VORTEX RINGS PINNING FOR THE GROSS-PITAEVSKII EQUATION IN
THREE DIMENSIONAL SPACE

JUNCHENG WEI AND JUN YANG

ABSTRACT. We construct stationary solutions possessing two vortex rings to the nonlinear
Schrédinger type problem
iug = —2Au + <V+ |u\2)u7

where the unknown function u is defined as u : R3 xR — C, ¢ is a small positive parameter and V'
is a real smooth potential. These two vortex rings will be pinned at a fixed site by the potential
V. They lie in the same plane and have neighboring interaction in the normal direction, or in
two parallel planes with interaction in the binormal direction, in such a way that the neighboring
interaction will be balanced by the effect of the potential.

1. INTRODUCTION

1.1. Background. In the present paper, we consider the existence of solutions with vortex rings
to the nonlinear Schrédinger type problem

iug = —2Au+ (V + |u|2)u7 (1.1)

where the unknown function w is defined as u : R® x R — C, A is the Laplace operator in R3, €
is a small positive parameter and V' is a real smooth potential. The equation (1.1) called Gross-
Pitaevskii equation[69] is a well-known mathematical model to describe Bose-Einstein condensates.

Quantized vortices have gained major interest in the past few years due to the experimental
realization of Bose-Einstein condensates (cf.[9], [32]). Vortices in Bose-Einstein condensates are
quantized, and their size, origin, and significance are quite different from those in normal fluids
since they exemplify superfluid properties (cf.[33], [10], [11]). In addition to the simpler two-
dimensional point vortices, two types of individual topological defects in three-dimensional Bose-
FEinstein condensates have focused the attention of the scientific community in recent years: vortex
lines[81, 78, 41] and vortex rings. Quantized vortex rings with cores have been proved to exist when
charged particles are accelerated through superfluid helium[71]. The achievements of quantized
vortices in a trapped Bose-Einstein condensate [85], [65], [64] have suggested the possibility of
producing vortex rings with ultracold atoms. The existence and dynamics of vortex rings in a
trapped Bose-Einstein condensates have been studied by several authors [8], [46], [47], [35], [73],
[40], [75], [45]. Vortex ring and their two-dimensional analogy(vortex-antivortex pair) have played
an important role in the study of complex quantized structures such as superfluid turbulence and
so attracted much attention [11], [10], [53], [44]. The reader can refer to the review papers [36],
[38], [11] for more details on quantized vortices in physical works.

In the present paper, we are concerned with the construction of vortices by rigorous mathemat-
ical method. For the steady state, (1.1) becomes the problem

—e?Au + (V(y) + |u\2>u =0, (1.2)

where the unknown function u is defined as u : R® — C, ¢ is a small positive parameter and V'
is a smooth potential. The study of the problem (1.2) in the homogeneous case, i.e. V = —1, on
bounded domain with suitable boundary condition started from [14] by F. Bethuel, H. Brezis, F.
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Helein in 1994, see also the book by K. Hoffmann and Q. Tang[43]. Since then, there are many
references on the existence, asymptotic behavior and dynamical behavior of solutions. We refer
to the books [2] and [76] for references and backgrounds. Regarding the construction of solutions,
we mention two works which are relevant to present one. F. Pacard and T. Riviere derived a
non-variational method to construct solutions with coexisting degrees of +1 and -1 in [67]. The
proof is based on an analysis of the linearized operator around an approximation. M. del Pino, M.
Kowalczyk and M. Musso [27] derived a reduction method for general existence for vortex solutions
under Neumann (or Dirichlet)boundary conditions. The reader can refer to [54]-[56], [58], [79], [86],
[23]-[24], [48]-[51], [80] and the references therein.

Traveling wave solutions are known to play an important role in the full dynamics of (1.1). More
precisely, when V' = —1, these are solutions in the form

’Lb(y,t) = ﬂ(ylv Y2, Ys — €Ct)
Then by a suitable rescaling, u is a solution of the nonlinear elliptic problem
9
—ic 2~ _pa v (|a|2 - 1)71. (1.3)
0y
In two dimensional plane, F. Bethuel and J. Saut constructed a traveling wave with two vortices of
degree 1 in [18]. In higher dimension, by minimizing the energy, F. Bethuel, G. Orlandi and D.
Smets constructed solutions with a vortex ring[17]. See [22] for another proof by Mountain Pass
Lemma and the extension of results in [16]. The reader can refer to the review paper [15] by F.
Bethuel, P. Gravejat and J. Saut and the references therein. For a similar existence result of vortex

rings for Shrodinger map equation, F. Lin and J. Wei [60] gave a new proof by using a reduction
method.

1.2. The pinning phenomena. Before stating our assumptions and main result, we review some
references on pinning phenomena of vortices.

We start the review by going through the pinning phenomena in superconductors which are
described by the well known Ginzburg-Landau model and most relevant to the topics for Gross-
Pitaevskii equations. When a superconductor of type II is placed in an external magnetic field, the
field penetrates the superconductor in thin tubes of magnetic flux called magnetic vortices. This
will cause the dissipation of energy due to creeping or flow of magnetic vortices[82]. In the appli-
cation of superconductors, it is of importance to pin vortices at fixed locations, i.e. prevent their
motion. Various mechanisms have been advances by physicists, engineers and mathematicians, such
as introducing impurities into the superconducting material sample, changing the thickness of the
superconducting material sample, so as to derive various variants of the original Ginzburg-Landau
mode of superconductivity.

We first mention the results for the modified Ginzburg-Landau equations of a superconductor
with impurities

—Aay + AMJY]> = 1)y + W(z)p = 0,
VXV XA+ In(ypyary) =0,

where W : R2 — R is a potential of impurities, V4 = v — ¢4 is the covariant gradient and
Ap=/aVa. For avector field A, 7 x A = 01 Ay — 02 A1. Numerical evidence that fundamental
magnetic vortices(degrees of +1) of the same degree are attracted to maxima of W(z) can be
found in works by Chapman, Du and Gunzburger[20], Du, Gunzburger and Peterson[34]. Ting
and Gustafson[42] have shown dynamic stability /instability of single pinned fundamental vortices.
Pakylak, Ting and Wei show the pinning phenomena of multi-vortices in [68]. Sigal and Strauss[77]
have derived the effective dynamics of the magnetic vortex in a local potential. For a small positive
number € and some g > 0, by defining

e Strength of external potential W: W € H'(R?) with ||[W||z: < €4

(1.4)
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e Smallness of W and derivatives of W: sup,cp2 |05W (z)| < €? for 0 < |a| <1,

Ting[83] has studied the effective dynamics of multi-vortices in an external potential for the strength
of external potential for 0 < ¢ < 1 and ¢ > 1 (strong and weak external potentials).

As an extreme of impurities, the presence of point defect or normal inclusion in some disjoint,
smooth connected regions contained in the superconductor sample will also cause the pinning
phenomena. Let D C R? be a smooth simply connected domain. For functions ¢ € H!(D;C),
A € H'(D;R?), N. Andre, P. Bauman and D. Phillips considered the minimizers of the energy][1]

E.(4, A) = /D {;|(V—¢A)¢|2 + é(w —a(x))? + %(v x A—hemeg)z}dx. (1.5)

The domain D represents the cross-section of an infinite cylindrical body with es as its generator.
The body is subjected to an applied magnetic field, h.,es where he, > 0 is constant. If the smooth
function a is nonnegative and is allowed to vanish at finite many points, the local minimizers exhibit
vortex pinning at the zeros of a. Later on, for functions v € H'(D;C), A € H'(D;R?), S. Alama
and L. Bronsard consider the minimizers of the energy[5]

B ) = [ {;|(v—¢A)¢|2 g [ (WP a@)” @ )] + ;(h—hex)2}dx, (1.6)

where h = curlA and he, is a constant applied field. They assume that a € C?(D); {x € D : a(x) <
0} = UZ_ wy, with finitely many smooth, simply connected domains w,,, CC D; Va(z) # 0 for all
x € Owpm, m =1,...,n. For bounded applied fields(independent of ¢), they showed that the normal
regions acted as ”giant vortices” acquiring large vorticity for large (fixed) applied field h.,. Note
that these configurations cannot have any vortices in the sense of zeros of ¥ in Q@ =D — U}, _ W,
nevertheless they do exhibit vorticity around the holes w,, due to the nontrivial topology of the
domain Q. For h., = O(]logel), the pinning effect of the holes eventually breaks down and free
vortices begin to appear in the superconducting region a(x) > 0, at a point set which is determined
by solving an elliptic boundary-valued problems. The reader can refer to [6] and [3].

Work has also been done on non-magnetic vortices (A = 0) with pinning (see[7], [13]). For
example, in the model for the variance of the thickness of the superconducting material sample
considered by|[7], a weight function p(z) is introduced into the energy

&v=3 [ [ol7ul+a0-1u?]. (17)

with a bounded domain and A — co. They show that non-magnetic vortices are localized near
minima of p(z) in the first part of [7]. In the second part, they also analyzed the ’interaction energy’
between vortices approaching the same limit site by deriving estimates of the mutual distances
between these vortices. In fact, they showed that the mutual distance between vortices(approaching
the same limit site) is of order O(1/4/|log A|). See also the paper by Lin and Du[57].

In 2006, experimentalists succeeded in creating a rotating optical lattice potential with square
geometry, which they applied to a Bose-Einstein condensates with a vortex lattice[84]. They
observed the pinning of vortices at the potential minima for sufficient optical strength and confirmed
the theoretical prediction by Reijnders and Duine[72]. See also the papers[3], [66] for pinning
phenomena of vortices in single and multicomponent Bose-Einstein condensates.

Note that the above results we mentioned are two-dimensional cases and the location of the
vortices (in the sense of zero of the order parameter) was determined by the properties of the
potential. However, in the present paper and [61], we consider the vortex rings in three-dimensional
space. The location of vortex rings will be also affected by their shape factors(the curvatures).
This will be explained in the sequel.

To the leading order, the vortex lines in the Ginzburg-Landau theory move in the binormal
direction with curvature-dependent velocity[70]. Moreover, the motion of vortex lines in quantum
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mechanics are essentially determined by fours factors[19]: the shape of vortex line, the shape
of the back ground condensate wave function, the interaction between vortex lines and possible
external forces. Note that vortex rings can also be considered as a special case of vortex lines.
By formal asymptotic expansion, A. Svidzinsky and A. Fetter[81] gave a complete description of
qualitative features of dynamics of a single vortex line in a trapped Bose-Einstein in the Thomas-
Fermi limit. To be specific, we shall consider a trapping potential V(y) = m(w? r? + w?2%)/2
in the cylindrical coordinates (r,#6,z), with aspect ration defined by A = w,/w,. The density
profile of the condensate is given by p(y) = po(1 —r?/R? — 22/R2) in Thomas-Fermi limit, where
Ri = +/2u/mw? and R, = \/2p/mw? are, respectively, the radial and axial Thomas-Fermi radii
of the trapped Bose-Einstein condensates; p is the chemical potential and pg = um/4nh%a is the
central particle density. Thus the velocity of a vortex line at y in nonrotating trap is given by(cf.
(38) in [81])

(1.8)

V:A@Jﬁ(rwiﬁ”+k3>

1p(y)/ po
where T and B are tangent vector and binormal of the vortex line. In the above, A(¢, k) =

(—h/2m) log (5\ [R% + k2/8) and k is the curvature of the vortex line. For more details, the reader

can refer to [81] and the references therein. Recently, T. Lin, J. Wei and J. Yang[61] construct
solutions with a single stationary(and also a traveling) vortex ring for (1.1) with inhomogeneous
trap potential by the finite dimensional reduction method in PDE theory.

It is worth to mention that the authors[81], [61] studied the motion of a single vortex ring under
the effects of the three factors except the interaction between vortex rings. More precisely, from
(1.8) we see that the shape parameter(the curvature), the wave function and the gradient of the
potential will determine the limit site of the stationary vortex lines, i.e. the potential will pin the
vortex lines. We will call the role of the gradient of the potential as the effect of first order of
the potential. Hence in the present paper we want to study the role of the factor of interaction
between vortex rings by adding one more vortex ring. We will find that the interaction between
vortex rings will be balanced by the second derivative of the potential, see Remark 3.1 and Remark
3.2. We will call the role of the second derivatives of the potential as the effect of second order
of the potential.

We are now interested in showing the existence of stationary state of (1.1) possessing vortex
rings with neighboring interaction, which will be pinned by the trap potential. In other words, we
are looking for solutions to problem (1.1) in the form[63]

U(y, t) = eil/t ﬂ(ylv Y2, y3)7
which also has vortex rings. Here v is a constant to be determined latter (cf. (1.21)). Then @ is a
solution of the nonlinear elliptic problem

—2na+ (Vi) +v+aP)a =0, aeH'®R). (1.9)

We first consider the case for two rings lying in the same plane in such a way that they have
vortex-vortex interaction in the normal direction, which will be balanced by the effect of second
order of the trap potential. Then we construct two parallel vortex-vortex rings whose neighboring
interaction in the binormal direction will be also balanced by the effect of second order of the trap
potential. We call the first kind of interaction as type I and the second as type II.

1.3. Assumptions and results. We assume that the real function V in (1.1) has the following
properties (A1)-(A4).
(A1): V is a symmetric function with the form

V(yi,y2,y3) = V(r,ys) =V (r,—y3) withr=\/y} +v3.
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(A2): There is a number ro such that the following solvability condition holds

ov a
— - — =0. 1.10
or (r0,0) 70 ( )
Here a is a positive constant defined by (cf. (7.11))
1 / |
a=— [ p(s|)p'(|s|)— ds >0, 1.11
= etishe s (111)
where p is defined by (2.1). We also assume that ¢ is non-degenerate in the sense that
0%V a
— — 0. 1.12
o2 l(ro,0) N 8 7 (1.12)
Moreover, the following holds
02V 0%V
= — 0 = — 1.13
F1 Or? 1(re,0) 7 or F2 Y3 1(r0,0) (1.13)

(A3): There exists a number ro with ro —r9 = T such that
-1 + {V(r, y3) — V(T(),O)} <0, if\/r2+y3 € (0, 12), (1.14)
and also the following conditions
1y (V(r, y3) — V(TO,O)> =0, V'(rys)>0, V'(rys) >0, (1.15)

hold along the circle \/12 +y3 = ro. Here 1o is a universal positive constant independent of ¢ and
the derivatives were taken with respect to the out normal of the circle \/1? + y3 = ra.

