CLUSTERED SOLUTIONS AROUND HARMONIC CENTERS
TO A COUPLED ELLIPTIC SYSTEM

SOLUTIONS EN GRAPPE AUTOUR DES CENTRES HARMONIQUES
D’UN SYSTEME ELLIPTIQUE COUPLE
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ABSTRACT. We study the following system of Schrédinger-Maxwell equations
ezAvafwv(;ﬁJrf('u) =0, Ap+~v2=0in,
v, »>01in Q, v, ¢ =0 on 01,
where  is a smooth and bounded domain of R3. We prove that for any integer k the system has a
family of solutions (ve, ¢e) such that the form of ve consists of k spikes concentrating at a harmonic

center of Q as ¢ — 0F. Furthermore we show that the spikes approach the vertexes of a configuration
which maximizes a suitable geometrical problem.

RESUME. On étudie le systéme d’équations de Schrodinger-Maxwell suivant:
2Av —v—wvp+ f(v) =0, A¢p+~v? =0 dans Q,
v, ¢ >0 dans Q, v, ¢ =0 sur 99,
ou 2 est un ouvert borné régulier. On montre que pour tout entier k le systeme a une famille de solutions
(ve, pe) telle que la forme de v consiste en k pointes qui se concentrent sur un centre harmonique de Q2

lorsque € — 01. On montre, en plus, que les pointes approchent les sommets d’une configuration qui
maximise un probléme géométrique.

Subject class: Primary 35B40, 35B45; Secondary 35J55, 92C15, 92C40

Keywords: Maxwell-Schrédinger, optimal configuration, localized energy method.

1. INTRODUCTION

In this paper we study the stationary waves for a system of Schrodinger-Maxwell equations in the

electrostatic case. After suitable rescalation, such system takes the form:

2Av —v—wov+ f(v) =0 in Q,
Ap+y? =0 in Q,
v, $>01in Q, v=¢ =0 on IN.

where 2 C R3 is a smooth domain, ¢, w,y > 0, v, ¢ : Q@ — R, f : R — R. Problem (1.1) was first
proposed by Benci-Fortunato (see [6]): it describes a charged quantum particle constrained to move in the
3-dimensional region €2 interacting with its own electrostatic field. The unknowns v = v(x) and ¢ = ¢(z)

represent the wave function associated to the particle and the scalar electric potential respectively.
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The system (1.1) with f = 0 has been studied in [6] (in the case of a bounded space region §2) and
in [10] (in the case = R? and under the action of an external nonzero potential). In both papers, for
fixed € > 0, the authors prove the existence of infinitely many solutions. Furthermore existence results
for (1.1) in R? have been established in [14] for power-like nonlinearities f.

This paper deals with the semiclassical limit of the system (1.1), i.e. it is concerned with the problem of
finding nontrivial solutions and studying their asymptotic behaviour when ¢ — 07; hence such solutions
are usually referred to as semiclassical ones. The analysis of the Schrodinger-Maxwell equations in the
limit e — 07 is not only a challenging mathematical task, but also of some relevance for the understanding
of a wide class of quantum phenomena. Indeed, according to the correspondence principle, letting € go to
zero in the Schrédinger equation formally describes the transition from Quantum Mechanics to Classical
Mechanics.

While there is a wide literature concerning semiclassical states for the single nonlinear Schrédinger
equation in an assigned potential ¢ (we recall, among many others, [1], [2], [3], [4], [12], [17], [18], [19],
[20], [23], [26], [27], [32], [33], [35], [37], [38], [39], [41], [42]), there are few papers dealing with the case of
an unknown potential. The first time the semiclassical limit for a Schrodinger-Maxwell system has been
considered seems to be in [15], [16], [40]. In such papers problem (1.1) is studied and it is proved that the
solutions exhibit some kind of notable concentration behaviour: their form consists of very sharp peaks
which become highly concentrated when ¢ is small. More precisely in [15] and [40] the authors construct
a family of radially symmetric waves concentrating around a sphere when = R®. In [16] a new kind of
solutions is found for the system (1.1) in RY (V> 3), the so called clusters, i.e. a combination of several
interacting peaks concentrating at the same point as ¢ — 07. The object of this paper is to construct
clusters for (1.1) when 2 C R? is a bounded and smooth domain. The problem is more complicated than
in all R?: indeed the loss of the translation invariance gives rise to the natural question on the location
of the concentration point. The analysis reveals that the configuration of the limiting clustered peaks is
determined by two crucial aspects: the interaction of the spikes and the shape of ().

In order to state our main result we first enumerate the assumptions on the function f that will be

steadily assumed:

(f1) f € CEF7(R) N C?(0, +00) with 3<o<1;f(t)=0fort<0.

loc

(f2) The problem in the whole space

Aw —w+ f(w) =0, w>0in R
(1.2) w(0) = maxw(z), lim w(x)=0,
z€R3 |z| =400

has a unique solution w, which is nondegenerate, i.e., denoting by L the linearized operator
L: H*(R?) — L*(R?), L[u]:= Au—u+ f'(w)u,
then

(1.3) Kernel(L) = span{ ow Jw Jw } .

dxy’ Oz, Oy
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By the well-known result of Gidas, Ni and Nirenberg ([24]) w is radially symmetric and strictly decreasing
in r = |z|. Moreover, by classical regularity results, w € C*(R3) and the following asymptotic behavior
holds:

(1.4) w(r), v’ (r), w"" = éefr (1 + O(l)>, w'(r), w”(r) = —éefr (1 + O(l)>,
r r r r
where Ax > 0 is a suitable positive constant.

Typical examples of f satisfying (f1)-(f2) include f(t) = &, — at? where a >0 and 1 <p < ¢ <5, or
f(t) =t1(t —a)(1 —t) where 0 < a < 3. Other nonlinearities can be found in [11]. The uniqueness of
w is proved in [34] for the case of power-like f; for a general nonlinearity, see [9]. The nondegeneracy
condition can be derived from the uniqueness argument (see [36]).

Then we will prove that, roughly speaking, up to a suitable rescaling in the coordinates, the limit
profile of each peak resembles the function w, while the rescaled cluster (by making the minimum distance

between two vertexes equal to 1) approaches an optimal configuration for the following geometric problem:

(*) Given k points Py, ..., Py € R® with |P,—P;| > 1 fori # j, find the configuration which maximizes

A final question arises on the location in €2 of the asymptotic peaks: what we will show is that the
concentration point can be identified in terms of the Robin’s function of €2, i.e. the diagonal of the
regular part of the Green’s function. Let us briefly introduce some notation. It is well known that for a
smooth domain there exists a unique Green’s function G of the Laplace operator with Dirichlet boundary

condition and it can be decomposed as
1

(1.5) G(z,y) = pr

H(x,y)

(see, for example, [5]) where (the singular part) is the fundamental solution of the negative

1
dmfz—y]
Laplace operator in R, and H (the regular part) is harmonic in both variables. The restriction of the
regular part to the diagonal H(z) := H(x, z) is called the Robin’s function of Q. Finally the points where

the Robin’s function attains its minimum

Hy = Inelsf)H(x)

are called harmonic centers of Q. Then concentration of the clustered solutions of (1.1) occurs at the

harmonic centers of €. Now we proceed to provide the exact formulation of the main result of this paper.

