

where N = 2,3. It is known ([13]) that when 3 < 0, there are no ground

states, i.e., no least energy solutions. We show that, for certain finite subgroups

of O(N) acting on H! (RY), least energy solutions can be found within the
associated subspaces of symmetric functions. For 8 < —1 these solutions are

nonradial. From this we deduce, for every 8 < —1, the existence of infinitely
many nonradial bound states of the system.

1. INTRODUCTION

In this paper, we study solitary wave solutions of time-dependent coupled non-
linear Schrodinger equations given by

—iZ®1 = A®y + 11| D1°®1 + B|P2|*®y for y ER
—i 5Py = A®g + p1o|D2> Dy + B|®1[>®, for y €R

1.1
(11) oy e =1
@ (y ) as |yl + =1
where p1 po are positive constants, , and f is a coupling constant.

he system (1.1) arises in applications of many physical problems, especially
in the study of incoherent solitons in nonlinear optics. e refer to 1 for
e perimental results, and 1, ,1 , 11,1 for a comprehensive list of references.
hysically, the solution ® denotes the -th component of the beam in err-li e
photorefractive media.  he positive constant y is for self-focusing in the -th
component of the beam.  he coupling constant 3 is the between
the rst and the second component of the beam. s , the interaction is
attractive, while the interaction is repulsive if 3
roblem (1.1) also arises in the artree- oc theory for a double condensate i.e.
a binary mi ture of ose- instein condensates in two di erent hyper ne states |1
f rimary 3 B 0,3 B secondary 3 J 0, 2C 0.

Bound States, Coupled Schrodinger E uations.
1



2

and | (). hysically, ®; and @2 are the corresponding condensate amplitudes,
¢ and [ are the intraspecies and interspecies scattering lengths. he sign of the
scattering length 8 determines whether the interactions of states |1 and | are
repulsive or attractive.  hen (3 , the interactions of states |1 and | are
repulsive (). In contrast, when , the interactions of states |1 and |
are attractive. or atoms of the single state | , when , the interactions of
the single state | are attractive. o obtain solitary wave solutions of the system
(1.1), we set @1( ) = (), @ )= t (), and we may transform the
system (1.1) to a coupled elliptic system given by

(1 ) A — 1 + 1231 + ﬁ z2 = in R
) A - 9 +p +82 = inR
n important class of solutions are , namely, solution () satisfying

(1. ) and the following conditions

(1.) in R (y) (v) as |yl +

In , , ,1, ,thee istence of bound states when § is proved. otice that

in this case, all solutions of (1. ), (1. ) are radially symmetric up to translation

(see ), and thus one may restrict to the class of functions.
hen 3 , this is no longer true a result in 1 says that when
(1.) = min( —+ -2) sin— for some )
2 1
then, for 8 |B| su ciently small, there are positive solutions to (1. ) with one

component concentrating at the center, and the other component concentrating
around a regular —polygon.

he main purpose of the present paper is to study the e istence of
solutions in the case where 3 ,and | = o py = pe. ote that in this case
(1. ) fails, so that the result of 1 does not apply. ithout loss of generality,
we may assume that | = 9 = pu; = pug = 1. amely we consider the following

system of elliptic equations

A - + +p2 = inR
(1.) A -+ +%2= mR
in R () as [y +
Solutions of (1. ) are critical points of the energy functional ~ ( *(R ))2 R
de ned by
1 1
=3 2 -t (4P e



where 2 = (| 2+ 2 for € (R ). 1l nontrivial solutions of
(1. ) belong to the ehari set

N=( )e '®)°

2 _ ( +ﬂ22) 2 _ ( +522)