As a consequence of (1.14) and (1.15) there exist positive constants ¢, cq, 71,72 and 75 with
71, T2 < 1/100 such that

14 {V(r, ys) — V(TO,O)} <y, if\/r2 4y e (0,0 —T), (1.16)

-1+ [V(T7 Y3) — V(rO,O)} > o, if (/124 y3 € (ro+ T2, 72 + T3), (1.17)

Hence, we finally assume that
(A4): Outside the ball of radius ro + T2, the potential V satisfies

14 [V(T,yg) fV(ro,O)} >y, if /12 + 12 € (ry + T2, +00). (1.18)

Some words are in order to explain the physical and mathematical motivations of the assump-
tions in (A1)-(A4).

Remark 1.1.

o We will need the symmetries in (A1) to transfer the problem (1.9) into a two-dimensional
case in subsection 3.1, in such a way that we can apply the mathematical method from
[60]. Moreover, we will use these symmetries to determine the locations of vortex rings,
see Remark 1.5.

e The assumptions in (A2) will determine the dynamics of vortex rings with neighboring
interactions, see Remark 1.8 and Remark 1.6. For mathematical explanations of conditions
(1.12) and (1.13), see Remarks 3.1 and 3.2.

o We will determined the density function(i.e. the absolute value |u| of a solution u) with
decay by the classical Thomas-Fermi approach in outer region of vortices. So we impose
the conditions in (A3), see Remark 1.5 and Remark 1.2.
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e [t is also worth to mention that we assume that V' satisfy (1.18) outside the ball of radius
ro +To. This is due to that facts that it is a vortexless region and we do not care the effect
of the potential V there. Moreover, the assumption in (1.18) will be helpful for dealing with
the problem in mathematical aspect and then determining the density function with decay
at infinity, see part 5 of the proof of Lemma 6.1.

O

Remark 1.2. A typical form of V in physical model is the harmonic type, see [31]

V(y1,y2,53) = 911>+ ly2l? + [us]*.
It is easy to check that the harmonic potential satisfies the assumptions (Al)-(A4). In recent
experiments in which a laser beam s superimposed upon the magnetic trap holding the atoms, the
trapping potential W is of a type[T4]
Wrys) = r* + 43 +bae ™ r® =i + 43, (1.19)

where by are by are two positive constants. This potential W satisfies (A1l). Trivial computations
give that

ow 2 0*W
=9 — by byre T I 9
or r 1021€ ) 6y§ )
0*W :
W =2 — 2b1 b2 e—b17"2 + 4b% b2T2 C_b”z.

By solving the equation

2 — 2b1 b2 67b1r2 = %,

r

we can find ro satisfies (1.10) and also (1.12) because of the relation
O*Ww a b2 a 2
57 " 2 =92 — 2y by e ™ —r—2+4b%b27’26 bar”,

If by and bs are small enough, %—Vf >0 and LW

2
12 > 0.

However, one can check that W does not satisfy the assumptions in (A3) and (A4). In fact the
relation

-1+ \W(r,ys) — W(r070)] = —1—7r5 — b e 42 4 Y3 + by e <0

hold in a region D, which is not a ball. In the present work, we focus on the pinning phenomena
and do not care the profile of the order parameter u far from the vortex region. As we have stated
in Remark 1.1, we will use the classical Thomas-Fermi approach in outer region of vortices to find
the order parameter u, which will bring singularity and be improved by a correction term around
the corner of dD, see Remark 1.5. For the convenience of arguments of dealing with the problem
in a small neighborhood of dD, we consider the potential satisfying the assumptions in (A3) and
(A4). In fact, we can modify the function W and get V in the form

2
Vi(r,ys) = 1% + y3 + n(rys)bee 7, 12 =y + 43, (1.20)

where 1 is a smooth cut-off function such that n(r,ys) = 1 for \/r?2 +y3 < ro+7 for some positive
constant T and n(r,y2) = 0 for \/7? +y3 > 1o + 27. Moreover, we require that

n(r,ys) = n(r,—ys).
Now, we have
-1+ [V(T’%) - V(TO,O)] = —1—7r5—by et 4 2 4 ys + n(r,ys) ba e’

Careful computations will give that V' satisfy the assumptions in (A3) and (A4) if we choose T
small enough. For a general potential, D may be a smooth bounded domain without symmetries. It
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is an interesting problem to study the Thomas-Fermi approximation and its improvement around
OD, which deserves an independent long paper. The reader can refer to a recent paper [52] and the
references therein for a complete discussion. (|

By setting
V(re,0)+v = —1 and V(r,ys) = V(r,ys) — V(ro,0) (1.21)

in (1.9), we shall consider the following problem
—2Na+ (=14 Vings) +|if)a =0, aeH'®), (1.22)

By the setting in (1.21), we can consider the equation as a perturbation of the classical Ginzburg-
Landau equation in a neighborhood of (rg,0) in the (r,y3) coordinates and then construct vortex
rings, see Remark 1.5. In the above, the new potential V possesses the properties:

ov ov -~ ov

_— =0, - = 0, V(T070) = 0,

O0ys |(r,0) or

(0,y3) or
and also

a
(TO)O) To ( )

-1+ V(Tay3) = 07
along the circle \/r2 + y3 = ro.

The main object of the present paper is to construct a solution to problem (1.22) with a pair
of vortex rings approaching the circle (r¢,0) in the (r,y3) coordinates. In other words, we will
construct a solution to (1.9) with two vortex rings, characterized by the curves

VYi+tys = fi, oys = di,
VY +u3 = fo ys = da,

where dy, d, f1 and fs are four parameters to be determined in the reduction procedure. If F1 # 0
the locations of the neighboring vortex rings satisfy

Type L dy =dy=0, fi+fo=2r0+0(), fi—f»=0(1/y/]loge|). (1.25)
If F5 # 0 the locations of the neighboring vortex rings satisfy

Type IL: dy +dy =0, dy —do = O(1/y/|logel), fi = f2 = ro+O0(e). (1.26)

(1.24)

Remark 1.3. As we have stated before, there are some works on the dynamics of vortex lines
with the action of trapped potential, base on formal expansion, see [81] and the references therein.
In our case, we will set two vortex rings very close in the sense that their distance is of order
O( 1/+/|loge| ) So they are pinned in the same limit site, see Remark 1.6. By using the assumption
(A1) and the formulas in (1.24)-(1.26) for the locations of vortex rings, the curvatures k of vortex
rings obey k ~ 1/rg, while in a neighborhood of the vortex rings VV ~ %—‘; ( )N with the normal
’I“(],O
vector N of the vortex rings. We want the stationary vorter ring to be trapped by the potential V,
so we impose the condition (1.10) to make the vortex curvature and the trap potential compensate

each other in the first order. This is the case of zero velocity in (1.8). g

Before stating the main results, we introduce the notations

1/2 1/2
a=[01- AP +w—d)?| " =[] - R+ G —d)?]

5 2. 2 ov

(7’2,0)
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and o1 (y1, Y2, y3) = po1(r,y3), o2(y1,¥2,¥3) = ¢o2(r,ys) are the angle arguments of the vectors
(r—f1,ys—d1) and (r— f2,y3 —ds) in the (r, y3) plane. It is well known that p(£)e*¥o! is a standard
vortex (of degree +1) solution around (f1,d;) where p(z) is the unique solution of the problem

1 1
o+ ;p’ Pt (1—|p*)p=0 forzec (0,400), p(0)=0, p(+o0)=1. (1.27)
Let ¢ be the unique solution to the following problem

" —q(l+¢*)=0 onR, q() — 0 as £ — +oo, q(f) — 400 as £ — —oo. (1.28)

The functions p and ¢ will be described in more detail in section 2. Since we will describe two
types, called type I and II as before, of interactions of neighboring vortex rings, by recalling the
condition (1.13), we will choose a parameter j for type I in the form

. [ 1, ifFy <0, , 0%V

j= { 9 fF, >0 with F; = 7 Loy’ (1.29)
while for type II by

. [ 1, ifFy<0, : a4

j= { 9 i fy> 0. with fo = 73y§ o)’ (1.30)

This choice of the parameter j will be explained in Remark 1.6. The main result reads:

Theorem 1.4. For ¢ sufficiently small, there exists an azially symmetric solution to problem
(1.22) in the form u = u(|y'|,y3) € C(R3,C) with a pair of vortex rings. More precisely, the
solution u possesses the following asymptotic profile

p(L)p() el ) (o), ye Dy = (e<eh),

u(y1,y2, y3) = 1= V(r,ys) eileor t(=17202) (1 4 0(1)), y €Dy = {£ <1y —e' 22} \ Dy,

3 a1/t ) om0 v) (14 o(1)), g€ Dy = (£ g — 1),

where A1 and Ay are two positive constants with A1, Ao < 1/3. The locations of these two vortex
rings satisfy (1.25) or (1.26). O

To explain the result, we give several remarks. The reader can refer to Subsections 4.1 and 4.2
for more details on the asymptotic behavior of the solution.

Remark 1.5. In the vortex core region Ds, we consider the problem (1.22) as a perturbation of
the homogeneous case of (1.2), i.e. the case of V.= —1 in (1.2). Hence we can set two vortex rings
with profile in the form

p(ﬁ)e%@mp(é) ei(*l)ij. (1.31)
€ €

These two vorter rings have interaction, see Remark 1.6. In the region Dy, we neglect the kinetic
energy by the classical Thomas-Fermi approach and determine the density function by solving the
equation

—1+ V(rys) +u?=0

due to the assumption (A3). This was justified by G. Baym and C. Pethick in [12]. The reader
can refer to the monograph [69] for more discussions. However, this approach does not describe
properly the decay of the wave function near the outer edge of the cloud. In other words, if we

substitute the approrimation /1 — f/(r, y3) eilpo1+(=1)%02) into the kinetic part, the derivatives of

the function \/1 —V will bring singularity around the edge /72 + Y3 = ra, see the formula (4.39)
and the discussion in subsection 4.1. For the correction of the Thomas-Fermi approrimation, there
are also some formal expansions in physical works such as [62] and [37]. Here we use q in Lemma
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2.4 to describe the profile beyond the Thomas-Fermi approximation. The function q is a solution
of a type of Painlevé equation. The reader can refer to [2], [4] and [52]. O

Remark 1.6. If F1 <0 or Fo <0, then V is repulsive hump-shaped around rq. To achieve the
balance of the interaction of vortex-vorter and the effect of second order of the potential we choose
j=11in (1.831) in such a way that we put two attractive vortex rings (the vortex ring of degree
+1 and its anti-pair of degree —1). On the other hand, for the case of F1 >0 or o > 0, we will
choose j = 2 to get two repulsive vortex rings of the same degrees. For mathematical explanations

of conditions (1.12) and (1.13), see Remarks 3.1 and 3.2.

Note that the distance between neighboring vortex rings is of order O( 1/+/]loge| ), which implies
that they are pinned at the same limit site as € tends to zero. Thus the interaction of neighboring
vorter rings is strong enough to make it ‘comparable’ to the effect of second order of the trap
potential. This quantity is determined by solving an algebraic system (7.16) or (7.19), which was
derived by the finite dimensional method in Section 7, see also Remarks 3.1 an 3.2. It is worth
to mention that this phenomenon also appears in pinning of two dimensional vortices. The reader
can refer to, for example, [7). In addition, for the foliation of multiple phase transition layers of
the Allen-Cahn equation (real valued)

EAu+u—ud =0
on a smooth bounded domain(with homogeneous Neumann boundary condition) or a compact s-
mooth Riemannian manifolds, the authors also used the infinite dimensional reduction method[28]
to derive a system of nonlinear PDEs (Toda system[29] or Jacobi-Toda system[31] respectively)
to describe the neighboring interaction of multiple phase transition layers with mutual distance of
order O(e|logel). The reader can refer to the review paper{30] for more references on Jacoi-Toda

system.
U

Remark 1.7. In Theorem 1.4, the solutions we have constructed satisfy
/ (|Vul|* + [u]?) < 4o0. (1.32)
R3

Thus the asymptotic behavior of the solutions is quite different from those constructed with constant
trapping potential ([17]). The reason for this is clear: because of the trapping potential, there exists
a vortezless solution satisfying (1.32). Outside the vortex our solutions behaves like this vortexless
solution. A major difficulty is the matching of vortex solution with vortexless solution. 0

The remaining part of the present paper is devoted to the complete proof of Theorem 1.4. We
will use the finite dimensional reduction method in the sense that by the reduction procedure we
transfer the PDE problem into a problem(such as an algebraic problem) which can be solved on
a finite dimensional abstract space. The finite dimensional reduction procedure has been used in
many other problems. See [25], [39], [59] and the references therein. M. del Pino, M. Kowalczyk
and M. Musso [27] were the first to use this procedure to study Ginzburg-Landau equation in
a bounded domain. F. Lin and the first author adopted this approach to the Schrodinger map
equation in [60]. It is worth to mention that an extension of the finite dimensional reduction method
was introduced in the work [28], which was called the infinite dimensional reduction method by
transferring the PDE to a new problem(such as another ODE or PDE) which can be solved on an
infinite dimensional abstract space. The main steps of finite dimensional reduction method will be
given in subsection 3.2.

The organization is as follows: in section 2, we give some preliminary results. After transferring
the problem (1.22) to a two dimensional case (3.3)-(3.4), and providing a collection of notations
in subsection 3.1, we sketch the outline of strategy of the proof in subsection 3.2. In section 4, we
construct an approximate solution and estimate its error. As in the standard reduction method,
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sections 5-7 are devoted to solving a nonlinear projected problem (5.50) for given parameters
f1, f2, di and ds and then solving a system involving f1, fo, d1 and do to get a real solution of
problem (3.3)-(3.4).

2. PRELIMINARIES

By (¢,¢) designating the usual polar coordinates s; = £cos, sy = sinp, we introduce the
standard vortex block solution

Uo(s1,52) = p(£)e'?, (2.1)
with degree +1 in the whole plane, where p(¢) is the unique solution of the problem
1 1
Pl —mp+(l- pI*)p =10 for £ € (0,400), p(0)=0, p(+o0)=1. (2.2)

It is easy to check that
AUy + (1 —|Uo|>)Uy = 0. (2.3)
The properties of the function p are stated in the following lemma.

Lemma 2.1. There hold the following properties:

(1) p(0)=0, p(0)>0, 0<p(®) <1, p') >0foralt>0,
(2) p(f) =1— 55 + O(%) for large ¢,

(3) p(t) =kt — ££3 + O(£%) for € close to 0.