Theorem 1.1. Assume that Q C R3 is a smooth and bounded domain and that hypotheses (f1)-(f2) hold.
Then, for any given integer k > 1, there exists €, > 0 such that for every e € (0,ey) the system (1.1) has
a solution (ve, ¢c) such that

(1) ve, ¢ € H(Q);
furthermore there exist Pf, ..., P; € Q such that, ase — 07,

(2) ve(z) = 3F w(@) + 0(£%/2) wniformly for x € Q;

i=1
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(3) |Pf — P5| = O(elog %) and - (P§,..., P{) approaches an optimal configuration in (*).

ellog e2|

Finally, for every sequence €, — 0%, up to a subsequence,
(4) Pi",...,P;" — Py, where Py € Q is a harmonic center (i.e. H(Py) = Hp);

(5) ¢e,(x) =€ (G(x, Po) + o(1))k [gs w?dx uniformly for any compact subset of Q\ {Po};

Remark 1.2. In order to provide a more precise description of the behaviour of the solutions (ve, ¢ ),
the question of the number of the harmonic centers is crucial. In section 2 we will show that the Robin’s
function for a smooth bounded domain is a continuous function and tends to infinity at the boundary.
Then the set of the harmonic radii is nonempty. Furthermore in [7] the authors prove that in the case of
a convexr bounded domain the Robin’s function is strictly convexr and, consequently, there exists a unique
harmonic center Py (for example, the harmonic center of a ball is its geometric center); then, if, in
addition, we assume the convezity of ), the parts (4)-(5) of Theorem 1.1 hold for all the families v., ¢,
Pg, without need to pass to sequences and all the waves v. concentrate at that point Py as e — 0F. In

K2

general we have H(Pf) — Hy as e — 01 for every i =1,... k.

Theorem 1.1 is proved by using an approach relied upon a finite dimensional reduction which is related
to the procedure introduced in [28] and [29], and also developed in [15]-[16]. This approach is based on a
combination of a Lyapunov-Schmidt reduction procedure together with a variational method. The object
is to discover the solutions around a small neighborhood of a well chosen first approximation. First we
construct an approximated solution obtained as the sum of suitable truncations and rescalations of w;
then we find a solution of (1.1) in the normal direction of the approximated solution surface as fixed point
of a suitable map. Next we study the remaining finite dimensional equation. After this reduction process,
by using the implicit function theorem, we prove that, in a small neighborhood of the first approximation,

solving (1.1) is equivalent to solving some finite dimensional maximization problem
max M. (Q1,...,Qy), where M, : Q% — R,

being @1, ..., Q% the centers of the approximating bumps. The solution of such reduced problem also
provides the location of the clusters.

We point out that multi-peak solutions concentrating on a single point have been proved to exist for
the Gierer-Meinhardt system on the real line ([8]) and in a bounded interval ([43]). Similar results in
R? were obtained in [21], where spikes are located at regular polygons or at concentric regular polygons.
The existence of clusters is known for the single Schrodinger equation in all RY ([33]) or in a bounded
domain with Neumann conditions ([13], [29]). In [44] the authors show that interior clusters occur for the
coupled FitxHugh-Nagumo system in a domain of R? with Dirichlet boundary conditions. However in
the case N > 3 we are unaware of clusters for coupled elliptic systems in bounded domains. This paper

seems to be the first result in this line.
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Let us now briefly outline the organization of the contents of this paper. In Section 2 we recall some
basic properties of the Robin’s function and of the set of the harmonic centers. Section 3 is devoted to
the study of the geometrical problem (*). In Section 4 we derive some key energy estimates which will
play a key role in the rest of the arguments. In Section 5 and 6 we reduce the problem to finite dimension
by the Liapunov-Schmidt reduction method. In Section 7 we compute the reduced energy M. and show
that its critical points give rise to a solution of (1.1). Finally the proof of Theorem 1.1 is completed in

Section 8.

NOTATION

- Given A C R? an open subset, C(A) denotes the space of the continuous function u : A — R.

LP(A) is the usual Lebesgue space endowed with the norm
fulf o= [ e for 1 <p < boo, = sup ate)].
A T€EA
Furthermore H{(A) is the usual Sobolev space endowed with the norm

Jul2 = /A (IVaf? + ul?) de.

- We will often use the symbol C' for denoting a positive constant independent on €. The value of
C is allowed to vary from line to line (and also in the same formula).

- 0(1) denotes a vanishing quantity as e — 0%.

- Given {ac}eso and {b.}c>0 two family of numbers, we write a. = o(b:) (resp. a. = O(b.)) to

mean that §= — 0 (resp. [ac| < C[b.[) as € — 0.

Acknowledgments. The research of the second author is supported by an Earmarked Grant from
RGC of Hong Kong.

2. RoBIN’S FUNCTION AND HARMONIC CENTERS

Let © C R? be a smooth and bounded domain. The Green’s function G of the operator —A in Q with
Dirichlet boundary conditions is the solution (in the sense of the distributions) of the problem
—AG(z,y) =6, in Q,
{ G(z,y) =0 on 092,
where J, denotes the Dirac measure at the point x. It is well known that for sufficiently smooth domains
a unique Green’s function exists and can be decomposed as in (1.5), where H(z, -) is defined as the unique
harmonic function with the same boundary conditions as the singular part, i.e. it is the unique (classical)
solution in C2(2) N C(Q) of the following Dirichlet problem:
AyH(z,y)=0 in Q,
(2.6)

1
H(.T,y) = m on aQ
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H(z,-) also coincides with the weak solution in H'(Q) of the system (2.6). The Green’s function and,

consequently, its regular part H are symmetric in x and y. Furthermore
(2.7) G(z,y) >0 Ve,yeQxQ, x#y

(see [30]). In general an explicit calculation for the Green’s function of a given domain is a difficult
matter, except for domains with simple geometry. For example, in the case of a ball B(zg,r) the Green’s
function is given by

(2.8) 1( ! |2 = Zolr )

am \ly —al  [le = zoP(y — x0) — r2(z — 2o)]

In the next two propositions we derive some basic properties of the Robin’s function.

Proposition 2.1. The function H is continuous in 2 x Q. As a corollary, the Robin’s function x € ) —

H(z) := H(z,x) is also continuous.

Proof. If (xg,y0) € Q x Q, let U be a ball centered at x¢ with closures in €. Since H(x,-) is a harmonic

function in €2, according to the maximum principle we have

0 < H(z,y) < sup < sup sup <400, Vel yel.

zeon 4|z — x| T zev zeon 4m|z —
Therefore the family {H (z,-) |« € U} is uniformly bounded on €, and then, according to theorem 2.18

of [30], is equiuniformly continuous on compact subsets of 2. Hence we get
|H (x,y) — H(xo,y0)| < [H(z,y) — H(z,y0)| + [H(x,y0) — H(xo,90)|-

The first term can be made arbitrarily small by the equicontinuity of the family {H(x,-) |z € U} in yo
and the last by the continuity of H(-,yo) in xg. O

Next lemma describes the boundary behaviour of the Robin’s function.
Proposition 2.2. H(z) — +oo as d(z) — 0, where d(z) = dist(x, Q).

Proof. Fix zo € Q; then B(z,d(z¢)) C Q. Denote by H the regular part of the Green’s function in
B(xo,d(x0)), which is given (2.8). Since H(zo,-) > H(zo,-) on dB(z¢,d(zo)), then, by using again the
maximum principle, H(xo,-) > H(zo,-) in B(zg,d(zo)); in particular H(xq) > H(xo) = m. O

We recall that a harmonic center of € is a minimum point for the Robin’s function. Combining
Proposition 2.1 and Proposition 2.2 we deduce that a smooth bounded domain has at least one harmonic

center. Since, by (2.8), the Robin’s function of the ball B(zg,r) is the unique harmonic center

T2—|wr—mo\2 ’
of a ball is its geometric center. More generally, the Robin’s function of a convex bounded domain is
strictly convex; this implies, in particular, the existence of a unique harmonic center. This result has
been established by Cardaliaguet and Rabah ([7]). However the problem of establishing the number of

harmonic centers for non convex domains is open in general.
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3. OrPTIMAL CONFIGURATIONS FOR PROBLEM (*)

The object of this section is to study the geometrical problem (*), which plays an important role in
the location of the clusters.