N N
solution () of (1. ) is called a if ()=, where
(1.) = inf
In particular, ( ) () for any nontrivial solution () of (1. ). on-

cerning the e istence of ground states, it was proved in 1 that is attained for
I} small, whereas is not attained for any ( .0 e plain this phenom-
enon, it is worth pointing out that  fails to satisfy the alais-Smale condition
since the embedding (R ) (R ) is not compact. oreover, for 3 the
interaction of the two species is repulsive. herefore a spatial separation of and
in R is observed for () € N with energy close to . In fact, the repulsion
of and seems to be closely related to the repulsion of positive and negative
bumps in the study of sign changing solutions of the single equation —A 4+ =

inR ,seee.g.

or 5 —1, (1. ) admits the scalar solutions
1
1. = —
) ()=l )
(and its translations), where € (R ) is the unique solution of the scalar

elliptic problem

A 4+ = in R
(]" ) _ 1 R
(J)=ma_ (4) € '(®)

cf. , . sremar edabove, these solutions are not ground states for -1 (3

or 3 —1, (1. ) does not admit any solutions with = . Indeed, for 8 -1,
it is evident that
(1.) = forevery ( ) €N
In the present paper we prove, for any G , the e istence of ground states within

spaces of functions invariant under the action of a nite subgroup of ( ).
In these spaces, still fails to satisfy the alais-Smale condition, but we recover
compactness of energy minimi ing sequences by balancing the self-attraction of the
single species with the repulsion of di erent species and by applying concentration

compactness arguments. o state our main results, we recall some notation for



a (nontrivial) nite subgroup () e set = €

R and = € = for € R , and we denote by | |
resp. | | the number of elements in , , respectively. oreover, we set
i() = e R = which is a subspace of R , and we write
= i ( ) for the orthogonal complement of i ( ) in R . inally, we set

()=min | y| ye€ If € YR ), wesay that s if
( )= ()forevery € ,and we put

= ¢ YR ) is —symmetric

e introduce the following de nition.

D € () () ()
( ) admissible

a Ze
(b) = € i()
() €
() | [=0)
(c) min | — | min| — |
ondition (c ) in particular implies that € . ondition (a) ensures that
= is a subgroup of ( ), and that an action of on ( (R ))?
is well de ned by () =( . Dfor € and () =
( ! ). he -invariant elements of ( (R ))? are precisely of the
form ( )with € . ede ne
N( )= € ( )EN
and

(L1) ()= mf ()
ow we state our main result.

T = = ()
B

N( ) (

eN( ) ( )

~—

|/6| 1 ( ):211 2



rom part (a) and (1. ), we directly deduce the following.

e brie y comment on e nition 1.1. art (a) of this e nition is clearly
related to the action de ned above. art (b) ensures that N( ) and the
reduced energy ( ) are invariant under translations of the form

(—y)forye i( ). art(c) will be crucial for estimating the value of

( ) and thus for nding a relatively compact energy minimi ing sequence in

N( ). classi cation of admissible pairs () in arbitrary dimension seems

out of reach. In dimensions the nite subgroups of () and its properties

are well nown (see e.g. ), and therefore we can determine all admissible pairs.

In combination with orollary 1. , the following list highlights the rich structure
of the solution set of (1. ) for g —1.

E (i) R? et = |, € and let
€ () denote the (counter-cloc wise) rotation by = &, i.e.,
()= 1cos — gsin 1sin 4+ 9cos for =(1 2)€R2.
eset = Id 2 2 2 hen the admissibility condition (a) is
clearly satis ed for the pair ( ). otealsothat i ( )= . oreover,
for every € R? wehave | |= ( )= and
min| — |=| — ? |= sin sin(—)= | — |= min| —
ence the pair ( ) is admissible.
(ii) R e =, € and let € () denote
the rotation of ( 1 2) by =5, 1ie,
()= 1cos — gsin 1sin + ocos for =(1 2 )€ER.

ith this choice of =~ we may de ne  asin (i), and again admissibility condition

(a) is satis ed for the pair ( )- In contrast to (i) we now have a nontrivial
space of ed points i ( ) = ( ) € R . evertheless, for every
€ we stillhave | |= ( )= and

min| — |=| — % |= sin sin(—) = | — = min| — |



ence the pair ( ) is admissible.