Proof. The proof can be found in Theorem 1.1 in [21]. O

We introduce the bilinear form associated to problem (2.3)

Bo) = [ 1vof — [ (=rloP +2 [ IReCoo)? (24)
defined in the natural space H of all locally-H' functions with
el = [ 170 = [ =6k + 2 [ Re@uo)l < +oc. (25)
Let us consider, for a given ¢, its associated 1 defined by the relation
¢ = iUo?. (2.6)
Then we decompose 1 in the form
U =vo(0) + Y [vn+ VA, (2.7)
m>1

where we have denoted
o = Yo1(£) + ivo2(£),
Uy = Py (£) cos(md) + ithy,5 (£) sin(md),
Uiy = iy () sin(mi)) + it} (€) cos(md)).

This bilinear form is non-negative, see the first section of [26] and the references therein. The
nondegeneracy of Uy is contained in the following lemma, whose proof can be found in Lemma A.1
in the appendix of [27].

Lemma 2.2. There exists a constant C > 0 such that if ¢ € H decomposes like in (2.6)-(2.7) with
1o = 0, and satisfies the orthogonality conditions

Re/ QZ%:Q 1=1,2,
B(,1/2) 081
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then there holds

so.0zc [ 40
’ - r2 1+ 2
O
The linear operator Ly corresponding to the bilinear form B can be defined by
0? 0? _
Lo(@) = (75 + 55 1—|pl*)¢ —2 . 2.
00) = (5 + 5z )0+ (1= 10P) = 2Re(Tio9) Uy (2:8)

The nondegeneracy of Uy can also be stated as the following lemma, whose proof can be found in
Theorem 1 of [26]. The method relied on the decompositions in (2.6)-(2.7).

Lemma 2.3. Suppose that Lo[¢] = 0 with ¢ € H, then

¢=cl%+02%7 (2.9)
for some real constants cy,cy. O
To construct approximate solutions in Section 4, we also prepare the following lemma.
Lemma 2.4. There exists a unique solution q to the following problem
" —q(l+¢*)=0 onR, q() = 0 as £ — +o0, q() = 400 as £ — —oo.
Moreover, q has the properties
q(0) >0 forall ¢ € R, ¢ W) <0 forallt>0,
q(0) ~ exp (—%/%)  as £ — +oo, q(l) ~ =1 as L — —oo.
O

The proof was given in Lemma 2.4 in [61].

3. THE SYMMETRIC FORMULATION OF THE PROBLEM AND OUTLINE OF THE PROOF

By using its symmetry, we will first transfer the problem (1.22) to a two dimensional case in
(3.3)-(3.4) and then give an outline of the proof for Theorem 1.4. For the convenience of readers,
we also provide a collection of notations in subsection 3.1.

3.1. The symmetric formulation of the problem. Making rescaling y = ¢, problem (1.22)
takes the form

~0a+ (=14 V(eg) +[a?)a =0, (3.1)
Introduce new coordinates (7,0, g3) € (0,400) x (0,27] x R in the form
’Ijl :fCOSG, QQ :fsinﬁ, gg :]jg.
Then problem (3.1) takes the form
0? 0? 102 10 ~
(L S (14 V(er, e ~2)*:0. 3.2
(af2+ag§ tagg )it (S 1 Ve + i) (3-2)
In the present paper, we want to construct a solution with vortex rings, which does not depend
on the variable . Hence, we consider a two-dimensional problem, for (z1,z) € R?
0? 0? 1 0 ~
S 5(7 i 77) (1—V emy) — 2) —0, 33
[u] P + 922 + o 9 u + (e|lz1|,exa) — |ul® )u (3.3)
with Neumann boundary condition

O 0,52) =0, [u] — 0 as 3] — +o0. (3.4)
8951
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For the convenience of readers, a collection of notations is provided.
Notations: For further convenience, we have used x1,x2 to denote 7,73 in the above equations,
and also

x=(z1,22) €R% [=lz|, RZ={(z1,22) €R?:2; >0} (3.5)

In this rescaled coordinates, we write
di=di/e, dy=dz/e, fi=fi/e, f2=f2fe, (3.6)
722:7"2/6, 7A'0:7"0/€, (37)

where the constants fi, fa, d1, d2, 79 and ro are defined in (1.24), (1.15) and (1.10). By the
notations, see Figures 1 and 2

& =(frd), &=(fad), &= (fsds), &= (fad), (3.8)
where fs, f1, ds and dy are given in (5.15) and (3.16), we also introduce the local translated variable
s=x —¢€ or z=u1x— &, (3.9)

in a small neighborhood of the vortices. We will use these notations without any further statement
in the sequel.

For any given (x1,2) in R?, let wo1(z1,22), vo2(1,72), o3(1,72) and wos(z1,72) be respec-
tively the angle arguments of the vectors (x1 — fl,xg - dl), (x1 — fg,azg - dz), (z1 — fg,(EQ - dg)
and (x1 — (24,:172 - 624) in the (x1,x2) plane , see Figures 1 and 2. We also let

Uy (21, @2) = \/(331 — )2+ (@2 —dh)?,  ly(wr,m0) = \/(331 — ) + (w2 — da)?,

l3(z1, 1) = \/(ml — f3)2 4 (12— ds)?,  La(w1,25) = \/(371 — f4)? + (w2 — da)?,
be the distance functions between the point (x1,x2) and the of vortices locating at the points €1, €,
€3 and €.
To construct the approzimate solution, we will first decompose the whole space into D1, Do and
Ds, see (4.24). Then we make further decompositions in (5.9) and (5.10) such that
Dy = D17UDys, Dy = U8 _ 1Dy, D3 = D3;UDss.

The reader can refer to Figure 1 and Figure 2.
Finally, we decompose the operator in (3.3) as

(3.10)

Slu] = Solu] + Si[ul, (3.11)
with the explicit form
2 2
Solu] = (88:1:% + 681’% + %16%1)% Sifu] = (1 — V(e|zy1], exa) — |u|2)u (3.12)
For later use, we give the formula
Solfgl = Solf] + Solg] + 2Vf-Vg (3.13)
for any given smooth functions f and g. 0

To handle the influence of the potential, we here look for vortex ring solutions vanishing as |z|
approaching +oo. As we stated in (1.24), we assume that the two vortex rings are characterized
by the curve, in the original coordinates § = (91, 92, J3)

VI +33 = fi, U3 = di,
IR +33 = fa, U3 = do.

In other words, in the two dimensional situation with (1, 23) coordinates, we will construct two
vortices at €; and €5 and its anti-pairs at €4 and €3, see Figures 1 and 2. For the construction of

(3.14)
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FIGURE 1. Decomposition of domain for type I

solutions possessing vortex rings with interaction of type I in Theorem (1.4), we assume that the
parameters satisfy the constraints

fitfi=0, fotfs=0, di=dy=d3=dys=0,

(3.15)
fitfo =270+ 0(1), fi—fo=0(c " |loge[7/?),
while for vortex rings with interaction of type II by
fitfi=0, fotf3=0, fi=fo, fi+fo=27+0(),
(3.16)

Ci1+6i2=0, J3+CZ4=0, 6212624, 621—622 = 0(5_1‘10g8|_1/2).

These parameters will be determined by the reduction procedure in section 7, see also Remark 3.1
and Remark 3.2.

3.2. Outline of the Proof. In order to prove Theorem 1.4, we will use the finite dimensional
reduction method to find a solution to (3.3)-(3.4). Here are the main steps of the finite dimensional
reduction method.

Step 1: Construction of approximate solutions

To construct a solution to (3.3)-(3.4) and prove the result in Theorem 1.4, the first step is
to construct an approximate solution, denoted by ug in (4.58), possessing a pair of neighboring
vortices locating at €7 and €5 and their antipairs at €, and é3.

The heuristic method is to find suitable approximations in different regions and then patch
them together, see Remark 1.5. So we decompose the whole plane into different regions D1, Da, D3
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D11

o)

FIGURE 2. Decomposition of domain for type II

as in (4.24), see Figures 1 and 2. Note that the components of Dy center at (—g,0) or (7, 0).
The first approximation u; to a solution has a profile of a pair of standard vortices in Dy, which
possess vortex-vortex interaction and centers €, € and &y, €3, see (4.26). Then in D; we set
u1 by Thomas-Fermi approximation in (4.29) and then make a trivial extension to the region Dj
at the moment. As we have stated in Remark 1.5, we shall find an improvement beyond the
Thomas-Fermi approximation. This will be explained in the following.

Now there are two types of singularities caused by the phase term of standard vortices and the
Thomas-Fermi approximation, which will be described in subsection 4.1. In fact, in the region Dy,

J .
to cancel the first singular term -~ 2 caused by the phase term ) in (4.28) we here add one more
1 01

correction term 7 in (4.44) to the pase component as the works [60] and [61]. On the other hand,
for the second singularity caused by the Thomas-Fermi approximation, by some type of rescaling
in (4.53), in D3 we use ¢(a solution of Painlevé II equation) in Lemma 2.4 as a bridge when |z
crossing the circle of radius 7o and then reduce the norm of the approximate solution to zero as
|z| tends to co. The improvement procedure will be done in subsection 4.2

Finally we get the approximate solution uy in (4.58), which has the symmetry
UQ(CL‘l,LL‘Q) = UQ(l‘l,—xg), U2(l‘1,$2) :u2(—x1,m2). (317)

Note that us is a function depending on the parameters fl, e f4, ch, ...7cf4 with constraints in
(3.15) or (3.16). The subsection 4.3 is devoted to the deriving of the estimation of the error Sfus]
in suitable weighted norms. The reader can refer to the papers [27] and [60].

Step 2: Finding a perturbation

We intend to look for a solution of (3.3)-(3.4) by adding a perturbation term to us where the
perturbation term is small in suitable norms. More precisely, for the perturbation v = 1y + is
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with symmetry (5.5), we take the solution w in the form (cf. (5.4))
u = [X(Uz +iv91h) + (1 — x) (v1 + v2)ew} + [vs + mge%}

where v1, vy, v3 are local forms of the approximate solution ug, see (5.3). This perturbation method
near the vortices was introduced in [27].

For given parameters fi, ..., fa, di, ..., ds with constraints in (3.15) or (3.16) and ¢ small, instead
of considering the problem (3.3)-(3.4), we look for a 1 and Lagrange multipliers ¢, c2 to satisfy
the projected problem

Xy 8{1?1

(6% + a% + - ) + ( — V(e|z1],ex9) — |u|2)u = 1A + oo,
(3.18)
Re( [z #A1dz) =0, Re( [odAoda) =0 with ¢ = ivg),
where A; and As are defined in (5.48) or (5.49), which constitute the kernel of the linearized
problem at us because of Lemma 2.3. After writing problem (3.18) into a problem (with a linear

part and a nonlinear part) in the form of the perturbation term 1, we can find the perturbation
term v through a priori estimates and contraction mapping theorem.

The procedure will be done in the following way. It is well known that the establishment of
a priori estimates relies heavily on the properties of the corresponding linear operators. To get
explicit information of the linearized problem at the approximate solution us, we then also divide
further D2, Dy and Dj into small parts in (5.9) and (5.10), see Figures 1 and 2. In section 5,
we then formulate the problem in suitable local forms (with linear parts and a nonlinear parts) in
different regions.

The key points that we shall mention are the roles of local forms of the linear operators for further
deriving of the a priori estimates in Lemma 6.1. In D;, the linear operators have approximate
forms, (cf. (5.14) and (5.18))

0? 02 1 0
b = (G B L+ 2o,
1(¢1) 0272 + 022 +— 2 0z, 1+ 3 ¥V b1 Vi
- 0? 02 1 0
L) = (55 + 5 ) — 2 =
1(¢2) 322 + 022 + P2 a9y + »3 ¥ B Ve
The type of the linear operator L; was handled in [60], while L; is a good operator since |us|
stays away from 0 in D; by the assumption (A3), see (5.12) and (5.16). In the vortex core regions
D1, Do, Do g and Ds 4, we use a type of symmetry (3.17) to deal with the kernel of the linear
operator related to the standard vortex. In D3 ;, the lowest approximations of the linear operators
are, (cf. (5.42))

0? 02
Lowe (1) = (g3 + 53) 01 = A+ 0o,

0? 02 9
Latan(t2) = (55 + 53 ) — (A+36(0) s
3145 (12) 022 + 922 Yo — (A+3¢°(\) e
By Lemma 2.4, the facts that Lz1.(¢) = 0 and L3y (—¢’) = 0 with —¢’ > 0 and ¢ > 0 on R
will give the application of maximum principle. The linear operators in the region D39 can be
approximated by a good linear operator of the form, (cf.(5.47))
0? 0? ~
Loaall) = (52 + 5,2)0 + (1-V)%,

with (1 — ‘7) < —cy < 0 by the assumption (A4). For more details, the reader can refer to proof

of Lemma 6.1.

After deriving the linear resolution theory by Lemmas 6.1 and 6.2, we can solve the nonlinear
projected problem (3.18), (i.e. 5.50) in section 6.
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Step 3: Adjusting the parameters

Note that the perturbation term 1 and the Lagrange multipliers ¢; and c¢; are functions of
the parameters fi, ..., f, di,...,ds. To get a real solution to (3.3)-(3.4), we shall choose suitable
parameters fi,..., fi, d1,...,d, with constraints (3.15) or (3.16) such that ¢; and ¢ are identically
zero. It is equivalent to solve a reduced algebraic system for the Lagrange multipliers

cl(fl,...,f4,d1,...,ci4):O, Cg(fl,...,f4,6il,...7624):O. (319)

In fact, multiplying the first equation in (3.18) by A; or Ay and then integrating on R?, we can
derive the equations in (3.19). This will be done in section 7.

In other words, we achieve the balance between the vortex-vortex interaction and the effect of
the trap potential by adjusting the locations of the vortex rings. Recall that

di=di/e, do=dsfe, fi=Ffile, fo=fofe

By using the symmetries in (3.15) or (3.16), we only need to solve some algebraic equations to find
the pair (f1, f2) or (f1,d1). More precisely, for the interaction of the type I in (1.25) we will solve
the following algebraic equations, (cf. (7.16))

logl—alogfl]

(T070) € fl 3
N (3.20)
voen| 2 (F1 = 7o) log ~ — (—1) —% | 4 My 1 (fu, fo)
L vy - — T\ ) )
Oor? (r0,0) ! 0 & IS fl — fg LIV J2
_ oV 1 a ., f
ca(f1, f2) = 2em l ar | o) logag 7 log . ]
- (3.21)
0°V 1 . 4a
+2em | = —79) log = + (=1)’ + My o(f1, f2),
. [ o2 (o 2 7T B T (P 12(f1 f2)

where M; 1 and Mo of order O(e) are continuous functions of the parameters f; and f,. By
recalling the solvability condition (1.10) and the non-degeneracy condition (1.12) as well as the
choice of j in (1.29), we can find a zero of (c1(f1, f2), c2(f1, f2)) at (f1, f2) with constraints (1.25)
due to the help of the simple mean-value theorem.