To begin with, fix k£ € N and define the following set:
Y= {(Pl,...,Pk) ERSk’|PZ—PJ| > 1 for Z#]}

Hence problem (*) consists in determining the number

1
m(k) :SUP{ZM‘(Pl,,Pk)EEk}
i#g

and in characterizing the configurations which achieve this optimal number. We remark that the func-
tional I4(Py,...,Py) := Z#j ﬁ is called Riesz s-energy. For a study of Iy and related packing
problems, we refer to a recent article [31].

Note that this problem has a physical meaning in R?: consider k rigid balls of radius 1 centered at
Py, ..., P,. Assume that the attractive force between different balls is proportional to %, where r is the
distance between the two centers of the balls. Then —3. oy ﬁ is the total potential energy and
solving problem (*) becomes minimizing the total energy of the system. In the next lemma we study the

maximization problem (*).

Lemma 3.1. The value m(k) is always attained by some configuration. Furthermore, if (Py,...,Py) €
Yk is an optimal configuration, then min,»; |P; — P;| = 1. Moreover, if ki,...,k; € N are such that

ki+4 ...+ k =k, then
(3.1) m(k) > Zm(ki)

Proof. The proof can be found in [16] in a more general framework. For sake of completeness we repeat
it. First we prove (3.1) for ¢ = 2. Take two configurations (P, ..., Py, ) € iy, (Pryt1,---, Pi) € Zi,-
Then translate the convex hulls of each configuration in such a way that their mutual distance is equal
to 1 and there are at least two vertexes belonging to different hulls at distance 1. Hence we obtain a
configuration (Q1,...,Qx) € Xy such that 3, ﬁ > D i i<k it ﬁ D ik i) ﬁ +2,
by which we get (3.1).

Let {(P]*,...,P")}n C Zk be a maximizing sequence. By the translation invariance we may assume
PP = 0. We claim that the sequences {P"} are bounded in R3. Otherwise, up to a subsequence, we
could find I, J C {1,...,k}, I, J # 0, such that TUJ = {1,...,k}, INJ =0, |P"| <C forie I, and
|P}'| — +oo0 for j € J. Then

m<k>=ZM+o<1>= Y mt X o) S m#E)m) ol

i#j z‘;«éj,(i,j)el‘ i I g Gg)es 0 J
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in contradiction with (3.1). By compactness, we can obtain an optimal configuration (P,..., Pg). If it
was | = min;; |P; — Pj| > 1, then the new configuration (%Ph R %Pk) would still belong to ¥ and
would contradict the optimality of (Py, ..., Pg). O

In general, it is difficult to find the number m(k), except for some special cases. For example, it is
obvious that m(3) = 6 and m(4) = 12, with the optimal configurations given by a regular triangle and a

regular tetrahedron with edge 1 respectively. Note that in general m(k) < k(k — 1).

4. KEY ENERGY ESTIMATE
For every € > 0 set
Q. =10 ={x|ex € Q}.
It is convenient to make a change of variables in the system (1.1) to obtain the version
Au—u—dup + f(u) =0 in Q,
(4.1) Aty 4 e*u? = 0in Q.
w, ¥ >0in Q., u=1 =0 on 0,
where

(4.2) 5=wy, ulx) = v(ex), w<x>:§¢<ex>

We begin with the following proposition.

Proposition 4.1. For every g € L2(.) denote by T.[g] the unique solution in H}(Q.) of
(4.3) —Atp = £2g.

Then the following representation formula holds:

(4.4) =¢ / G(ex,ey)g(y)dy,

where G is the Green’s function defined in the section 2. Furthermore

T:lg] > 0 for every g € L*(.) such that g > 0;

fﬂs T.[glgdx > 0 for every g € L*(Qe);

IT-1g]lloe < CevEllgla for cvery g € L2(9.);

IT:]g]ll < C*(llgllx + ||9||oo) for every g € LO"(Q );

the functional J : u € Hg (9 fQ Ydx is C* and

a

b

o

d

e

)
)
)
)
)

J' (u)[v] = 4/Q wT:[u?)de Yu,v € HE ().
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Proof. By Lax-Milgram’s Lemma we get the existence of a unique solution in Hg(€.) of (4.3). The
representation formula (4.4) holds for u € C§°(€).) (see, for example, [22, p. 23, Theorem 1]); by density
(4.4) can be extended to any g € L?(€).). a) follows immediately from (2.7). Furthermore

& [ lglgds = [ [9Tlg)Pdr > 0
Qe Q.

By (1.5) and (2.7), for every g € L?(Q.), by using Holder’s inequality we have

e l9(y)] e 1 1/2
T:[g](z S*/ 7dy§fgz/ —zdy < Cevellgllz,
Tl < o [ < glel ( o TP ) lgl
while, for g € L>(Q,),
@ <o [ 94 = iy < 0l + Lol
4 ly—z|<1 ly — x| 4 Q.
and we obtain c¢)-d). Part e) is a direct computation. O

Associated with (4.1) is the following energy functional E. € C'(H} (), R):

Bl =g [ (T )i |

where F(w) = fow f(s)ds. By using Proposition 4.1 the energy functional can be rewritten as

E_[u) :1/9 (|Vu|2+u2)dx—/Q F(u)dm—&—ge:"/ﬂ /Q G (ex, ey)u? (x)u?(y)dady.

F(u)dz + o / w? T, [u?]dz,
4 Ja.

€

2
We denote by I the energy associated to (1.2):
1
Iw] = 7/ (|Vw|* + w?)da —/ F(w)dx.
2 Jgs R3
Fix k € N and for every Q € R3* set

k
wi =w(z = Qi), i=1....k wg=) wx-Q).

i=1
According to Proposition 2.2 it makes sense to choose 1 € (0, %) sufficiently small such that

H(x) > 2H, for x € Q with d(z) <7

where Hy := ming H(x). Then define the configuration space:
, 1 12 o,
FEZ{Q:(Ql,...,Qk)EQ’g H(eQ;) < 2H,, (1—n)10g€—2<|Qi—Qj|<(log€—2) forz;éj}.

For every Q = (Q1,...,Qr) € T, we set

k
wei(x) =w(r — Qi)x(ex), i=1,....k, w.q= Zw“
i=1

where x € C§°(Q) is a smooth cut-off function such that xy = 1if d(x) > 3 and x = 0 if d(x) < 7. Then

we get we; = w; for |z — Q4] < gL; hence, by (1.4) we deduce

(4.5) ‘wsyi - wi|, ‘szﬂ- - le-|, ’Aws_’i - Awi| = O(e*%)wil/2 = 0(53)w-1/2

K2
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and, by assumption (f1),

(4.6) F(uw.q) - F(uwq), f(w:q) — f(wq) = Olu.q — wq) = o(e”)ug
uniformly for 2 € R? and Q € T..

In order to provide the key result about the interaction of the w;’s we state two useful lemmas.

Lemma 4.1. The following limits hold
1

1 ) .
m /Am fw;)w; de, m » flw)wj de — /]R3 fw)e® dz as € — 07,
uniformly for Q = (Q1,...,Qx) € L., where

1-— 1
Aevi:{xeR?’MaB—Qﬂg 2nlog€—2}.

Proof. The proof is an easy consequence of Lebesgue’s Dominated Convergence Theorem. First notice

that

/Ai’jf(wi)wj—/m< ot 3 fw)w(z+ Qi — Q;), /fwzwj /f w(z + Qi — Q).