(iii) R et = , and consider the group ()
generated by the coordinate permutations ( 1 2 ) ( , , 3)and €

()de nedby ()=(1—2— ). hen| |=1. e € () bede ned
by ()=— . hen 2=1Id€ ,andsince commutes with permutations and
with , the admissibility condition (a) is satis ed for the pair ( ). e also
notethat i ( )= . or =(11 1) we have

= (111) (=1 -11) (1 -1 -1) (=11 —1)
sothat | |= = (). oreover, since
= (=1 -1-1) (11-1) (=111) (1 -11)
we have
min | — | = = min| - |

ence the pair ( ) is admissible. ote that the group leaves the tetrahedron
with vertices (1 1 1) (-1 —11) (1 -1 —1) and (-1 1 —1) ed.

y choosing = , € in amples 1. (i) and (ii) above, orollary 1.
implies the e istence of bound states ( ) of (1. ) which are  -symmetric but
not ,-Symmetric. In particular, ( ), € arepairwise di erent nonradial

solutions. hus we conclude our last main result.

C - g 1

he paper is organi ed as follows. In Section we recall nown facts and collect
preliminary results. In Section we prove heorem 1. (a), and Section contains
the proof of heorem 1. (b).

A he research of the rst author is partially supported by
an armar ed rant from of ong ong. art of the paper was written
while the second author was visiting the hinese niversity of ong ong, to
which he is deeply grateful for its hospitality. he second author also li es to

than . artsch for helpful discussions.
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hroughout the remainder of this paper, we assume that 3 . e some

notation. s usual, we endow the ilbert space (R ) with the scalar product

= | + ) € '(R)
N
andweset 2 = ,( |?+ ?) asbefore. oreover, for 1 and
€ (R ) we denote by | | the usual -norm of . It is well nown (see

) that the (unique) solution  of the scalar problem (1. ) is a radial and radi-
ally decreasing function which minimi es the Sobolev quotient of the embedding
LR ) (R ), ie.,

2 2
(.11) = W = 1mi}\rfl W
e recall the following asymptotic estimates for ,seeeg. ,1
W=l = O+ )
(.1) N1 as [y|
(yh=—= Tyl = @A+ (1)
ere is a constant depending only on the dimension . Similarly as in
1, emma . we deduce some integral estimates.
L Y
(1) — () ()
() ~
= N
(1) 1 ’() 2 ~) y
(y) w

(.1) as |y| for every €R .
()
oreover, there is 1 such that
(1) ‘min 1|y *2 (v)  minlly "7
foreveryy€ R . et|y| 1,andput = 5 If| | =, then
( ) ( _y) M % 2
(v) |
and for | | & we also have

( —v) lyl 2
O—7 4



onsequently,

( -y 2
()——F—— for |[y| 1 and every
()
ence, by ( .1 ) and ebesgues heorem,
) 1
lim —— () -y = () =
(y) ~ N
e t we consider ( .1 ), and we may assume that 1. sing( .1 ) we estimate,
for [y| 1,
() 2 —) N1 N1
(> 2> 2 (™= > "=
(y)
N1 o2 2
(lg) = = (@ -
where (y) = ([|y)°= ‘= as |y| . ence
1 2 2 2_
7 -y ) 2
oL O W
as |y , as claimed.
e t,we anadmissible pair () in the sense of e nition1.1. e consider
the reduced energy functional
1 1
€ *( R ()=- ?==11-8 ()
where the 2-functional (R ) Risde ned by
1 1
()=~ )2 ) == i
N
L € € Y(R)
() = ) () ()
N
or € YR )we nd
1
() == _O0C)HCH+72)0)0)
1
== )+ ) () 0O)
N
or € we have = ! since 2€ and = forevery €
e thus conclude that
(-1) () = )0 0) for € , € '(R).