Remark 3.1. In the type I case, see Figure 1, the two rings lie in the same plane in such a
way that they have vortex-vortex interaction in the normal direction, which will be balanced by the
effect of second order of the trap potential. By the symmetries in (3.15), we here only need to
determine f1 and fo. Note that the terms in the first brackets of (3.20) and (3.21) will determine
the limit locations of these two rings due to the relation in (1.10). This implies that fi and fs
have the same leading order in their asymptotic behaviors. The mutual distance(i.e. |fo — f1])
between vortex rings will determine the interaction of these two wvortex rings. Hence, the terms
in the second brackets of (3.20) and (3.21) will show the balance of the interaction of neighboring
vortex Tings and the effects of second derivatives of the potential \7(@'.6. V). Moreover, f1 — fa2 is

of order O(1/+/|loge]). O

One the other hand, for the interaction of the type II in (1.26) we then solve the following
system, (cf. (7.19))

92V 1 8a
dy) =2 — dq log — — (—=1)? — M d .22
c1(fi,d) €7T[a 7|0 ™ 0g (—1) & + My (f1,dr), (3.22)

Y3
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1
ca(f1,dr) —257rlar( o oggffilog%
(ro ! (3.23)
0%V 1
+ 27T5W (r0.0) (fl —7"0) logg + Mz (f1,d1),

where My and Ms o of order O(g) are continuous functions of the parameters f; and d;. By
recalling the solvability condition (1.10) and the non-degeneracy conditions (1.12) as well as the
choice of j in (1.30), we can find (f1,d;) such that the constraints in (1.26) are fulfilled and also

(er(fr ), ea(fryr) ) =0,
with the help of the simple mean-value theorem.

Remark 3.2. In the type II case, see Figure 2, we construct two parallel vortex-vortezr rings whose
neighboring interaction in the binormal direction will be also balanced by the effect of second order
of the trap potential. By the symmetries in (3.15), we here only need to determine f1 and d;.
Note that the terms in the bracket of (3.23) will determine the limit locations(the leading order of
f1) of these two rings due to the relation in (1.10), while the terms in the bracket of (3.22) will
show the balance of the interaction of neighboring vortex rings and the effect of second order of
the potential f/(z'.e. V). The mutual distance(i.e. |2d1|) of these two vortex rings is also of order

O(1/+/]logel). O
4. THE APPROXIMATE SOLUTION

The main object of this section will focus on the construction a good approximate solution, say
ug, in a suitable form and then estimate the error Sfus].

4.1. First approximate solution. In this subsection, we only consider the case for ;7 > 0
because of the symmetry of the problem. By the constraints in (3.15) and (3.16), the vortices will
be attracted to (7,0) and (—7¢,0). Hence, we decompose the plane into different regions Dy, Do
and D3 in the following form, see Figures 1 and 2

Dy = {(ml,xg) /(21 +70)2 + a2 < e M ory/(zy — )2+ a3 < 5_’\1},

Dl = {(Iﬂl,ﬁﬂg) . |I’| < fQ — 57/\2} \D27 _D3 — { (xlal'Q) . ‘I| > 7?.2 _ 67}\2 }

(4.24)

where A; and A are positive constants with Ay, Ax < 1/3.

Recall the notations defined in subsection 3.1. By using the definition of the standard vortex of
degree +1 in (2.1), in the small neighborhoods of €3, €, €5 and €y, we locally define the vortices
by

wy =p él 61480017 we = p g2 ei(—l)j<P027
ws = p(ls)e "0y = p(ly)e 04,

Here we recall the choice of the parameter j in (1.29)-(1.30) as the following: to show the result
in (1.25), in the sequel we will choose j as

- 1, if F1 <0,
J= 2, if F1 >0,

where F 1 is given in (1.13). To show the result in (1.26), we will choose j as

. 1, if F2 <0,
7= 2, ifra>0,
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where f o is given in (1.13). It is easy to show that the functions wg, k = 1,2, 3,4, satisfy the
equation (2.3). The first approximate solution can be roughly defined as follows, see Remark
1.5:

(1) If (x1,22) € Da, we choose u; by
’LL1(1'1,(E2) = Ug(xl,l'g) = W1 W2wW3W4. (426)

It can be expressed by

Uy = p(l1)p(l2)p(ls)p(la)e™s, (4.27)
where the phase term cp% is defined by
90% = o1 — pos + (—1) (o2 — ©03). (4.28)

In other words, if j = 1, u; possesses a pair of neighboring vortices of degrees +1 in the
neighborhood of (79, 0) as well as their anti-pairs in the neighborhood of (—7,0). On the
other hand, in the case j = 2, u; possesses a pair of neighboring vortices of the same
degrees in the neighborhood of (7y,0) as well as their anti-pairs in the neighborhood of
(=70, 0).

(2) If (x1,22) € D1, we write

'U/1(£E17£L'2) = U1 {E1,(E2 \/1 — |{E1| Z:'LUQ) Lpé . (429)

The choice of uy is well defined due to the assumption (A3). Here we use the standard
Thomas-Fermi approximation, see [69].

(3) As we are looking for solutions vanishing at infinity, we heuristically define u; = Us =0
for (x1,x2) € D3. Note that this extension is not good, we will make an improvement in
next subsection.

For further improvement of the approximation, it is crucial to evaluate the error of this approx-
imation by substituting the approximate solution into the equation (3.3), which will be carried out
in the sequel. Obviously, there hold the trivial formulas

i /(¢ . .
Vai,zWl = A 1)(55 — fi. xz—d1) Vai,aoW2 = P(Az) (21 — fa, 22 — d3),
51 62
Vai,ooWs = P (z1— f3, 22 — d3), Voo W3 = P (z1— fa1, 2 — dy),
64 53
and also
J _J _ g ) _J _J
% _ $2A di +$2A dy + (71)j(7 x2A da +$2A d3>’
on T () G2 () wan
0 _nh moh o hono iy
Oz (£1)? (£a)? (£2)? (£3)?
As we have stated, we work directly in the half space R2 = {(z1,22) : @1 > 0} in the sequel

because of the symmetry of the problem.

First, we estimate the error near the vortex rings. Note that for z; > 0, the errors between 1
and the functions wy and ws are (£4)~2 and (¢3)~2, which are of order €2, we may ignore w, and
ws in the computations below. Note that

So [UQ] = wowswsAwy + wiwzwsAws + 2wzwsVw, - Vws

10 10 4.32
dl ——waw3wy + — 2 ——wiwzwy + O(e?). ( :

21 01 x1 01



VORTEX RINGS PINNING FOR GROSS-PITAEVSKII EQUATION 19

The main terms in (4.32) will be estimated in the following. There holds

1 8w1 1 8w2 1 8;)(?1) U2 1 8p(£2) U2 1 8300
— ——WoW3Wy + — ——WW3Wy = — — + — . iUs— + O
1 01 2T r1 011 s 1 01 (61) r1 011 (62) x1 011 ( )
iy Loy ey U
1‘1€1 (61) ZZ?1£2 W(EQ)
+ iU, 78900 + O(?).
r1 071
Using (3.15) or (3.16), we denote the last term in the above formula by
i i | Cdy wyd
Fo = il o0 _ _ip T T (—1)3iU2(— T2 %, T2 3). (4.33)
r1 0z zl(fl)Q $1(€4)2 x1(£2)2 $1(£3)2
By using the formulas in (4.30) and (4.31)
2w3w4Vw1 ng —2U2 <v +zV 01) . <Vp2 +Z(1)]V<p02>
4! P2
—ov, (z1 — f1) (@1 — fo) + (w2 — d1) (22 — d2) p' (L) p' (L)
b1ty p(l1) p(L2
_2(—1YT, (w2 = di)(w2 = da) + (21 = fi) (@1 — fa)
(01)2(£2)?
b 21U, — (22 — da)(z1 — AI)A (w1 — fo) (2 — di) P'(fl)
b1 (62)? p(L)
42U, —(z2 — di) (21 — sz)j‘ (21 — fi) (w2 — da) P’(€2).
lo(61)? p(L2)

It is worth mentioning that the above formula will play an important role in the interaction between
the neighboring two vortex rings. Recall the notation rg in (1.10) and that

o
Y3

ro)

In a small neighborhood of the point (g, 0) = (£, 0), by Taylor expansion we also write V (|1, ex2)
in the form

v
or

€2 92V ,  e20%V
Ty — 7o) + = T —70)? + =%
(To,o)( 1 0) 2 87’ (’r‘g7 ( ! O) 2 ay%

where we have used the assumption (1.23). It is easy to derive that

(1 V- \U2|2)U2

(1 — \w1|2)U2 + (1 — |w2|2)U2 + (— 1-— ‘U2|2 + |’lU1|2 + ‘WQ‘Q)UQ

f/(e|a:1\,sx2) =¢

22 + 2083+ 63),
(70,0)

S [Us]

v e2 92V
— Uy — xr1 — 7 - — — T — T 2
2 or (ro,o)( ! o) 2 28r2 (T070)< ! 0)
02V O L
g2 T — Fo)Te — — 2 4+ 3063 + 13U,
aro, mo( 1 — T0)T2 8y3 ro.0) "2 (67 + £5)Us

By adding all terms together and then using the equation (2.3), we express the error, near the
vortex rings,

SUs] = SolUa] + SolUa],
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in the form

R ) )
S[U] = Up ™ Afl p (?1) Lo, Af2 P (fz)
z1ly p(ly) z1ls  p(l2)

4o, (z1 — fi) (@1 — fz)ji(xz —dy)(z2 — d2) P'(fa) P/(fz)
b1ty p(lr) p(t2)
_ 2(—1)'jU2 (z2 — 6?1)(332 - dAAZ) +A(x1 - fl)(xl - fZ)
(€1)%(£2)*
+o2i(—1)ir, =2 o) (@1 = i) + (21 = fo)(wa —d1) o (1)
l1(62)? p(l1) (4.34)
4 i, —@2 A @1 = fo) + (w1 = fi) (w2 = da) p'(la)
lo(r)? p(£2)
1/ 2 527
— U, E%—‘: (TO,O)(:m — 7o) + %27‘2/ (ro,o)(xl — 7)?
2 927 . N
Zé;;g (7‘0,0)$g * 630(6? * 62’) + I
= F21 + FQQ.

Since Fy; is a singular term defined in (4.33), we will introduce a further correction to improve the
approximation. This will be done in subsection 4.2. On the other hand, by careful checking, we
find that Fys is a term defined on the region Do with properties, for £; > 3 and ¢ > 3

P | OE)  OEI) | OE) | Oe)

‘Re 22 | < ] ] _ ) (4.35)
—iUs (14+0)3  (T+46)3  (140)3  (1+44)3
’Im F22 ) < 0(81_20) N 0(61—20) N 0(51—2(7) 0(51—20) (4 36)
—ilUxl — (1+ gl)1+a (1+ g2)1+a (1+ 5?3)1+a 1+ g4)1+av .
and
F:
7_202, < Celloge|, (4.37)
W2 LP({él<3}u{ég<3u{23<3u{24<3})
where ¢ and p are some universal constants with
2A1
1. 4.
SR <o < (4.38)
Second, we compute the error for U;. There holds
9 - e OV
—/1-V = - —
0z, \/ (€l em2) 2n/1-v or
(4.39)

0? - g2 - —3/2 OV |2 2 9%V

It is easy to check that the error of Uj is
S[U1] = So[U4]-



VORTEX RINGS PINNING FOR GROSS-PITAEVSKII EQUATION 21

Note that
Solth] = So| VI=V | + 2ieTV1 -V - Vi) — V1= Ve |vig|”
+ iSe[pl] V1 — Ve,

Hence the error is

1 o= 1, - - - ,
st = - LU Lleir U Yoy v - v vl
4 (1-v)* 2 -V 1-V
1 1oV 1 .
— Sl ———— + U1 So[#]
9 ¢ Ve ori—v + iU150[¢0)]
= Fis + Fiq, (4.40)
where we have denoted
- - oV ovVN Lo PV PV
= (== == AV =
Vv <@T’5ys) V=%t o
and also
U - . )
Fiy = —iq—VV Ve + iU1So[e}). (4.41)

Note that Fi; is not a singular term in the region D;. On the other hand, out of the region Dy, if

|| is close to 7o, then (1 — f/)fl brings singularity. So we need another correction term to improve
the approximation in a neighborhood of the curve |z| = 7. On the region D7, we will evaluate the
ov

terms in Fjo. The condition B ) = 0 implies that
0,y3
10V
—— =0(e).
r1 Or ()

Whence, we find that Fio is a term defined on the region D; with properties,

1-20 1-20 1-20 1-20
Re 112 | OE™™) L 0E™)  0E™™)  0™™) (4.42)
—ily (1+61)3  (T44)3  (1+43)3  (1+4y)3
1-20 1-20 1-20 1-20
Im }7"12 S O(EA ) + O(EA ) + O(EA ) 4 O(EA ) . (443)
—il1 (L+0)o (T4 L)t o (L4 l3)1 e (14 4y)1te

In the above estimates, we need 2\ < o < 1.
4.2. Further improvement of approximation. To handle the singular term F»;, as the argu-
ment in [60], we here introduce a further correction ¢f(x1,x2) to the phase term in the form

Pl =@l + ¢l (4.44)
By setting the smooth cut-off function

1, |s| £1/10,
n(s) = { 0 {s{ > 1?5 (4.45)
the singular part ! is defined as
_ X N\ |22 —di @y —dy |
ol = (n(eM0) + () ) | 2 10g(01)? + 2 log(iy)?
4fi 4f4 (4.46)

+ (=1)7 (77(5)‘1!?2) + 77(5)‘1[?3)) {3624—]32652 log(ég)2 + mlog(gg)Q}.
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For later use, we compute:

&Pg_ M (A1) 931-f1 7w Il—f4 172—521 5 \2 562—&4 5 \9
B € (n (e 61)7gl + ' (eM4) 7 ) [ 7 log(¢1)* + 74& log(44) 1

+ (=1)TeM (77’(5*152)3657_}62 o (Nly) P f3) l@ gy 4 P2 log(l%)z’]

(2 ZS 4f2 4f3
Aj A j (332_021)(%—]?1) ($2—d4)($1—f4)
* (77(6 Zl) * 77(8 £4)> l 2f1l? + 2]?4@421 ]
N TAVEW M\ [(@2 —do) (w1 — fo) | (22— d3) (21 — f3)

+ (1) (nlen ) + (e ) Do R 4 R R
69"%_ M/ ( M) x2_(j1 (M) -752_624 $2_d1 5 \2 552_(24 5 \2
9oy =€ (17 (eM4y) 7. + 7' (M) 7. )l 7 log(41)* + 7 log(¢4) 1

| oy —d wy—doy [2a—dy —dy
N (0 () F ol (M) )[ — log(o)? + logws)ﬂ

2 l3

b (a8 + (i) [4; o + 1og<z4>2]

+(U%ﬁ@hg)+nkh@ﬂ[4khgwﬂ2+4;hm@@ﬂ

R R — d:)2 — d.)2
+ (77(6)\161) + 77(5’\164)) l(@?ﬂf;) + (x22f4524) ]
1 1

j /. / — 622)2 (z2 — 0?3)2

+ (=17 (n(eMly) + (Ml (2 —— + — .
(1 (0= be) + (M) [ T Ty
Hence, by recalling (3.15) and (3.16), we obtain
. ~ ~ 1 o 1 ~ ~ ~
vl = (0 0) +n(e ) ) [ (0,108 f1) + —(0,10g f2) + O(clog 1) + O(elog 1) |
2 2f4
1

b))+ 3 4.47
2f2<0710gf2)+2@3(0a10gf3) ( )

+ (=17 (n(=Nle) + (M) ) |
+ O(elogly) + O(elog fs) } .