According to (1.4) for every x € R3 we have

A . z(Q;—Qj) z(Qi—Qj)
(4.7) lim w(z+Qi — Q) _ o T@a, T — lim e lTHQi—Qi+HQi—Qi| _ T T e, — .
[Qi—Qj|—+oc w(Qz - Q]) |Qi—Qj|—+o0

Observe that, if |z| < 2%JQI — Q] (with o given by assumption (f1)), then |z +Q; — Q] > 575 |Qi — Q;l;
hence, by using (1.4), for |Q; — @Q,| sufficiently large we get

LoD < oy DDt < oy 2L
On the other hand, for |z| > 2+LU|QZ — Qjl, by (1.4) and (f1) we obtain

2 + 0 ||
e,
(2

wz+QZ—Q Qz_Q — o)z 2+U —Z|x
fla) XX Q) gy NGl it < o 22T

w(Qi — Q) [+
Since f(w)el*l € L'(R3), the convergence (4.7) is dominated. Taking into account that w is radial, we
2(Qi—Qj)
deduce [ps f(w)e 9~ T dy = Jzs f(w)e™ dzx for every Q;, Q;, then we obtain the thesis. O

Lemma 4.2. For every g : R3 — R such that (1+ |y|?)g € LY(R3) N L>°(R3) set
i) = [ Ay e - [

o |z =yl s |z —yl?
Then there exist constants C1(g), Ci(g), Ca(g), C5(g) such that

%M@ﬂﬁﬂgﬁ@,kwﬂwﬁﬁ

Furthermore C1(g) = C2(g) = Jgs 9(y) and

_ C4(0)
= Tal?

Y # 0.

3
(4.8) U1 (9], |P2lg]] < 47llglloe + llgllzr,  Cilg), Chlg) <2 (Anllygllse + 97 gllL1)-
p=1
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Proof. First observe that if h € L*(R?) N L°°(R3), then

h h h
/ '(y”dy,/ '(y>‘2dys/ Ol /\h Jldy < 4 hlloo + 1Bl 21,
s [T —yl g [T — ¥l B(z1) I:v—yl

by which we deduce the first part of (4.8). Next fix p = 1,2. From the inequality

|[z[P = |z — y[P| < 2(jz —yP" |yl + |y|P) Va,y € R,

1 1 2 |y / y[?
— = |y < — / dy + dy).
/Rag(y)hx—y\p ol < (Lo D+ | s )

\y|P\z| dy is bounded in R? for p = 1,2: more precisely we have [g, g(y ‘y‘pm dy <

\fb ylP \f': ylP

P+
S 9 e dy + fa 9(0) 2 dy < Ar([5Pg oo + [P gllo) + 979l 1 + lyP+ gl 2, and we deduce
the thesis. O

we get

The function Jrs 9(y

With the help of Lemma 4.1 and Lemma 4.2 we derive the following key energy estimate.

Proposition 4.2. The following estimate holds:

(4.9) E.[w.q] = kI[w] + a(Q) + c16% — c2e®H(£Q1) + o(®) as e — 0T,
uniformly for Q = (Q1,..., Q) € T, where ¢y, ca are positive constants and o : R3* — R satisfies
(4.10) a(Q+P* =a(Q) VQeR¥* vPcR?

(where P* = (P,...,P)). Furthermore

1
—%EQZ\QJFO 4214—0 -Qj) ase — 0T
itj " i#j
uniformly for Q = (Q1,...,Qx) € e, for some positive constants cs, cy.

Proof. We split the functional E. as follows:

5e? 5es
Ee[we q] = E:1[we q] + 167E5,2[w5,Q] - TEE,S[“]&QL

where
Boalweal = 3 [ (VueaP+lweaf)dr. Eoalueal= [ fweoly [ ——uqas,
Q. Q. .|y =zl
E. 3lwe q] :/ wiQdy/Q H(ex,sy)w;Qdm.
Using (4.5) and (4.6) we compute E )
E. 1[we q] = kI[w ; . (Vw; ij—kwwj)dx—/ (F(wQ)—Zk;F(wi))dx—Fo(gB)
i#j i=

(4.11)

ul+ s > [ stwgts — [ (Flug) = 3 P Jds -+
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uniformly for Q € T'.. Set

k

=33 [ swdwde— [ (Fe) =Y F) i Qer

1;&] i=1
Consider the sets A.; defined in Lemma 4.1. For every Q € I'. we have: |z — Q| > |x — Q;| on A, ;, by
which, since w is decreasing in |z|, w; < w; on A, ;. Then, by using assumption (1), we get
)F(U’Q) — F(w;) = f(wi) Y wjl, ’ZF(U};‘)‘ < Cwf Y w} in Ay
J7#i J#i J#i
on the other hand |z —Q;| > $|Qi—Q;| on A, ; for j # i, consequently, by (1.4), w?(z) < w}(5(Qi—Q;)) =
o(w(Q; — Qj)) on A, ; for j # i; hence we achieve

k
(4.12) /A | (F(wQ) =Y F(w;) — f(w;) ij>dx => o(w(Qi—Q;) Vi=1,... k.

=1 j#i J#i
Notice that \F(wQ)—Zf LF(w)] <O w7 on R3. Since |z—Q;] > 1|Qi—Q;] on R3\ (UE_, AL ),
we obtain w? = o(w(Q; — Q;)) on R3\ (UF_, A ;) for every i # j, by which

(1.1 Lo o (o~ Z_Zf;F(wi))da: =3 ofwl(@ - Q)

i#]

Combining (4.12) and (4.13) and using Lemma 4.1 we arrive at
Z/ fwlw]dx—ZZ/ fwledm—i—z Q;))
=1 j#i i#]

Fw)e™dz Y " (1+ o(1))w(Qi — Q;) as & — 0
R3S i#j

uniformly for Q € T.. As regards E. 5, by using again (4.5) we obtain

E.p(w?q) = /R3 w?:zdaz:/R3 ﬁwédy—i—o(a?’) = /}R3 (zk;wl) U, [(Zwl) }d:c-i—o )

. =1
= Z /R3 w2 [w?]dz + az(Q) + o(e?)

where

oo Zw Ulw ]dx—i— Z / wiw; Ve [wiwn, |de + wiw, ¥q [wle])dx
i3 (igobm) it

and ¥, has been defined in Lemma 4.2. We immediately obtain

(4.14) /wflﬂl[wf]da::/ w? W, [w?] d
R3 R3

and the last expression is a real constant independent on @Q;.
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For i # j Lemma 4.2 gives (setting C; = C(w?))

/ Wi [w?]de = / w? ¥ [w?](z + Qi — Q;)dx
R3 R3
2 2
—C Y ari0 v 4
I/RBIx-FQi—Qﬂ v (1)/]R3|x+Qi_Qj|2 v
=101 [w?)(Qi — Q;)+0(1) Vs [w?](Q; — Q;)
C? 0(1) 5 14+0(1)
fr— = C —_—
Q-@ - or ei-q)

Since by (4.8) ¥y [wjw,,] < C uniformly for Q € R3, for i # j and I,m € {1,...,k} we have

/ ww; U [wywy, ] de < C ww; de,
RS RS

and, since for every z € R? |z — Q;| > 1|Q; — Q;| or [z — Q;]| > $1Q; — Q;], i.e. wi(z) < w(3|Q; — Q;)
or wj(z) < w(3|Q; — Qj|), then we deduce
o(1)
w;w,; V1 lww,|der = ————,
/Rs slerenl 4 =167

and, consequently,

1
/ Wwe V1 [ww,] de z/ ww; Uy [wywy,] de = L.
RS RS Qi — Q]
Hence we have proved
1+o0(1

(1)
Qi — Q]

ase — 0t

@(Q)=CF)

1#]
uniformly for Q € T..