( )

or € !(R ) wehave by emma

- O = - 5O
N
- - -5 (7
N N
hus isa wea solution of the equation —A + — = g( )2 .y standard
elliptic regularity, isin fact a classical solution. oreover, since and ,
it follows from the strong ma imum principle that inR . ow solves
“AC )+ )= ) =80 M =87 )
since 2€ . ence ( ) is a classical solution of (1. ).
e t we put
N = ¢ = () = = € = =148 ()5
where the second equality follows from emma . . e note that N( )= €
N . e need the following lemma.
L
@ | [ B
eN
(i) N 1
2
(i) ()= eN
(iv) € I VeI G () eN
2
()=
I < G
(i) y de nition and Sobolev embeddings, we have 2_ | |
for some and €N ,so that | |? for = L
(i) y (i), N isclosedin . oreover, N isthe ero set of the functional

(1) € '( B ()= ?*=11-8 ()

Since for € N we have

(-1) ()= ?*=(1+8 ( == 2=



1

N isa !-submanifold of
(ili) or €N we have
1 1
()== 2==(1 +8l ( ) =- 7~

(iv) his also follows by direct computation.

ITNC O INI T R

In this section we prove part (a) of heorem 1. , which is an immediate conse-

quence of the following proposition. ere we set

() — if ()

i =( ) €N ( )
(= - ) eN( )
— e N( )

he remainder of this section is devoted to the proof of roposition .1. he
proof consists of two steps rst we obtain an estimate for the value of in terms
of , and then we analy e minimi ing sequences for ( . ) via concentration

compactness arguments. he strict inequality in the following estimate is crucial.

P - =()=1 |
et 1=Ide ( ), andlet o be such that =
1 . eput
p=mn| - |=min| - |
and
= min| -— | = min | — |

so that p by e nition 1.1(c ). or and =1 we set =

(— )), and we consider = € . s , ( .1 ) implies that



oreover, ( .1 ) yieldsfor 1 3 and = - the estimate
ooyt o= o - )
(-1 = ()T =)
as e also have
= + ) =+ ()
(.) = 24
and
1= ) O
1 1
() =11+ = 7’4
urthermore we estimate
Oy = OO () ()
! . ( 2O)+( %) (2 )+ 2 )
(- ) 2 L PO PO ) = ()
by ( . 1). et
2
T L
so that €N by emma . (iv). ombining (. ), (. )and (. ), we
obtain
— 1 = 51
N NEZ G
1 ( D +  + ()
o+ () o+ ()
so that «( ) - 2 for large.
L () N () ()
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Since N is a “-manifold, we may invo e  eland s variational princi-

ple (see e.g. ) to deduce the e istence of a sequence ( ) N such that
() and

for a sequence ( ) R, where isde nedin( .1 ). Since €N ,( .1 )and
( . ) imply that

(- ) o = ()0 )=- ?

and therefore as by emma . (i). hus( . )yields ( )

as , as claimed.

. (a) et ( ) N be a sequence as pro-
vided by emma . ,andlety €R € satisfy

= sup
1 Ny
Since and are invariant and is equivariant under translations

(+y) withye 1( ) (cf e nition 1.1(b)), we may assume that y € =

i () forevery . erecallthat is boundedin '(R )and| |2
for every by emma . ,so aresult of ions 1, emma I.1 implies that
(. ) lim inf

1

e claim that
(. ) (y ) 1is bounded.
Suppose this is false. hen we may pass to a subsequence with |y | and
— yE .Since = () | y|, thereare € such that

(. ) the points y, =1 , are pairwise di erent.



et = (+4y ). ptoasubsequence, € (R )wea ly, where =
by (. ). Since () in (R ),

(1) = () (~-v)
= (—y) — (-y) =8 () (—y)
= - -p NQ( ) () ( —y)

while
L0 )0 O= ) ()
> >
( +v) C )= (N*20) as
N N
e therefore conclude that 2 ||, and thus
2 2
L
by ( .11). sing roposition . , we may choose = () such that
(- ) ¢ P+
y(. ),theballs ( y), =1 are dis oint for large. herefore
1 1
()== 2 = @ P+ 7
1
- « P+ 3 =- ¢ P+ %
Since wea ly, (. ) yields
liminf () - o P+ ?