Note that the function ¢J is continuous but 7¢J is not. The singularity of ¢! comes from its
derivatives, which will play an important role in the final reduction procedure.

Remark 4.1. The reader can also refer to formula (16) in [81] for the formal derivation of general
improvement of the phase term. O

On the other hand, we choose the regular part ¢/ by solving the equation
1 1
1-V 1-V

In the above, the cut-off function n; is defined in (4.57). It can be done as follows. For (x1,z2) in
the region

Sol@l] + m VV -Vl = —Solh + @] —m VV - V(g + ©). (4.48)

D = B.;(é'l) @] B—,:(éé) U Bf(gg) @] B;(€4),
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where for any j, B:(€;) is a ball of radius 7 = e~*1/5 with center €;, trivial computation gives
that,

1
1-V
For (z1,x2) € D¢, the error is also O(g?). In fact, for (z1,22) € D¢, we have ¢ = 0 and then
1
-V
Going back to the original variables (r,ys) and setting ¢(r,y3) = ¢J.(r/e,y3/¢€), we see that

(5—:2 + 68:% + %%)@ < C(1+r2+y§)73/2.

Whence, by solving problem (4.48), we can choose (J such that there holds

. 1
7= )

Moreover the term 7 is C'-smooth. As a consequence, we have chosen the phase correction term
¢ such that

vV . V(apg +¢l) = 0(e?).

Soled + 1] + m

VV-V(¢%+@§) =m Fi1 + Fo.

Solied + 1] + m .

1

Sol? + @] + m . vvf/-V(w{ +¢p) = 0. (4.49)

Now we shall deal with the singularity as x approaching the circle |z| = 75. By the assumption
(A3), there exists a small positive gy such that for 0 < e < gq

v

5. = 2L 0, 4.50
c Ol 1(rs,0) - ( )
where ¢ = /72 + y3. Then for (r,ys) with foot point (p1, p2) on the circle of radius 7y, there holds
- - ov R .
1—V(rys) =1—V(p,p2) — — e(l — ) + O(2(0 — 75)?
7. 55) ) = Gl s 0=

= —0.(0 —i3) + O(*({ — 72)?).

Let ¢ be the unique solution given by Lemma 2.4. Now we define §(\) = 52/3q(6€1/3>\). Then it is
easy to check that

o — G002 +¢%) = 0. (4.52)
In other words, if we choose
wr,a2) = 02/ (01°(0 - 7)) (4.5)
with ¢ = \/z2 4+ zZ, then § satisfies

0* 0%y, - .3
(Tx% + aT;g)q + (1 - V(5|$1|75372))q —q (450
= 62/7 % q (5;/3@ — fz)) + O((0 — 72)?) 4.

This implies that we can use
. il
Us(@1,x2) = q(x1, 22)e", (4.55)
as an approximation near the circle £ = 7.

By defining smooth cut-off functions as follows

- 1, |s| <1, - 1, s> -1,
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we choose the cut-off functions by
2 (w1, 22) = i (M |z = (F0,0)]) + 7ia(e™[a + (70, 0)] )
(w1, 22) = i3 (22(0 — 7)), (4.57)
m(z1,@2) = 1—n2—ns.

We then choose the final approximate solution to (3.3)-(3.4) by, for (z1,z2) € R,

ug (1, 29) = \/1 — V(ela1],ema) m e’ + p(01)p(la)p(la) p(ls) n2 €' (4.58)
+ G(z1,w9) M3 €'%,

where the new phase term
o =e)+ e (4.59)

By recalling the definition of Uy, Us, Us in (4.29), (4.26) and (4.55), we also write the approximation
as

Uy = U1 m eiga‘i + U2 2 ewi + U3 M3 €i(‘0{. (460)
By using (3.15) or (3.16), it is easy to check that us has the symmetry
UQ($1,$2) = ug(xl,—xg), UQ(JJl,xQ) :u2(—x1,a:2). (461)

Moreover, there holds

8’&2 o

4.3. Estimates of the error. As we have stated, we work directly in the half space Ri =
{(z1,z2) : 1 > 0} in the sequel because of the symmetry of the problem. Recalling the definitions
of the operators in (3.12), let us start to compute the error:

E = Sluz] = S[me! + UiSolme'l] + 2VU; - V(me'#l)
+ S[Us]nee™® + UsSolnee™t] + 2VUs - v(nzew?) (4.63)
+ S[Uslnse™ + UsSolmse™#l] + 2905 - ¥ (ae”!) + N,
where the nonlinear term N is defined by
N= 771\U1|2U16wi + 772|U2|2U2€i(p{ + 773|U3|2U3€w§ = Jua|?us. (4.64)
The main components in the above formula can be estimated as follows.

We first consider the error in the region Dj(cf. (4.24)). Recall the estimate of S[U;] in (4.40).
There holds

nleiW{S[Ul] + UlSo[mein] =m €i<p{ Fio + m Gitp{ Fi1 + i?h U, 6“0]1. So[ﬁp]l] + U3 So[’f]ﬂ 6“9{
+ 2iUlewji Vn - Vgo{ - mU; el |V<p{|2.
Using the formula (4.47), we obtain
2V, - v(mew{) = 2 €9V -Vl + 21V - Vi

i1 - , . ,
= im Uy e I VVV-V<,0]1 —2m Uy €91Vl - Vi

i U - i ;
+ el ﬁvv Vi + 201U, Vgl - V.
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From the relation (4.49), the term Fi; defined in (4.41) has been canceled. In the region D, the
error is estimated by
Ei=E=mnmn ¢ Fiy + Uy So[nl]ewji + 2Z'Uleigpjl.vnl Vel — m Uy equ@“Q
— 2 Uy €91Vl - Vgl + €% - 1Vvv-vn1 + 2i iU, V) - Vi + N,

Note that, in this region, | 7 ¢}| = O(¢) and | v ¢!| = O(e).
Using the equation (4.49), the singular term Fb; in S[Us] in is canceled and we then get
S[Us] 12 €4 + UsSolmae’®i] = Foptp €9 + Us Soln] €1 + 2iUaVi - Vip] — Un 1z €93 |Vipd |,
Whence, there holds
S[Us] 12 €94 + UsSolmae't] = Foamp et + 20|12 + 0af?).
The formula in (4.31) and (4.47) imply that
Fas = 2VU, - Vet

. R ) i 107 ) i ‘ 2
- angew’lilogfl[z‘p Gzz—di | P22 —dy =~ (1) fﬂ
fi p(l1) 4 p(l2) o ;3 &
. " / 0 _ 7 / N _ 7 _ £ _ P
n ngUgei“"{ilogfg[ip ({1) 2 - dq Ll ({2) T2 - d = - i@ - fQ}
fa p(lr) 4 p(lz) Lo 4 %

+ O(elogly + elogly).
It is worth mentioning that, in the vortex-core region Do(cf. (4.24)), we estimate the error by
E, =E = ngei“’iFgg + Fys 4 O(elogly +elogly) + N, (4.65)

where Fyy is defined in (4.34). The singularity of the term Fb3 will play an important role in the
final reduction step.

In the region Ds(cf. (4.24)), we first compute the error of Us
S[Us] = SolUs] + S1[Us],
where
SolUs] = 8. q" (61/%(0 = 72) ) €0 + 26213 % ¢ (617(0 = 7z) )
+2VG- Vet — 40|Vl + iSolpd] e
We also write S1[Us] of the form

51[Us] = 6. [ — 8130 —iy) — ¢ (5;/3(5_ @))] q(5;/3(l§ _ f2)>ewg

+ [0 7) 4600 = 72) ] deieh.
The equation of ¢ in Lemma 2.4 implies that there holds
S[Us] = 262/3 % q (5;/3(2 - fg)) ¢ 4 2V Vet — et |Vl |
+iSoligd] 4e S + [(1= V) + 6.0 - 72)] 4e™,
= I3 + F3o,
where the term F3; is defined by
Fy1 = iSoll) Ge# = i Us Soli))-
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The other two terms can be estimated as
UsSolnse’!] + 2VUs - V<773€M{) = iU m3e’t Soli]) — Usmse™ |i] 2
+ Us €'t S, [n3] + 2iUs et Vs - V!
+ 2e1VUy - Vs + 2ing e1VU; - Vil
= 773€i<'°{ F33 + F34,
where we have denoted
Fs3 = iUs So[¢l]. (4.66)

By using the relation (4.49), F5 1 and F3 3 will be canceled. Hence, in the region Ds, the error
takes the form

]E3 =K = 7’]361‘90]1. F372 + F374 + N.

To get a real solution to (3.3)-(3.4), we will find a perturbation term % to us in the form of
(5.4), which will lead to different local forms of the problem, and so the error E, see section 5.
Hence, we define

E; E,

IE = . J + . )
—in Uy %1 —ing U €1

+ Es. (4.67)

For a function h = hy + ihy with real functions hq, hs, define a norm of the form

4 4
e = 3 Wil <oy + 32 (1B Millqy + 1Rl

m=1 m=1
. ) ) ) (4.68)
+ > {WﬁathLw(Dl‘z) + |‘5/\2_1€;‘nh2||L°°(D1‘2)} + > |[hmllLo(Da)
m=1 m=1
where we have denoted
D:DQUDLl\{gl<3OI‘£AQ<3OI‘£3<3OT@4<3}. (469)

As a conclusion, we have the following lemma.

Lemma 4.2. There hold, for x € DU D1 o,

E 051720 051720 061720' 061720'
Re— < — + — + — + —
—iug (14£01)3  (1+6)3  (14+43)3  (1444)3
E 061_20 081_20 051—20 051—20'
Im— < = + = + = + = ;
—iUsg (1 + Zl)l—&-o‘ (1 + 22)1—&-0 (1 + €3)1+U (1 + £4)1+0'

and also

HEHLp({él<3}U{éz<3}U{ég<3}u{f4<3}) < CE|10g€|,

where o € (0,1) is a constant satisfying (4.38) and 2Xa < o < 1. As a consequence, there also
holds

[

S CEl_Q{T.
*ok
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5. LOCAL SETTING-UP OF THE PROBLEM

We look for a solution u = u(x1,z3) to problem (3.3)-(3.4) in the form of small perturbation of
ug, with additional symmetry:

u(xy, o) = u(x1, —x2). (5.1)

Let x : R — R be a smooth cut-off function defined by

1, s<1,

w={g 15, (5.2

Recalling (4.56)-(4.60) and setting the components of the approximation us as

vi(z1,9) = MU e, vp(w1,32) = n2Upe™,  wy(w1,25) = m3 Use™, (5.3)
we want to choose the ansatz of the form
u = [X('UQ + ivath) + (1 — x)(v1 + vg)ew] + [vg + ingei“’w}, (5.4)
where x(z1,22) = (/1) + ¥(f2) + ¥(f3s) + X({4). The above nonlinear decomposition of the
perturbation was first introduced in [27], see also [60].

To find the perturbation terms, the main object of this section is to write the equation for the
perturbation as a linear one with a right hand side given by a lower order nonlinear term. Note that
we shall carefully derive the equations due to different forms of local setting of the perturbation
term . The symmetry imposed on u can be transmitted to the symmetry on the perturbation
terms

Y(x1, —72) = —P(21,72), P(21,72) = P(—>1,72). (5.5)

This type of symmetry will play an important role in our further arguments. Let us observe that

u=|(v1 +v2)+i(v1 +v2))+ (1 — X) (v1 + Ug)(@iw —1- u/))} + (’Ug + ingeww)
=uy + i(vy + )Y + inzePY + T
where we have denoted

I'=(1-x)(v1 +v2)(e" —1—1v). (5.6)

A direct computation shows that
[ul®> = |ua|?> + 2Re(tai(v1 + v2))) + 2n3Re(U2ie’¥ )
+ 2Re(uoI") + ‘i(v1 + v2)Y + inze'Py + Flz.
Then the nonlinear term in (3.3) can be expressed by
[ul?u = |ug|?us + i|us|®(v1 + vo)th + ilus|*nze Py + |ug|?T
+ 2Re(tgi(v1 + v2)Y)ug + 2nsRe(ugie’ P)uy + N,

where 91 is defined by

N = [2Re(ﬂ2i(vl + ’Uz)’l/)) + 2773Re(112iew1/1)} X (i(vl + )Y + inze'PY + F)

+ [2Re(ﬂgl“) + [i(v1 + 020 + ine™ P+ T| } X (u2 Fi(vr + v2) + ingePy + r).
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Whence u is a solution to problem (3.3)-(3.4) if and only if
i(vr + v2)S0Y] + 207 (01 +v2) - + i[ 1=V = Jusf | (v + ey
+ iSolv1 + vo]tb — 2Re(ﬂ2i(vl + vg)w)ug
+ imse?Solu] + 27 [mse'® | - v+ inge™® [ 1=V — Jual? |
+ Z'S0|:’I73€i<p:|’(/} — 2773Re(ﬂ2iei‘p7j})u2 = —E + N,
where the error term E is defined in (4.63) and N is the nonlinear operator defined by
N = —5S[] - (1-V—|u*)L —

We shall explicitly write the equation in suitable local forms and then analyze the property of the
corresponding linear operators, which will be done in the following.