It remains to estimate B 2(we qQ):

E. >(weq) = Z/Ra w§7idy /RS H(Ex,sy)wijdaj
B ZJ /Rd /Rs w?(z)x(e(z + Qi) H(e(x + Qi) ey + Q) w(y)x(ely + Q;))dxdy.

We want to apply the Lebesgue’s dominated convergence theorem. By construction for all ¢ it results
el. € K¥ = {2 € Q|d(2) > n}*. Hence, since by Proposition 2.1 H is uniformly continuous on Ky x Ko,
for every x, y € R® and (4, j) we obtain

lim sup (H(E(:c +Qi),e(y+Qj ) — H(Q;, 5Qj)) < lim sup (H(z +ex, 2 +ey)) — H(z, z’)) =0.
e—0% Qerl. e—0F 2 2/eK,

and, since by construction x = 1 in Ky,

lim sup (X(s(x + Qi) — 1) < lim sup (X(&:x +2z)— 1) = 0.
e—0T Qerl. e—0t zeK,
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Hence Lebesgue’s theorem applies (since x(z) = 0 for d(z) > 7, the dominating function is given by

SUPy(2) a(=y>2 H(z, 2N w?(z)w?(y)) for every (i, ) we obtain

2
/]RB wiidy /R3 H(Ez,sy)wijdx =(1+ 0(1))(/}1@ w2> ZH(eQi,st) ase — 0T
%]

uniformly for Q € T.. On the other hand the definition of I'. implies that |H(¢Q;,eQ;) — H(eQ1)| — 0
as € — 01 uniformly for Q € T'., by which

Pealwaq) = (1+o)( [ w2>2k2H(€Ql) as € 0*

uniformly for Q € T'.. By setting a(Q) = a1(Q) + 6216%042(Q), it is obvious that a(Q + P*) = a(Q) for
every Q € R3* and P € R3. Then the thesis follows. 0

Finally we are in position to provide the following error estimates.

Lemma 4.3. There exists a constant C > 0 such that for every e >0 and Q = (Q1,...,Qx) € T

5 o 2
|Awe.q — weq + f(weq) — 0Te[w? gluwe. | < Ce™ T Mg
Proof. According to d) of Proposition 4.1
|T5[w§7Q]w57Q| < 052WQ~

We just need to estimate the local term: by (4.5) and (4.6) we deduce

flw)) + o(e*)wgy?

M-

Awe q — weq + f(weq) = Awg — wq + f(wq) + o(e*)wg” = f(wq) -
1

J

uniformly for € R? and Q € T'.. To this aim set ¢/ = 1£2% € (1,
Lemma 4.1. Fix ¢ =1,...,k and for x € A, ; and j # i we have |z — Q;| > 1_7” log % and w; () < w;();

then, using assumption (2) and (1.4),

o) and consider the sets A, ; defined in

k
‘f(wm =Y f(wy)| < Clwil” D wy < Cuf eIl Y elemail
= i i
< Cw;f*f’/ Ze—a/lQi—lee—(l—U/)lx—Qj\ < 05(14‘0/)(1—77)“);_7*0/ in A ;.
J#i

For x € R3\ (UK, A, ;) we get [z — Q| > 15 51 log & for every i =1,...,k , by which

k k
’ Zf wj;)| < C’Z|w |1+¢7 < Cze—(H—a )Nz=Qjly, —o’ <C Ce1+o)(1-n) Zw
J=1 j=1 j=1 e
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5. THE LINEARIZED EQUATION

Let us equip Hg () and L?(£2.) with the following scalar product respectively:

(u,v)ez/ (VuVv + uv)dz, (u,u>5=/ uv dx.
Q. Q

€

Taken Q = (Q1,...,Qx) € L', we introduce the following functions:

Ow. :
Zeij=(1-NZ50 0 Ge {1, k), je{1,2,3}
8$j
By using (4.5) we deduce
ow; ow;
(5.1) Zegj=(1- A)ﬁxj + o(z;‘?’)wl-l/2 = f'(w;) oz, + 0(53)1111-1/2
uniformly for 2 € R? and Q € T',. After integration by parts it is immediate to prove that
5‘w i
(52) <¢7 6 = ) = <¢7Z€,i,j>5 vd) € H&(QE)7
T €

then orthogonality to the functions ag; = in H{(9.) is equivalent to orthogonality to Z.; ; in L2(). It
is easy to show that (gg’;, ngZ)Hl(RS) = 0 for j # ¢; furthermore for i # m, since |Q; — Q| — +00 as

e — 0F, we get (‘g;’;, %7“;2 )r1(rs) = o(1). Hence, using again (4.5), we can write

OWe >8 _ (8w57i awm)s _ (awi Ow,y,

5.3 Doy iy —— ; il
(5.3) < I Dy Oz O0xy Ox;  Oxy )Hl(R3)

ow |2
D) = ] [ g o0
+0(1) = S5, g 01
as € — 01 uniformly for Q € T (§;, and §;,, denoting the Kroneker’s symbols).

We first consider a linear problem: taken Q € T and given h € C'(€.), find a function ¢ and constants
Bi,; satisfying
Lqld] =h+ Z BijZe,ijs
(5.4) ij
¢ € HZ(QE) n H(%(QE)v <¢7 Zs,i,j>e = 0 fOI‘ 1= 1a .. '7ka j = 1a2737
where
LQ[¢] = A¢ - d) + f/(’ws,Q)(l5 - 6T€[w?,Q]¢ - 26T€[wE,Q¢]wE,Q'
Now we prove the following a priori estimate for (5.4).

Lemma 5.1. There exists a constant C > 0 such that, provided that € is sufficiently small, if Q € T,
and (¢, h, B; ;) satisfies (5.4), the following holds:

[¢lloc < C(lIAll2 + [1Alloo)-

Proof. We argue by contradiction. Assume the existence of a sequence €, — 07, Q,, = (QF,...,Q}) €
T.., (én, ~ij) € (H2(Q:,) N H§(Q,)) x R3* h,, € C(Q.,) satisfying (5.4) such that

16nlloc > n(llfnllz + enlloo)-
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Bi; = DL hy, = . We obtain that

Since H%(Q.) C C(£.), it makes sense to set ¢, = = T H¢ i

(¢n> BY;» hn) satisfies (5.4) and

Hd) ||oo’

||¢n||oo =1, ||hn||2 + thHoo =o(1).

Choose (m,?) € {1,...,k} x {1,2,3} such that, up to a subsequence, |3, ,| > [8}";| for every (7,j) and

n. By multiplying the equation in (5.4) by dwE" ™ and integrating over ). , we get

3w5 m awg m awa m
5.5 ij———dr = — h,—=—d L n) ————d.
(5:5) Z / Zenrtg ox, /Q drg - /Q Q. (1] dxg

First examine the left hand side of (5.5). By using (5.3)

OWe, m
= ([ o)
>0 ;@’] /Q oy Fr PSR

The first term on the right hand side of (5.5) can be estimated as

(5.7) /Q

As regards the last term in (5.5), by d) of Proposition 4.1 we have

(5-8) IT.,,[w?, @I, 1T, [we, ., ¢n]| < Cer,.