which contradicts the fact that () is a minimi ing sequence for ( . ).

hus ( . ) holds. onsequently, we may pass to a subsequence such that
wea ly in , where € . Since is wea -to-wea
continuous, we conclude that is a critical point of ,sothat € N . oreover,

= lim ()=1hm 2 1oa_ ()



1

so that is a minimi er of (. ). ence is attained, and the proof of (a) is
nished.
(b) If €N isa minimi er for (. ), then

(-1 =C 1 H)0O)= 0O- ()

for some R, since N = !( )isa !-manifold. ence
- O- O= (O =-
by ( .1 ), which yields = and therefore () = . e consider =
ma = min € . hen
= () = =1 1-8 ()
= 2= | +18l 00 ()
N
=1 | +18] ()2 )7
N
ence, if ,then () 1 (cf. emma . (iv)) and

AR 1 2 1
c ) ) - - = ()
contradicting the assumption that is a minimi er for ( . ). Similarly,
leads to a contradiction. e therefore conclude that does not
change sign. y emma . , either ( Jor (— — ) is a solution of (1. ).
he proof is nished.

ROO O O OR
ere we prove part (b) of heorem 1. . or this we consider , € with
g and a sequence of corresponding minimi ers ( ) of (1.1 ). e
only need to show that = for large , because then the uniqueness result
in  forsolutionsof —A + = (1+8 ) impliesthat = = 11— up

to translation in i ( ). So we assume by contradiction that, for a subsequence,
(.1 = for every

he minimi ation property and ( .11) imply that

1 2
Lo 0 cim) 2o 48] (B
Cmf e '®) 2o+ ()



1

ence ( ) isboundedin '(R ),and| |? by emma . (i). Similarly
as in the proof of roposition .1, we may assume that

() = sup
1 N

for points y € € and a constant . Setting = ( 4+y ), we have

= (after passing to a subsequence), where is a solution of the scalar
problem
(.) -A + = € (R)
so that equals up to translation. y ( . ) we thus have = =
lim = lim , hence strongly in (R ). Since €

()= (+y)= ( +y)= ( +(y-y) for €, €eR,

so that the relative compactness of () in (R ) implies the boundedness of

the sequence ( y —y ) R for every € . ecalling that (y ) =

i () ,we conclude that (y ) is bounded. Since y is bounded, we infer that
in , where € is a nontrivial solution of ( . ). his then implies

that = ( — )forsome € i( ). Sincesup ~ | is attained

precisely at y = , we deduce from ( . ) that = | so that in
ombining this information with elliptic estimates similarly as in  , Sec. , we
nd that

(.) uniformly on R .
e set = - € and note that satis es

(.) A - + 2 + () =

where

() = 2+( 2+ )= =8 ) as

uniformlyinR . y( .1), wemaychoose €R suchthat ( )=ma 3| ()]
sing (. )and ( . ), we deduce that ( ) R is a bounded sequence. e

consider = which satis es
(-) A - + 2+ () = ()=1
sing elliptic estimates we derive that, for a subsequence, € R and
in (R ) as , where € (R ) is a solution of
A — + 2?2 = with ( )=1.Ttfollows from ppendi of 1 that

(.) =— for some vector €R .



Since is radial, the -symmetry of 86_ = € implies that € 1 ( ).
ut then = = ! by e nition 1.1(b), and therefore
( )=—1( )Y=—0)= () forall €R
n the other hand, by de nition we have = —  and therefore =—
e conclude that , contradicting ( ) =1. econcludethat =

for large, as required. he proof of heorem 1. (b) is nished.
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