By recalling the notations in subsection 3.1, and also Dy, D, D3 in (4.24), we divide further Dy
into small parts, see Figure 1 and Figure 2

Doy = {(331,:52):!71 <1}7 Dy, = {($1,$2)Z€4<1}7
DQ,Q = {(1’1,%2) : gg < 1}, D273 = {( )

Dy = {(Il,xg) : \/m < 6)‘1} \ (D2,1 UD2,2)7 (5.9)
Dyg = {(l‘l,l‘g) /(1 +70)2 + 22 < 5_’\1} \ (D2,4 U D2,3>-

We also divide D7 and D3 into two components

R T
D171 = {($1,$2) : ‘.’E| <7’2—?1}\D2,

X1, T2 Zég < 1},

D, = {(331,332) Py — oo x| < 7y — 2 },
c (5.10)

_ N —A2 N T2
D31 ={($1,$2)1T2—€ <|x\<r2+;},

. T
D3y = {(331,3:2) x> e+ ?2 }

Here 7y and 7 are given in the assumptions (A3) and (A4).

In the region D; far from the vortex core region, directly from the form of the ansatz u = uye*
with the approximation as

uz(z1,22) = V1-— Vo ¢ilebted) + P(&)P(@)P(&)P(&) T2 ¢ilebted) + Usﬁei(%wﬁ
we see that the equation takes the simple form

2 10 o
Ll(w):(fﬁ+@ ;18761)1?‘1‘2 VY = 2ilug "ty

= B —i(vY)? + ilusl (1 — e 22 + 2¢),

where Fq = i[E/us. We intend next to describe in more accurate form the equation above. Let us
also write

Vu2
U2

up = e¥By with 1 = V1 -V + p(l1)p(l2)p(€3)p(La) 2 + Gns.
In the region D 1, there holds

uy = p1e" = V1=V + p(l1)p(ls)p(ls)p(ls) €% 1. (5.11)
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For € Dy 1, by the definitions of the cut-off functions 7, and s in (4.57), we have 91 = 1 — 1.
Moreover, there exists a positive constant c5 such that, for x € Dy 1,

p(l1)p(l2)p(ls)p(ls) > /5.

Hence, by using the assumption (A3), we have

lug|? > min{l — V,¢e5} > min{ey,e5} = ¢ > 0. (5.12)
Direct computation also gives that
U 2 2 .
2R = 5V AV 2V 0 T g VB Vi + 20V ¢ Vi

= (A1,0) - V1 — (A2, Ba) - Vb2 +i(A1,0) - 73p2 + i(Ag, Be) - 1,
where Ay = O(elloge|), As = O(g), By = O(e). The equations become
I~/1,1(1/J1) = El,l + Nl,h Li1(¢2) = E11 + Niga. (5.13)

In the above, we have denoted the linear operators by

~ 0? 0? 1 9 2
Lia(yr) = (@4‘@4‘ 2.0 )1/)1 B ¥V B VY,
1 2
5.14
E(w>=(8—2+8—2+18)w—2\u|w+f B 7 o
1712_8x% 8x§ 21 0z 2 225V1V2
The nonlinear operators are
N = =2V ¢ Vi + 2V 1 Vi,
Nigp =2V e - + |ugl?(1—e 2 4+ 2¢) + | v > — [V 4ol
For « € Dy 2, there holds,
Uy = B1e? = V1-Ve¥n + §ens. (5.15)

For x € Dy 2, by the definitions of the cut-off functions 7, and n3 in (4.57), we have 1 = 1 — ns.
Moreover, by recalling the definition of § in (4.53) and the asymptotic behavior of ¢ in Lemma 2.4,

(j(lL‘l,IEQ) = 5;/3(](5;/3(@7%2)) > 05(17)\2)/2 > 0.

Hence, by using the assumption (A3), we have

1-X2
9

"LLQ‘Z > cre T e DLQ > 0. (516)

The equations become
E1,2(1/11) = E1,2 + ]\71,27 Lis(e) = E12 + Nia. (5.17)
In the above, we have denoted the linear operators by

(82 0? 1 a)wl

2
93 " 03 T 01 0 RS

B
= 0P 02 1 0
Lio(vp2) = (W + 022 + *axl) o — 2lus[*¢o + F Y B e
The nonlinear operators are
Nig = =2V ¢V + 2V %1 - Vi,

Nip =2V -V + |u?(1—e 2 +2¢) + [ V> — | V¢l

z1,2(77/11) =
(5.18)

Consider the linearization of the problem on the vortex-core region U}_; Dy ;.

U-
Bai = f, i=1,2,3,4, (5.19)

i
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where U, and w; are defined in (4.26) and (4.25). Here we only argue in the region Dy 1 = { (1, 22) :
i < 1}. It is more convenient to do this in the translated variable (s1,s2) = (21 — fi, 20 — a?l)

Now the term % is small, however possibly unbounded near the vortex. Whence, in the sequel, by
setting

¢ = tvay) with ’(/J =Py + i), (520)

we shall require that ¢ is bounded (and smooth) near the vortices. We shall write the equation in
term of a type of the function ¢ for £ < d/¢. In the region Dj 1, let us write ug, i.e. va, as the form

ve = P21Uy with B37 = p(fg)p(ég)p(&)ei(%_%l)+i“°{, (5.21)
where Uy, ¢}, po1 and @] are defined in (2.1), (4.27), (3.10) and (4.44). We define the function
@(s) = iUy for |s| < d/e, (5.22)
namely

¢ = P19 (5.23)

Hence, in the translated variable, the ansatz becomes in this region

Uy = ﬁle(S)UO + 52_’1(8%25 + (1 — X)ﬁQ,l(s)UO (6¢/U0 —1- (ji) (524)
0

We also call T'o 1 = (1 — x)Up (eWUO -1- U%) The support of this function is contained in set

|s|] > 1. In this vortex-core region, the problem, written in (s1, s2) coordinates, can be stated as
L21(¢) = B2 1 + Naji. (5.25)

Let us consider the linear operator defined in the following way: for ¢ and v linked through formula
(5.22) we set

1 9 _
L =L - 2(1 — 2
2,1(¢) =Lo(¢) + — 851¢> + 2(1 = [B2,1*)Re(Uoo) Uo
1% Vv P2,1 Esq
— 1— 2 25 =, 5.26
+ |25, oss ) +1—|B21l? |9 + Box Vo + X 0, ) (5.26)

where 1 is a small constant. Here we also have defined L as

02 0? -
Lo() = (5 + 53z )0+ (1= o1*)6 = 2Re(Tog) o

Here, by writing the error E in the translated variable s, the error Es ; is given by

By =E/B21. (5.27)
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Observe that, in the region Dy 1, the error Ey; takes the expression

5y igey | T1— N1 P (61) x1 — fa p'(l2) ov
Faa =) [xﬁlp@o‘* PP ll
Sl R 2 92V
T T 0 o)™ 70)" 2 9y (7.070)l‘§‘|
(z1 — fl)(xl — f2) + (w2 — dl)(ﬁz — 022) p’(gl) p'(@)
tls p(r) p(l)
vy — di) (2 — d2) + (1 — f1)(z1 — fo)
(1)2(£2)?
ipor — (@2 — da)(z1 — f1) + (w1 — fo)(m2 — d1) p'(&1)
b(6)? p(h)
—(x2 — di) (21 — fo) + (z1 — fi)(w2 — d2) p/(£2)
l(0r)? p(l2)
. 2)x2jdA2,x1jf17(71)j$1jf2}
) b 2 1%
) .
)

xz—d2_$1—f1_if1—f2}

(z1— 7o)

+ 2p(0y) o

— 21 plly) o

+ 2i(~1)p(r) e

+ 2ip(fy) e'eor

T | .
+ p(lr)e"* —log f1 | i
fi { p(h

o L o p
+ p(£1)e**or —log fa| -
f [ Lo 2 3

2 p(l
+ O(elogly + elogly),

(5.28)
while the nonlinear term is given by
_ A(BQ,I FZ,I) o 2 2 7
L (1 VU )rz,l — 2|51 |2 Re(Ung) (¢ + T21)
_ E
— (21821 PRe(ToT2,1) + 821 [2]6 + Taa|*) (Uo + 6 + o) + (x - Do (529)

Taking into account to the explicit form of the function £ ; we get
VP21 =0(e), Aoy =0(), Bl ~1+0(), (5.30)

provided that |s| < §/e. With this in mind, we see that the linear operator is a small perturbation
of Lo.

In the region D5 5 far from the vortex core, directly from the form of the ansatz u = (1 —X) uge'?,
we see that, for S 2, the equation takes the simple form

0? 0? 1 0 Uz )
=l—+=—+— -_— — 27
L235(¢) <ax% + 8.13% + 1 8331 )w + 2 Us v{lp Z|u2| 2/}2

= Ey5 — i(V)? + ilug|? (1 — e72¥2 4 2¢), (5.31)

where Fy 5 = iE/us. We intend next to describe in more accurate form the equation above. As
before, let us also write

ug = Uy with g = p(gg)e_i¢$7+i¢{. (5.32)
For 1 < e=1, there are two real functions A and B such that
B =eAtB, (5.33)
furthermore, a direct computation shows that, in this region, there holds

VA= 0(e), AA = 0(e?), VB =0(?), AB = 0(e*). (5.34)
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The equations become
Las(1) = Eas + Nojs, Los5(th2) = Ea5 + Nojs. (5.35)

In the above, we have denoted the linear operators by

E215(1/)1)—(;;%+322+1 3>¢ +<V JrP(lﬁ1)3) v,

Oz  x1 0xq p(f1) 4
_ _ (9 19 p() s
L2,5(1/12) = (871‘% 87333 71 0m ) 2 — 2|UQ| Py + Q(VB+ p(gl) Z) - VY2,

where have used s = (z1 — di, x2). The nonlinear operators are

Nos = —2(VA+ Vpo1) - Ve + 2 91 V o,
Nas = —2(VA+veor) - Vi1 + uo|*(1—e7?Y2 +2¢) + | V91> — | v .

In the region D3 1, the approximation takes the form

Uy = cjei‘p.
We write the ansatz as
u=uy + i€’ + Iy, (5.36)
where I'3 1 is defined as
Ty1 =i(ns — 1)e"1p. (5.37)

The equation becomes
La[y] = So[¢] + 20 v - v — | v ol*¢ + iSo[p]¥
+ (1 -V - \u2\2)w + 2ie”"YRe(taie" ) uy
= FE31 + N3,

where E3 1 = ie”**E. The nonlinear operator is defined by

; 1 0 -
N3 (¢) =ie™™ [AFS,I + EaTclPB’l +(1-V- |U2|2)F3,1}

— e [2Re(a2r3,1) — |ie®®t + Ty, |2 ] (up + i) + T3
— 2ie” " Re(tgie'?1h)(ie"P1h +T3,1).
More precisely, in the region Ds 1, the linear operator L3 ; is defined as
Lsa[v] = So[v] — (0=(£ —i2) + % )b + 2ie”"¥Re(uzie’?1))us
+ 1=V 46— )| + 270 v + Solely — | 7 o0

where we have used the definition of § in (4.53). We shall analyze other terms in the linear operator
L3 1. It is obvious that

2ie”“’Re(tgie" P)ug = —2i G 1s. (5.38)
Whence we decompose the equation in the form
B 32 62 _ R .
Lya[in] = <8:c1 a%)% — (6-(0 = 2) + ¢*)br + [1—V+5s(f—7“2) V1
1 0 5.39
+x787w1 -2 ¢ Ve + Soleltr — | 7 el*en (5:39)

= F31+ N3y,
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- 02 0? - P
L31[o] = (85”1 )1/)2 - (o (0 —79) + 3§ Vipa + {1 - V+5a(€—7“2)}¢2
1 5.40
b oD 290+ Solel — |V 6l (>40)
= FE51+ N3 1.
If 79 — e™22 < |x| < 79 + T2 /e, by using (4.50) and the assumption (A3), we then have
2 62‘7 . R
=1-V+6.({—7) = _%W(z —72)% 4+ O(* (0 — 72)%) <. (5.41)
This is due to the facts that %2‘2/ > 0 along the circle \/r? 4+ y2 = ro and that we can choose 7

small enough. The other terms with ¢ are also lower order terms. Whence the linear operators
L3 and l_/3,1 are small perturbations of the following linear operators

02 0?
L31*[¢1]E(8 B 2)1/& — (6(¢ —7“2)-1-(])1/}1,
2 (5.42)
0 0? 3
L3k = (— — —
3104 [P2] &E%Jraxg)% (0 (£ — 72) + 3G%) .
In the region D3 o the approximation takes the form
uy = q(x1,12)e’?,
and the ansatz is
u = uy + e,
The equation becomes
L3s[y] =So[y] + (1 - ‘7)¢ — |ug|*y + 2ie""*Re(uzie’ 1)) us
— |V ely + iSolely + 2V - VY
=E372 + ]\fgg7 (5.43)
where F3 5 = ie”*?E. The nonlinear operator is defined by
N3o(¥h) = —ie” " (ug + ie"?)[y|* + 2iRe(ugie’¥1h)y.
More precisely, for other term, we have
—|uo|®y + 2ie”"Re(u2ie?Y)us = —G> b1 — 3iG> o
The equation can be decomposed in the form
~ 02 02
L = —q
3.2[1] (8x a%)wl + ( )¢1 4
1y — | 7 P91 + iSolelhr — 27 ¢ - Vb
1 Bx
= E372 + N372, (544)

L3 a[ih] = (8622 + ;j )¢2 + ( >¢2 — 4o

¢2 — | @2 +iSolelhe + 2V ¢ - Vi
= B3 L N3,2. (5.45)
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The assumption (A4) implies that, for any sufficiently small e there holds
5372 = 1—‘~/<—02 for |I‘ >722+7'2/€. (546)

The other terms with <p6 are lower order terms. From the asymptotic properties of ¢ in Lemma
2.4, G1by and §1); are also lower order term. Whence the linear operators L3 o and Lj 2 are small
perturbations of the following linear operator

R P
Las[§)] = (37% + a?g)w + (1=V)0. (5.47)

Let x be the cut-off function defined in (5.2) and fix a large positive constant R > 0. By recalling
the definition of B3 ;’s in (5.19), for the case of interaction of type I in (1.25) we now define

dus X(lw —@l/R) 0w X(lv—él/R)

A = = —
' df1 Ba,1 Ofs B2,4
(5.48)
A, = Q2 X(z—@l/R)  ous X(lz—&l/R)
Oy B2,2 dfs B23 '
Similarly, for the case of interaction of type II in (1.26) we choose
2w fz—al/R)  ou X(w—al/R)
ofr Ba,1 df4 B2.4
duy X(z—&l/R)  duy X(z—2|/R)
6f2 52,2 6f3 52,3 ’
(5.49)
, = duy )Z(|x—é'1|/R) . Ouy X(lz — é4|/R)
N 831 B2,1 8(54 B2,4
duy  X(lz —é2|/R) dus  X(|lz — és|/R)
+ =t =
8d2 ﬂ2,2 8d3 52,3
In summary, for any given parameters fl, RN f4 and 0?1, ceey d4 with requirements in (3.15) or
(3.16), we want to solve the projected equation for 9 satisfying the symmetry (5.5)
L) +N (@) = E + 1Ay + 2o, Re [ oA, = 0, Re [ oAy = 0, (5.50)
R2 R2
where have denoted
L) = L1(¢) in Dy, L(Y) = Lom(yp) in Dy, for m=1,2,3,4,5,6
L) =Ls1(¢) inDsy,  L(Y)=Ls2(y) in Dspe,
with the relation

As we have stated, the nonlinear operator A/ and the error term £ also have suitable local forms
in different regions.
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6. THE RESOLUTION OF THE PROJECTED NONLINEAR PROBLEM
6.1. The Linear resolution theory. The main object is to consider the resolution of the linear

part of the projected problem in previous section, which was stated in Lemma 6.2.