Furthermore, by (4.5) and (5.1) we deduce

OWe,, m
Zen,m < . m = o(1).
e < o [ [0l = o(1)

k
o) = 30| 22+ o1
j=1
ow

'LU] ) 3%@

OWwe m
an,m,f - f,(wEan)ﬁ’dx B /Q

—Z/

J#Em

‘dm +o(1) = o(1)

since |Q7 — Qy,| — 400 for j # m. Then using (5.8) we obtain

ow ow
L n Emmd = n _Zs m ! e " d
/Q Q. [¢4] or, /Q ¢ [ womyt + [ (we,.q,) D } z

En

En

aw&nﬂ” 2 _
- 6/9 T«W |:T5n [wt’;‘»,“Qn]qsn + 2T5n [wan;Qn ¢n]w5n;an| dx - 0(1)

Combining this with (5.5), (5.6) and (5.7), we achieve 3}'; = o(1) for every (i,j), by which [k, +
Zi,j ;ijgn,i,jHoo = o(1). Hence, by (5.8), we get
(5.9) [A¢n = ¢n + f'(we,.Q,)¢nlloo = o(1).
Fix R > 0. We claim that
(5.10) [6nllLe=(us_, Bri@y) = 0(1):
Otherwise, we may assume that ||, | L (Br(Qr)) = ¢ > 0. By multiplying the equation in (5.4) by ¢,

and integrating by parts, using a) and b) of Proposition 4.1, we immediately get

/ (|V¢n|2+¢i)dx§/ |f'<wsn,qn>|dx+/ habnldz < C + [ Ballallénllz = C + o([[én]l2).

En En En
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then the sequence ¢,, is bounded in H!(R?), and hence, possibly passing to a subsequence, ¢,,(x+ Q%) —
¢ weakly in H'(R3) and a.e. in R3, and ¢q satisfies

Agy — do + f'(w)po =0, |dollee < 1.

According to elliptic regularity theory we may assume ¢, (-+Q7) — ¢ uniformly on compact sets (see, for

example, [25, corollary 4.7]), then ||¢o||c > c. By assumption ({2) ¢g = Zf L0552 Ba: . On the other hand

for £=1,2,3, using (5.1), 0 = fRS On(+Q7)Ze, 1,0 +QF) — Z?:l aj fRS g;;; (1_A)gTZ = ||8:1:1 ||H1’
which implies ay = 0, that is ¢9 = 0. The contradiction follows.

Hence we have proved (5.10), by which we immediately obtain

I (wer@u)énl, =
and, by (5.9),
|1A¢n = énlloo = o(1)
By standard regularity results ¢,, € C%(Q.,) N C(Qc,). Let T, be the maximum point for |¢,| in €, .

Then we get |¢n|(fn) =1land A|¢n|(fn) < 0, by which |A¢n(fn) _(bn(fn” = ‘Aw)n‘(fn) - |¢7L|(En)| > 1,

which is a contradiction. OJ

Now we are in position to provide the existence of a solution for the system (5.4).

Lemma 5.2. For ¢ > 0 sufficiently small, for every Q € T and h € C(S.), there exists a unique pair
(¢, 8i) € (H*(Q) NH (D)) x R3* solving (5.4). Furthermore

16/l + |6l < ClIAl2 + 1A]loc)-

Proof. The existence follows from Fredholm alternative. To this aim, for every Q € I'. let us consider
Hgq the closed subset of H{(€.) defined by

(¢, agg’;j") —0Vi=1,... .k Vj:1,2,3}.
e

Notice that, by (5.2), ¢ € Hq solves the equation Lq[d| = h+ 3, ; Bi;Z. i ; if and only if

Hq = {0 € Hy(Q)

(5.11) (6, 9)e = (f'(we,@)¢, ¥)e + (T2 [w? gl + 212 [we,qdlwe,q, ¥)e = —(h,¥)e Vi € Hq.

Indeed, once we know ¢, we can determine the unique 3; ; from the linear system of equations

OWe.m,

~{f'(weq)é . ) +(T[w? glo + 2w qélu q. aa;nm )

Owe m Owe m
:—< e, > Zﬁw< i w; > m=1,... .k n=123

€

According to (5.3), the coefficient matrix is nonsingular since it is dominated by its diagonal, that is
det(Z. ; ;, Lemy = ||2(3+k) o(1). By standard elliptic regularity, ¢ € H?(€.).

4,90 "Bz, || EEn
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Thus it remains to solve (5.11). According to Riesz’s representation theorem, take Kq(¢), h € Hq
such that

(KQ(¢)7 1/})6 = _<f/(w5,Q)¢7 ¢>5 + 5<T5[W?’Q]¢ =+ 2T€[w€,Q¢]wQ7 ¢>€ V’l/) c HQ7
(E7w)s =—(hvY)e Y€ Hq.
Then problem (5.11) consists in finding ¢ € Hq such that
(5-12) o+ Kq() = F.

It is easy to prove that Kq is a linear compact operator form Hq to Hq. Using Fredholm’s alternatives,
(5.12) has a unique solution for each &, if and only if (5.12) has a unique solution for A = 0. Let ¢ € Hq
be a solution of ¢ + Kq(¢) = 0; then ¢ solves the system (5.4) with h = 0 for some §; ; € R. Lemma 5.1
implies ¢ = 0.

Finally, by multiplying the equation in (5.4) by ¢ and integrating by parts, using a) and b) of Propo-

sition 4.1, we immediately get

| v6r + )t < [ 17 tweq)dtide+ [ Ihold < Cllolat INEN12 < CAI 1+ [All) [0l
by which

[l < C(l[@lloo + [[2]]2)
and we conclude by using Lemma 5.1 O

6. LIAPUNOV-SCHMIDT REDUCTION

The object is now to solve the following nonlinear problem: given Q = (Q1,...,Qx) € L., find (¢, 3; ;)

solving

S waQ+¢ Zﬁl,] £,8,55
(6.13)

¢€H2(Q)QHO( ) <¢7 S’L,j>E:0 Z':]_,...,k,j:]_,273,
where

Sel] = A — o + f(p) — YT [,

Lemma 6.1. Fiz 7 € (3 5+2”(1 —n)). Provided that € > 0 is sufficiently small, for every Q € T there
is a unique pair (¢q, 3:,;(Q)) € (HZ(QE) N H&(QE)) x R3% satisfying (6.13) and

(6.14) [éqlle <75 lioQllur <&
Proof. We write the equation in (6.13) in the following form:
(6.15) Lq[¢] = —5c[we,ql ¢] + Z BijZeii

and use contraction mapping theorem. Here

Nq[¢] = f(we,q + ¢) = f(we,Q) — [ (we,Q)d — 6(we,q + ) T:[¢°] — 206 T:[we q¢]-
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Consider the matric space Bq = {¢ € C(Q) | [|¢]l2 < €7, [|¢]lc < ™} endowed with the norm || - ||« =

I ll2 4+ || - lloo- Taken ¢1, ¢2 € Bg we compute
| f(we,q + ¢1) — f'(we,q)b1 — fwe,q + b2) — f'(we Q) 2]l
< sup [[f'(we,q + &) — f(we,)llollpr — p2lls < Ce7[|pr — o]l
feBQ
by assumption (f1). By c) of Proposition 4.1 we get

[(we,q + ¢1) T2 (1] — (we,q + d2)Tel@3] ]l < IT2[67 — d3](we,q + é1)ll« + [ T=[63] (61 — 62)ll
< Cevellp1 — bas

In a similar way

61T [we @@1] — 2T [we Ql¢2 |l < Cevelldr — ol

by which

(6.16) IN[¢1] = Nalso]ll« < C(e7™ +eve)llér — ¢2ll« Vo1, ¢2 € Bq, YQET..

For every ¢ € Bq we define Aq[¢] € H?(Q:) N H}(Q:) to be the unique solution to the system (5.4)
given by Lemma 5.2 with h = hq[¢] :== —S:[we @] — Nql¢]. By (6.16), Lemma 4.3 and Lemma 5.2 and

the choice of 7

5420

IAQ[d]llar + [lAQ[#]llee < [[hqlelll« < Cle

at least for small £, and hence Aq[¢] € Bq. Moreover, since Aqg|[¢1] — Aq[p2] solves the system (5.4)
with h = —Nq[¢1] + Nq[¢2], by (6.16) and Lemma 5.2 we also have that

[ Aq[é1] — Aq[¢2]ll < ClINQ[¢1] — Nalealll« < 61 — doll Vo1, ¢2 € Bq, VQETL,

i.e. the map Aq is a contraction map from Bg to Bg. By the contraction mapping theorem, (6.13) has
a unique solution (¢q, B:;(Q)) € Bg x R3*. O

(=) 4 glot DT 4 o347) < 7

Lemma 6.2. For e > 0 sufficiently small the map Q € T'c — ¢q € H}(Q:) constructed in Lemma 6.1 is
Cct.
Proof. Consider the following map K : T'. x H () x R3%* — H}(Q.) x R3* of class C':
— BwE i
(1= A)"H(Sc[weq + ) — 2,5 By et )

¢] £,1
(6, e

where v = (1 — A)_l(h) is defined as the unique solution in H}(€2.) of

(6.17) K(Q,¢,08:;) = (

v—Av=h.

It is immediate that (¢, 3; ;) solves the system (6.13) if and only if K(Q, ¢, ;) = 0. We are going to

prove that, provided that ¢ is sufficiently small, for every Q € T, the linear operator

aK(Q7 (rbv 67,_])

o - HYO R, H1(Q Rk
(¢, Bij) (@b, (@) : Ho(€) X — HM9.) x
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is invertible. But first notice how, assuming this, the thesis easily follows: indeed the uniqueness of the
local solution (¢q,3:,;(Q)) provided by Lemma 6.1 implies that the map ®. : Q € I'. — ¢q € H(Q:)
actually coincides with the implicit function associated to K, hence the Cl-regularity will follow from
the Implicit Function Theorem.

Now we compute

00 Brg) (@I (&, ag”;.z . |
Proceeding as in the proof of Lemma 5.2, ((ﬁ, Bij) solves the system

K s @y Mig n o~

if and only if (since ((1— A)fl

(h),?/))a = (h,1). and since (5.2) holds) ¢ satisfies
(6.18) <Sé [wEVQ + ¢Q 1/J> e Vi € Hq.,

being Hq the closed subset of H}(£2.) defined in Lemma 5.2, and

Oow, ;
(619) (6.555), =
Indeed, once we know q?), the related Bz‘,j are given by the following system of equations:

(Stlnea+oal(d) o) =30y (Gt o)+ (0555

2}

for m € {1,...,k}, n € {1,2,3} (as we have already observed in Lemma 5.2, this system is uniquely
solvable for small €).

Thus it remains to solve (6.18) and (6.19). We can decompose ¢ = ¢ + > i Ci 68“’; , where ¢ € Hq.
According to (6.19), the coefficients ¢;; are immediately determined by the following system:

Z (awsz awam) = Vm.n me{l,...,k}7 n€{17273}7

= dz; = Oz,
’

which is uniquely solvable for small . (6.18) may be rewritten as

(6.0): — (' (we.q + $Q) &, V) + 0{¢Te[(we.q + ¢Q)?], %)
T,

(6.20) N
+ 25<(wa,Q + (Z)Q) e [(wa,Q + ¢Q)¢L¢>S =—(0,¢), V€ Hq-

According to Riesz’s representation theorem, for every ¢ € Hq take Wq (@), 0 € ‘Hq such that

Wq(9),¥)e = — ([ (we.q+0Q) b, ¥)_ + 6(¢Te[(we.q + 0q)*], ¥).
+20((we,q + 6Q)T-[(weq + 6Q)9),¥), VU € Hq,
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and

ch< wEQ+¢Q) 6;7 >+5ch<

+20 i (weq + 6Q)T: [(weq + ¢Q)a§’il],¢>s V) € H,

0]

T.[(w-.q + ¢Q)°], ¢>8

Then problem (6.20) consists in finding ¢ € Hq such that
&+ Waq(d) =—0—10.
By (6.14) and c)-d) of Proposition 4.1, comparing the definition of Wq and Kq (see Lemma 5.2), when
e — 07 we have
Wq — Kq — 0 uniformly for Q € I'..
Since we have proved that I 4+ Kq is invertible, then the theory of the linear operators assures the

invertibility of I + Wgq for small e. This concludes the proof of the lemma. O

7. REDUCED ENERGY FUNCTIONAL
For € > 0 sufficiently small consider the reduced functional
M. :T. >R, M.(Q):= E:[w.q+ ¢q] — kI[w] — c1€?,
where ¢q has been constructed in Lemma 6.1 and ¢; is given by Proposition 4.2.

First we provide the following estimate.

Lemma 7.1. For e > 0 sufficiently small the following holds:
M.(Q) = a(Q) — c2e®H(eQ1) + o(€”)

uniformly for Q € T., where o : R3* — R and co > 0 are given by Proposition 4.2.

Proof. By using d) of Proposition 4.1 and (6.14), for £ > 0 sufficiently small we compute

1
Eclwe q + ¢q] = 5/9 (IV(we,q + ¢Q)I* + (we,q + ¢q)°)dz — / F(weq + ¢q)dx

€

%/ (weq + 6Q) T2 [(w- q + 6q)*]dx

e

1
= Fi(ueq) - [ S-(uq)oads + jloall
- /Q (F(we,q + ¢qQ) — Flwe,q) — f(we,q)dq)dz + O(e*7)

uniformly for Q € T'.. By Lemma 4.3 we have |S:[w. q]| < ™ wQ ™ for small e, while |F(we,q + ¢q) —
F(we,q) — f(we.q)dq| < Cloq|?; hence, by using again (6.14) we get

E.lwe q + ¢q] = Ee(we Q) + 0(52T)

uniformly for Q € T.. The thesis will follow from Proposition 4.2. O
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Next lemma concerns the relation between the critical points of M. and those of the energy functional
E..

Lemma 7.2. Let Q. € I'; be a critical point of M. Then, provided that ¢ > 0 is sufficiently small, the
corresponding function u. = we q, + ¢q. is a solution of (4.1).

Proof. Fix ¢y > 0 sufficiently small such that Lemma 6.1 and 6.2 hold for € € (0,¢0). According to
Lemma 6.1, for every € € (0,e0) and Q € T, ¢q solves the equation

(7.1) Sc(weq+ Q) =Y _ Bij(Q) 2., in Q.

for some constants 3;;(Q) € R3.

Let Q. € T'. be a critical point of M.:

0
OQm,n

Using e) of Proposition 4.1 and the C! regularity of the map Q € I'. — ¢q € H(Q:), (7.2) may be

(7.2)

MAQ)=0, m=1,....k, n=1,2,3.
Q=Q:

rewritten as

0 0
/ (VUEV (’UJE,Q + ¢Q) + (Us B f(ug) + 5u€T€[ug]) ('we,Q + ¢Q)>d$ =0
Qe an,n 8Qm7n Q=Q.
form=1,...,k and n = 1,2, 3, which is equivalent, by (7.1), to
O(we,q +
(7.3) Zﬁij(Qa)/ Ze i Oweq + ¢q) 53 (bQ)dx‘ =0.
ij Qe m,n Q=Q-

Since (Z.; ;, ¢q)e = 0, differentiating with respect to Qm » we have that

8¢Q / 6 CUZleij
7.4 Ze ., dx dr =0("),
7 [, Zizas baggtir = O(F)
since | 5ot | = [Gim 5L | = Gin|(1 = A) g;;; < Ce 2=Qil by (1.4). Notice that g5=2 = —Zpen,

hence, combining (5.3), (7.3) and (7.4) we achieve

Brmn(Qe)

1 3.7 = O
81'1 HHI(Rz) ;0( )ﬁ 5] (Qa)
So 3ij(Qe) =0fori=1,...,k, j =1,2,3. Hence u. solves the equation
(7.5) Aue —ue + f(ue) — duT: [ug] —0.