For that purpose, we shall firs get a priori estimates expressed in suitable norms. By recalling
the norm || - ||+« defined in (4.68), for fixed small positive numbers 0 < o < 1, 0 < v < 1, we define

4 4
Wlle = 3 Wollwance,co) + 3 (1001 limoumnn + 1857 7 1llmonn |
m=1 m=1

4
+ 3 [0l + 1 9l )

m=1

4
+ 3 [0l (r ) + 1S 7 Gllepiay | + 1]y,

m=1

where we have used the relation ¢ = ius and the region D is defined in (4.69). We then consider
the following problem: for given h, finding ¢ with the symmetry in (5.5)

L@)=h inR? Re [ ¢A1 = Re [ ¢A0  with ¢ = iugtp. (6.1)
R2 R?

Lemma 6.1. There exists a constant C, depending on o only, such that for all € sufficiently small,

and any solution of (6.1), we have the estimate

][« < CllAl|ax -

Proof. We prove the result by contradiction. Suppose that there is a sequence of € = ¢,,
functions ¥™, h,, which satisfy (6.1) with

"1« =1, [lhnlle = o(1).
Before any further argument, by the symmetry assumption (5.5) for 1) = 7 + i)2, we have
Y1(z1, —x2) = —Y1(z1,22), Y1(—mw1,22) = P1(21, 72),
VYo(21, —x2) = Ya(w1,22), Ya(—x1,22) = 2(21,72).
We may just need to consider the problem in R% = {(z1,z2) : 1 > 0}. Then we have

Re Q_SnAl = 2Re (Z_SnAl = 0,
R2 Ri

Re Q_SnAQ = 2Re (Z_SnAQ = 0,
R2 R2
for any ¢, = iusy™. To get good estimate and then derive a contradiction, we will use suitable

local forms of the linear operator £ in different regions, which were stated in previous section.
Hence we divide the proof into five parts.

Part 1. In the outer part D, we use the following barrier function
B(z) = Bi(z) + Ba(x),
where
Bi(x) = |01]? 2o + |fa]? |wa|” + |05]° ol + [0al®z2]",  Ba(x) = CL(1+ [2*) =7/,

where p+7 = —0, 0 < 0 < v < 1, and (] is a large number depending on o, o,7y only. Trivial
computations derive that
ABy < —C([by 2 + [8a]? + s + |Ea2) T2,
1 0Bs

A — = < - 1 Hy—l=a/2,
Bg+x1 0z, = CCy(1+ |z]%)
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On the other hand,
1 08 ol s e 5 A . . . — .
OB < B o2 — o) 4 b2~ ) + Vil = )+ 1l o).

Thus for x in the region

D = {|$—(f0,0)| <CU720 or }x_(_fo’o)’ <Co7§0},

where ¢, is small, by using the constraints in (3.15) or (3.16) we have

1 0B 2 2 1 12 ] T
SO < O [P 18P+ 1P 4 102] T
r1 011
For z € D¢, we have
1 0B,
29 o 2y-1-0/2
o SO faf)
By choosing C; large, we have
1 98 22 a2 a2 ) T
DB+ — o= < —C (|0 + 1ol + £ + |a?) ‘
T 6331

For the details of the above computations, the reader can refer to the proof of Lemma 7.2 in [60].
Now we can use this barrier function to derive the estimates for 1 on D;. In fact, in Dy, there
holds

2

0? 0? 1 0
( — A VB = hy.

02 Ta T o 5o )01 T

By comparison principle on the set Dy, we obtain
1] < CB(||h]|s +0(1)), V€ Ds.

On the other hand, in the region D; the equation for )5 is

02 0? 1 9 ) 2
R —_ - — 2lu Qw + —
(&c% 0z%  x1 0m V2 [ual 92 8,
For x € D11, from (5.12), there holds |ua|? > ¢ > 0. By standard elliptic estimates we have

2]l (D1 < CllYll e 4=y (L + IR an (L4 £y + O + 5 + £4) 7,

V B1- Vi = hs.

17 2llzoeny) < Cllwall oo g—py (1 H 1R wn (L4 8y + f1 + 5 4 £4) 7277
By the computations in the above, for z € D; 2 we have
1 0B . R R Yo
AB + 20— g B < 0 (B + |l + B + |al?)
1071

where we have used |ua|? > c7 2772 for @ € Dy 9, (cf. (5.16)). By comparison principle on the set
D1 2, we obtain

|'l/)1‘ < CB(HhH** +0(1)), Vz e D1’2.

Part 2. We here only derive the estimates in the vortex-core region D> ; near €, see Figure 1 or
Figure 2. Since ||h|]«x = o(1), ™ — 0, which satisfies

Laa(w°) =0, [[v°]. < 1.

Whence, we get Lo(¢g) = 0 with the operator Lg defined in (2.8). By the nondegeneracy in Lemma
2.3, we have

L0ty . 09Uy
%o =& 051 + e 0sy
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Observe that ¢ inherits the symmetries of ¢ and hence

¢o(x1,72) = ¢o(21,—22), ¢o(r1,22) = Po(—21,x2).

In the case of the interaction of type I, see (3.15), the symmetry of ¢o(z1,22) = ¢o(— :z:l,xg)
is not preserved under the translation s = x — €;. Obviously, the term ‘Z,

symmetry ¢o(z1,72) = ¢o(w1, —v2). This implies that ¢g = ¢1 % 8U° On the other hand, taking a
limit of the orthogonality condition

Re anAl = 0,
R
we obtain
¢0 881 7

and moreover ¢; = 0 and ¢y = 0.
In the case of the interaction of type II, see (3.16), the symmetries of

Go(x1,22) = ¢o(—x1,22), ¢o(x1,22) = ¢o(z1, —T2),

are not preserved under the translation s = x — ;. Hence we can not use the symmetry to cancel
the kernel of the operator Lg in the coordinates (s1, s2). On the other hand, taking a limit of the
orthogonality condition

Re (ZgnAl = Re QEnAZ = 07
R3 R2

we obtain

%851 = %852 =0,

and moreover ¢; = ¢3 = 0 and ¢g = O.
Hence, for any fixed R > 0, there holds for ¢ = ¢1 + i

||¢1||Loo(21<3) + ||¢2||Loc(él<R) + V¢1||Loo(él<R) + ||V¢2||Lw(21<3) = o(1).

Part 3. In the outer part Dy ¢ U Dy 5, we use the same barrier function B as Part 1. In the region
D276 U D2,5, we have

9% 02 10 o(ly) s B
Gz *am o)+ (vB+ (g)gl) Vi = b,

where have used s = (z1 — di, x2). By comparison principle on the set Dy g U Ds 5, we obtain

|’¢1| < CB(HhH** + 0(1)), Vx € D2’6 U D2’5.
On the other hand, the equation for s is

92 o
(a 2 o2 T o

@i) by = ha.

p(fy) 4
For & € D3¢ U D 5, there holds |us| ~ 1. By standard elliptic estimates we have

8 1)% — 2lug|*ys + Q(V +

12l e 5,5y < Clltball oo 3,may L+ IR ax (14 £y + O3 + 5+ £4) 7,

|7 Yol < Olltall oo 5,y (L 11 1Rl (L4 &y 4 g + Oy + £0) 7277
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Part 4. In the region D3, we have
0? 0? ~ .

L[] = (W+ 5 2>1/)1 - (0 (0= 7y) 4 ¢ Y + [1—V+5a(£—7“2) P1

190

x1 or1
:hla

T — 27 @l + Solellvn — | v @l 2

2 . .
L3,1[¢2}E(682 +862)1/J2 - (0 (0 — ) + 3¢ Yo + [1—V+55(£—722) o

1
+;177/12+2V900 VY1 + Soledlve — | v @bl a

= hao.
By defining a new translated variable A = 5;/3(5 — 79), the linear operators Lgi. and Lzj.. in
(5.42) become

0? 02
Lows(i) = (g3 + 5z )01 = O+ @)oo,

0? 02 9
31wk (V2:x) o2 + o2 {0 (A+3¢°(N)) 12
From Lemma 2.4, —¢’(A\) > 0 for all A € R, and L31..(—¢’) = 0. We apply the maximum principle
to —1p2/¢’ and then obtain
2| < Cld'[(||Al]s« +0(1)), Vz € Ds;.
On the other hand, g(\) > 0 for all A € R, and L3;1.(¢) = 0. We apply the maximum principle to
11/q and then obtain
1] < Cq(l|hllsx +0(1)), Va € Ds;.

Part 5. In D3 5, we consider the problem
02 0? ~ R
L[] = (@ + W)zbl + (1=V)¢1 — G
1

1 33:
- hla

%2 — |V<Po‘ U1 + ZSO[S%Wl - QVSOO‘VZ/JQ

2 2 ~
L3 o[1)0] = (% + 872)1/12 + (1= V)o — 4(Jz1])ee

+ — o 8.’16 22 — |V900| P2 + 250[800]1/’2 + 2V‘P0'V¢1
= hs.
By using the properties of =3 o in (5.46), i.e

23’2 = (]. — ‘7) < —co in D3)2.
we have

[llw2r(Ds ) < CllA]|es-

Combining all the estimates in the above, we obtain that ||1||. = o(1), which is a contradic-
g

tion.
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We now consider the following linear projected problem: finding ¢ with the symmetry in (5.5)
£[’Q/J] = h + c1A1 + caAs, Re (ZBAI = Re éAQ =0 with ¢ = fus1. (62)
R2 R2

Lemma 6.2. There exists a constant C, depending on o only, such that for all € sufficiently small,
the following holds: if ||h||« < 400, there exists a unique solution (,c1,c2) = T(h) to (6.2).
Furthermore, there holds

el < C[R]x-

Proof. The proof is similar to that of Proposition 4.1 in [27]. Instead of solving (6.2) in R?, we
solve it in a bounded domain first:

L[] = h + c1A1 + caha, Re [ ¢A; = Re [ ¢Ay = 0 with ¢ = jugip,
R2 R2
¢=0 ondBy(0), v satisfies the symmetry (5.5).

where M > 1075. By the standard proof of a priori estimates, we also obtain the following estimates
for any solution 1y, of above problem

[[9]]« < Cl[A]] s

By working with the Sobole space Hg(Bys(0)), the existence will follow by Fredholm alternatives.
Now letting M — 400, we obtain a solution with the required properties. O

6.2. Projected Nonlinear Problem. We then consider the following problem: finding ¢ with
the symmetry in (5.5)

,C[’(b] + N['l/)} =& + ClAl + CQAQ, Re QZAl = Re (Z_SAQ =0 with (j) = iUQi/}. (63)
R2 R2
Proposition 6.3. There exists a constant C, depending on o only, such that for all € sufficiently
small, there exists a unique solution (¥, c1,cq) to (6.3), and

9] |5 < C|h]]sx-

Furthermore, 1 is continuous in the parameters fl, ey f4 and aZl, . ,dA4.

Proof. Using of the operator defined by Lemma 6.2, for € small and the parameters fl, oy fa,
dy,...,ds with constraints in (3.15) or (3.16), we can write problem (6.3) as

b=T(-NW]+E) =G(¥).
Using Lemma 4.2, we see that
[1€]]4x < Ce'727.
Let
Y eB={|ly|l. <Ce >},
then we have, using the explicit form of N (1) in section 5
IN@)lls < Ce.
Whence, there holds

1) l1-x < C(IINW)lles +[[E]]--) < C172.

Similarly, we can also show that, for any ), 1& eB

1G() = G) || < 0(L)]|th = ]| -

By contraction mapping theorem, we confirm the result of the Lemma. O
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7. REDUCTION PROCEDURE

To find a real solution to problem (3.3)-(3.4) and fulfill the proof of Theorem 1.4, in this
section, we will solve a reduced problem and find suitable parameters fl, ey f4 and dl, . d4
with properties in (3.15) or (3.16) such that the constants ¢; and ¢ in (5.50) are identical zero for
any sufficiently small ¢.

This can be done in the following way. In previous section, for any given parameters fl, R f4
and di,...,ds with properties in (3.15) or (3.16), we have deduced the existence of ¢ with the
symmetry (5.5) to the projected problem

E(l/)) +./\/'(1b) =&+ c1A1 + calo, Re (lgAl = Re d;AQ = 0, (71)
R2 R2

with the relation
¢ = iugty i Do.
Multiplying the first equation in (7.1) by A;, Ay and integrating, we obtain

C1 Re AlAl = Re Alﬁ(d)) - Re/ AlN(’QZJ) - Re/ Alg, (72)
R2 R2 R2 R2
Co Re A2A1 = Re AQL(¢) — Re 17\2./\/'(¢) — Re AQS (73)
R? R? R2 R?
Hence we can derive the equations of the type
Cl(fl,...7f4, 6217...7624)20, Cl(fl,...,f4, Cil,...7(24)207 (74)

by computing the integrals of the right hand sides of the above formulas (7.2)-(7.3), which can
be solved due to the assumptions in (A3). This procedure will be carried out in the next two
subsections.