It remains to show that u. > 0. Indeed, multiplying (7.5) by u_ = max(0, —u.), and using (f1) we see
that

/ |Vu;|2dx+/ \u;|2d:c+5/ (uZ )T [u?]dz = 0
Qe Qe Qe

which implies, by a) of Proposition 4.1, uZ = 0. By the strong maximum principle u. > 0 in Q.. d
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8. THE REDUCED PROBLEM: PROOF OF THEOREM 1.1

In order to complete the proof of Theorem 1.1, we study a maximization problem.

Proposition 8.1. For e > 0 sufficiently small, the following mazimization problem
max{M.(Q) : Q € T}

has a solution Qe = (Q,...,Q5) € I'c. Furthermore, H(eQ5) — Ho and, setting le = min,z; |QF — Q5
the following holds:

(8.1) lim = 1, lim Z% = m(k),

e—0+ |log 2| e—0+

where the number m(k) has been defined in Section 2.

Proof. Let Q. € I'; be the maximum point of the function M, in the set I'.. First we prove that
H(eQ5) — Hp for i = 1,..., k, which is equivalent, since €|Q5 — Q5| — 0, to H(¢Q5) — Hy. Otherwise,
there would exist a sequence e, — 07 such that H(£,Qi") > Ho + a > Hy. Then let Py € Q be a
harmonic center, i.e. H(FPy) = Hy, and set Q. =Q. - (Q5)* + (%)k It is easy to prove that Q. € T.:
indeed |Q% — Qj| = |Q5 — Q5l; furthermore H(eQ5) = H(Py) = Hy and then, since ¢|Q; — Q1| — 0, for
small ¢ H(EQf) < 2Hy. By applying Proposition 4.2 and Lemma 7.1 we get

a(QE ) C28&p (HO + a’) + O( ) > Msn (an) > Msn (an)
= a(Q,) — c2es Ho + 0(e3) = 2(Qx,,) — coel Ho + 0(e3)
and the contradiction follows.
To show that Q. € T, we first obtain an upper bound for M.(Q¢). Let P = (P1,..., P) € Xk be

an optimal configuration given in Lemma 3.1. By the translation invariance of problem (*) we can take

P, = Lo where
EpPe

1 1
pe = log — +loglog —
€ €
It is easy to see that p.P belongs to I'.: indeed, for ¢ # j pe|P; — Pj| > p. > (1 — 1) logai2 and
pe|P; — Pj| < (log %)? for € sufficiently small. Furthermore H(ep.P1) = H(Py) = Hy and then, since
epe|Pi — P1| — 0, for small € H(ep.P;) < 2H,.
By the definition of p. and (1.4) for i # j we get
1 1+o0(1) 2A¢e?
= 3 | Py — P < w(pe
p|Pi — P;| — |loge?|P; — Pj| w(pe| ) (pe) <

8.2 —s
(82) = |loge??

Then, by using Proposition 4.2, Lemma 7.1 and (8.2), we have the following estimate

1+0(1
(Q€)>M pP —0352ZP|P P|_ 4zl+0 pz-:|P Pl)_c25 H0+0( )
e
i#]

(8.3)
1+ o(1 g2 cae? g2
2
= — k
Zuoge?w P||+°<1og62> foge?] M)+ o\ [iog 7]
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We are gomg to prove that Tog 7] — 1 as ¢ — 0T. Assume the existence of a sequence &, — 07 such

\log
that |10g82| >14a > 1. Setting Qg =i L Q. € I, by using again Proposition 4.2 and Lemma, 7.1,
1+0(1) 2 +o(1) 3
M., (Q.,) < c3e? e+ o(e;) < eszey, +o(e;)
;@g - Q5" ; 1+a|logs Qs — Q E")

2
035 €
< —" _ __m(k
(1+a)|loge?| (B) +o (Iloge I)

in contradiction with (8.3). Without loss of generality, we may assume that I. = |Q5 — Q5|. Now suppose

the existence of a sequence such that ‘ 2‘ < 1—a < 1. Then, by (1.4),
g2 2 2
.. nm < - 2 lE” < - 2a 0
w(s,) — A=A, T
as n — +oo, by which we deduce
c3e2 . c3e2
Her e (LT o(1) —caw(Q" — Q3")(1+0(1)) = (1+0(1)) = caw(le,)(1 +0(1)) <0
Q" — Q57| le,,
for large n. Since I > (1 —n)log Eiz, we get
1 1
M., (Qc,) <eseh Y @e:r_oiz)sn +o(ey)
i, (6,5)A(1,2) i
1 1
< c3e? Z +20( A)E — + o(e3)
i#5,(4,5)#(1,2) (1 - 77)| IOg €n||Qin - Q]n|
2
c3e? 1 3
<— % (14+0(1)) <M — 1> +o(e))
(0~ nlloge?] 2- -

2 2
C3& 9
n _1 n
- (1—17)|10g€%|( (k) =1) (IlogE |>

If we choose 1 > 0 sufficiently small such that 1i—n(m(k) — 1) < m(k) we achieve again a contradiction
with (8.3). Then the first limit in (8.1) holds. Furthermore we deduce
1+ of cse? g2
MAQ) < ese® ofe’ o) < o gm®) +o oz )
N R P Tog " Tog "
Comparing this with (8.3) we deduce the second limit in (8.1). Finally notice that [Q5 — Q§| < C for
every i # j and €. Otherwise we could find a sequence €, — 0% and I,J C {1,...,k}, I, J # 0, such
that TUJ ={1,...,k} and |Q5" —Qj" — 4oo fori eI and j € J. Set ky = #I, ko = #J. Then, up to
a subsequence,
1 1 1
m(k) = nhlgo Z En Nen = T}LII;O Z Nen ANen + nlLH;O Z Nen En| — (kl) + m(kQ)
i#j |Q Qj | i#j,i,j€T |Q _Qj | i#j,i,5€JT |Q1 Q |

in contradiction with Lemma 3.1. Hence we obtain

Taking into account of (8.1) we obtain that Q. € I'. for ¢ sufficiently small. d
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Proof of Theorem 1.1.

For every € > 0 set u. = w. q, +¢q, and ¥. = T.[u?], where Q. is given by Proposition 8.1. According
to Lemma 7.2, (ue,1).) solves the system (4.1). Consider €, — 07 a generic sequence. Then, by using
again Proposition 8.1, up to a subsequence, ¢, Q" — P for every i, with H(P,) = Hy. Then, fixed r > 0,
by (6.14),

2 = X o
s [ Glemepnidy= (G R) o) [

udy = (G(ex, Py) + o(l))k/ w?dy
cy—Po|<r/2

R3
uniformly for |ex — Py| > r. Furthermore by d) of Proposition 4.1, using also (1.4) and (6.14) and setting
Ae ={y € Qlley — Rl = r/2},

(8.5) 53/A Glew,ey)uldy < C2(|wgy, + ¢4, Il (a) + lwg, + 64, [lL=(a.)) = o(e?)
uniformly for € R3. Combining (8.4) and (8.5), and using (4.2), we conclude the proof. O

Remark 8.2. We point out that the result of Theorem 1.1 can be improved in this sense: for every
isolated minimum point Py for the Robin’s function H, there exists a family of solutions (ve p,, ¢ p,)
such that ve p, concentrates at Fy. Indeed, it is sufficient to apply a simple localization process: letting
R > 0 be such that H(P) > Hy for 0 < |P — Py| < R, we replace the configuration set T'. with

I‘E:FEH{Q:(Ql,...,Qk)eQ’; Qi — Py| < R Vi}

and all the proof developed above continue to work identically. If no information is known on the minima
of H, then, according to theorem 1.1, we are able to get just one family of solutions (ve, ¢) and different

sequences £, — 07 can give rise to different concentration points among the harmonic centers of ).
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