Recall the translated variables in (3.9) in the form
s=x—¢€, z=2T— é.
We use the local form of € in (5.28) and then write
E =314+ 3+ 33 + X4 + Oclog |s| + elog |2]),

where we have denoted

/ /
o el s AU, a peD]
(si+ sl PUsD (20 + fa2)l2] P(12])
(7.5)
m’ e2 92V e2 92V
Y, — s oV a2, B0V 2
2 2 8r (ro,o)(gc1 Fo) + 2 Or2 (TO,O)(:I:l Fo)” + 2 Jy3 (ro,o)le’
and also
S9zo + 8121 p (\ ) p (\z|) . S9zo + 8121
g =2 —9(=1)yee 2
S|z z S z
’ ? e *leP? (7.6)
. i o 5271 — 2251 P’(|3|) o 2251 — s2z1 p'([2]) '
+ 2i(—-1)’© + 2i0 .
Is[lz12 p(]s]) 2][s[2 p(]2])
The last term in the error is
PUsD)s2 Pl 2 s ; S1
Z4—772@*0gf — + s = (=)
B s s T e e T T e -

)
ol i l2Uhs  dlehzm s oa ]
e, °gf2l2p<s> R IR



VORTEX RINGS PINNING FOR GROSS-PITAEVSKII EQUATION 41

In the above formulas, there hold the relations

=52~ (fo— fi), and 2z =s1— (fo— f1).

7.1. Case 1: Interaction of Type I. To show the interaction of neighboring vortex rings of

Type I in (1.25), by recalling (3.15), we here only need to determine f; and f3. The main object

of this section is to derive the system of equations with variables f; and fy and then solve it.
Recall the definitions A; and Az in (5.48). By the symmetries of the terms &, A, Ag, we begin

with the computations of

Re Z_Xlg = 2Re /_\15, Re /_XQ(C: = 2Re /_\25,
R2 R2 R2 RZ

where R2 = {(z1,22) € R? : 1 > 0}. The constraints in (3.15) imply that, in the region R%, the
terms A; and Ay have their supports contained in different regions as follows

{(z1,22) : |z — &1] < 2R}, {(z1,22) : |x — ] < 2R}.

Hence we recall the translated variables in (3.9) in the form

We will find that it is convenient to compute

Re Z_Xlg, Re /_\28

RZ R?
on the variables (s1,s2) or (z1,22). We can also deal with other terms similarly.

We first consider the estimates in the equation (7.2). Since A; has its support contained in a
neighborhood of €;, we will choose the variables (s1, s2). Note that, in the region Rﬁ_, there hold

8u2 —u [_p/(gﬁ Il—f1 1 To

= = i + O(e®)ug,
f1

ph) b (01)%
which implies that

pls) Isl— sl?

A = X(sl/R) [ - TR e o,

where we have denoted
© = p(|s|)p(|z])eFoteor), (7.8)
with @1 and g2 defined in (3.10).
In the case of interaction of neighboring vortex rings of type I, there hold the relations
=5y, and z =s —(f2— f1),

due to the constraints in (3.15). By defining ér = (f1 — f2,0), we have |z| = |s — &p|. We then
obtain

2R ASide = — 2 s s_& "(sNo (s — & 51*f1(f2*f1)
g [ PP = s s = E B
oD T s —
- 2/{|S<R} s =] [ sb] T s + 00

= 0(e),

In the above, we have used the fact that |z| = |s — &7| = O(e7 ! |loge|~1/2) for |s| < R due the
constraints in (3.15). For the convenience of notations, we will still the keep the notation |z| in
the computations of the formulas (7.9)-(7.13) by remembering its asymptotic behavior.
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2Re/ A Xodz = 256—‘/
R

2 67“
+

, S1 (51 +(f1 — 720))
mmAxmmmme N ds

262‘7 81(81 + (
|

+ e 57

, 02V
oy}

/
p(IsDp’(|s
WMAMM(H)OD

2

/ 5153
p(IsDp’(Is])—=ds + O(e
0) /{|s|<R} (Ishp'(Is]) ] ()

02V
Oor?

+ e

oV
= 27e | loge| 8—‘

+ 2me? | log e
T 1(ro,0)

(T07O)

A 2 P . S1% SoZ

2Re [ MaSude = logfy [ pllshi(sD[ (170 + A2 s
RZ fi {|s|<R} |

1

sl

9 R
. '
7 0g f1 /{|s|<3} p(ls)p'([s)

— 947 log fi + O(e).
f1

ds + O(e) (7.10)

where

azi&mmwwwim>a (7.11)

Is|
We write the term X3 in the form

Y3 =20

s a%—ﬁﬂﬂwDM4)+%;W9 1 &%—ﬁﬂ

2] \s\lel | p(ls]) p(12) A | [sI[=I” (7.12)
i1V s2(f2 — f1) P'(Is]) ; s2(fa — f1) p'(I2])
O As) T EOT R o)

The above term play an important role in describing the interaction of neighboring vortex rings.

2Re/
R

.
(V]

e sl s1(fe—£0)] 215D #UD) o'l 51
i“&d4lkmha EE ]mmpww@pwnw
1 51(

— 4(,1)j/ _— _
(si<ry [ 127 [slPlzf?

A1) 0o 52— 1) P(s) 5
+(])AKM SR o)) s

$f oy OO ) o 0 + 00

2= 10| ot (elyp(l=]) ds
4A«m o Dl De(sD) d

+acy [ 221002 (sa(lsl) ds + OG)
{|s|<R} |s]|2|
. 8am
= (—-1) = — + 0(¢e),
R
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Hence, there holds

oV 1 1 )
IlzRe/ A Edx = 2me — log — —2am—log f1
{Is|<R} Or lwo0) € fi

92V
or?

A . 8am
—1) — -
(mo)(f o) + (=1) AT

+ 2me? |loge| =

Using Proposition 6.3, and the expression in (5.29), we deduce that

];:{G/R2 AlN(lp) = 1%6/]1{{2 AlNz(d)) = O(E)

On the other hand, integration by parts, we have

Re/RZ ML) = Re/RQ L(A1) = O(e).

Similarly, we can deal with the estimate in the equation (7.3). Hence, we only consider the main
components. Note that we can also write X3 in the form

v =20 s RN - At
- m1yo s S+ s ar
-20| i - (Q|>1532§B+2“W6b?‘huﬂfq o
sit-1pe G S5 + v T S

Since A has its support contained in the neighborhood of &, we here choose the variables (z1, 2z2).
Note that, in the region Ri, there holds

which implies that

“'/ﬂ ﬁWDn+.i,@+O@)

p(lzl) 1zl [=[?
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Hence the interaction of neighboring vortex rings can be estimated by

PZ aa(fi = )1 (ENICENPEVIENEN
sl Jelle]

2Re ]\223 de = —4/

R {121<R} p(ls) p(zl) — p(lz]) [2]
; L ah =) aar2) 2
— 4(—1 j/ — — 00 —dz
Y ey [FF ~ BRRE | OO 50D T
+4(_1)j/ 006~ (f fl) "(Is]) 22 dz
{121<R} [sllz2 p(]sl) |22
_ 4/ 006 z(fo = fi) P/(|Z|)Zi2dz
{|21<R} lzl[sI2 p(lz]) |22
R = e
(=1<ry sl
pacy [ BB apeas + 0
(z1<ry  Isll2]
. 8am
= (-1) = + O(e),
h=F
In the above, we have use fact that |s| = |z — &p| = O(e7! |loge|71/?) for |2| < R. Other terms

in (7.3) can be estimated similarly as we have done before.

Combining all estimates together and rescaling back to the original parameters by the relations
n (3.6), we obtain the following equations

er(fi fo) = 2em lgj ko, gh]
+ 2em [?;‘;/ (o0 (fl—ro) logé _(_1)jf14—af2 + Mia(fu, fo),
(7.16)
er(fi, f2) = zm[%‘j . logi;zlogf;]
T [{;«Z ey U2 =T OB+ (G5 | M )

where M ; and M, o are continuous functions of the parameters f1 and f; of order O(e). Now we
recall the condition (1.13) and that we have chosen j in (1.29) in the form

.1, ifF <0, ) 0%V
{2, if f1 >0, with  Fr =55

(r0,0)

By the solvability condition (1.10) and the non-degeneracy condition (1.12), we can find (f1, fa)
such that the constraints in (1.25) are fulfilled and also

(er(fis f2), cxlfri f2)) =0,

with the help of the simple mean-value theorem.
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7.2. Case 2: Interaction of Type II. To show the interaction of nelghbormg vortex rings of
Type Il in (1.26), by recalling the requirements in (3.16) we shall find f1 and d;. The main object
of this part is to compute the integrals in (7.2)-(7.3), which will become a system of equations with
variables f; and d;. This system can be solved due the assumptions in (A3).

Recall the definitions of A; and Ay in (5.49). By the symmetries of the terms &, Ay, Ag, we
begin with the computations of

Re/ 1_\18 = 4Re 1_\15, Re /_ng = 4Re/ 1_\28,
R2

L R? R+
where we have denoted
RZ, = {(21,22) € R® 121 >0, 22 > O}

The constraints in (3.16) imply that, in the region R++, the term A; and A, have their supports
contained in the same region as follows

{($1,$2) : |£L’ — €1| < 2R}

Hence we recall the translated variables in (3.9) in the form

It is convenient to compute

Re / /_h g, Re / /_\25
RY, R+

on the variables (s1,s2). We can also deal with other terms similarly.

Note that, in the region R? <4, there holds

s o .
Oug uQ[_ﬂ(?l)xl f1 R Bkl

— 2 Uz,
o/, AR @) |+ o

Ous [ P'(El) To —dy .z — f1
= U | — (3

0d;

which implies that

A = x(sl/R) | - Z'((”;'))S; + z‘% 0 + 0(e?),

Ay = X(|S|/R) . pl(|s|)872 St o + 0(62),

where © is given in (7.8). In the case of interaction of neighboring vortex rings of type II, there
also hold the relations

Z1 = 81 and Z9 = S9 — (CZQ — Czl)
due to the constraints in (3.16). In the coordinates (s1, s2), we will keep the notation |z| with
2| = |s = (0, dy — da)],

which has the asymptotic behavior |z| = O(e~! |loge|~1/?) for |s| < R.
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We first estimate the terms in (7.3). We then obtain

A = — z [ s P ss s
2Re - Ap¥idx = 2/{|s|<R} [P(| |)] {,0 (I |)} (31+f1)|s|2
-2 sNp(|z) | P/ (|s 2* ds + O(e
/{|s|<R} p(ls)e(] |)[P(\ D} PR AN + O(e)
= 0(e),

2Re AQZde = 2gal / p(|s|)p/(|8|)52(51 + (fl - To)) ds
Rt Or 100.0) Jyjs1 <Ry |s]
il s2(s1 + (fr - fo))z
IS / (s p/ s ds
577 Loy f oy PO D
0V so(s9 + dy)?
v / plsl)p'(|s)—————ds + O(e
3 o oy PN 0D 0 ©
2 2y R
= 27e’|loge| —5 + O(e),
| log |ay§ oy ()

_ 2 A i 8281 S$122
2Re/ Ao¥ydr = —log f / p(Is])p'(s]) | (—1)7 ds
v R seny EIEERRERE
4 - , S18
= losh [ pllshel (1) ds + O)
h {IsI<R} Is|
= O(e).
We write the component Y3 in the form
/ /
£, = 20 sazo + 8121 p'(|s]) p/(|2]) B 2(_1)j@ 32222—|—s;zl
Isllz]  p(ls]) p(l2]) |s[?]2]
- o 8221 — 2281 p([s]) o 2251 — s221 p'([2])
+ 2i(—1)’© + 2i0
Isl[=> p(ls) 2[Is]® p(]2])
] ] / / ) 7 (7.17)
_ ls|  sa(da —di) | p'(Is]) p'(I2]) ; 1 sy(dg —dy)
|2 |s]]z| p(ls) p(l=]) |z |s|2]2]
7 g / 7 g /
4+ 2i(—1)0 s1(d2 2d1) PUsl) _ o 51(d2 2d1) Pzl
|s|z] p(|s]) |2]s] p(|=])
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The above term play an important role in describing the interaction of neighboring vortex rings

2Re /
R

ds

N sl sa(da—dn)] (lsD #/(2D) o (13D 52
Aaad 4Aﬂdﬂhd FE ]mm>mZD@@m$>w

: 1 82(622 —Cil)
41 J/ L
= m<m[zw EREE
7.3 /
B 4(71)3‘/ 06 SL(d2 zdl) P(M)%ds
(Is|<R} Isllz12 - p(ls]) |s|

7. g /
n 4/ 05512 2d1) p(\z|)%d8
{Is|<R} l2ls]> p(]2]) Is]

_ M’SZ’Z 21 ds
1] P e

2
T+

/
0o s 52
(i) Ts

vy [ LR e P shash as + 0)
(si<ry sz

= (12 L 0),

dy —dy

Hence, there holds

A n (—l)j 8am

*V
—-— dy = =
(r0,0) do — dy

Y3

I, = Re/ A Edr = 2me? |loge] + O(e). (7.18)
{ls|<R}

Using Proposition 6.3, and the expression in (5.29), we deduce that

R MN =R A{N. = O(¢e).
e/{|s|<R} WN (@) e/{|S<R} 1V2 () (¢)

On the other hand, integration by parts, we have

R AL = R hL(A) = O(e).
eﬂbdﬂl.w> eAMdﬂw<1> (e)

Similarly, we can deal with the estimates in the equation (7.2). Hence, we only consider the
main components here.

o nsi(s+ (fi - 70))
(mméﬂdﬂMswﬂﬂ) N ds

o2V , s1(s —|—(f — 7o) 2
L 227 / pllshyel (s 2L =)
(0,0) J{|s|<R} Is|

or?

PV s1(s2 4 dp)?

: [ atshish ™20 1 0
(r0,0) J{|s|< R} |s]

2Re Alzgdl‘ = 2687‘/
ar

2
R+

+587y§

oV (fi = 7o) + O(e),

+ 271e? | loge —‘
(70,0) | log |8r2 (70,0)

ov
= 27e |loge| B
”
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Combining all estimates together and rescaling back to the original parameters, we obtain the
following equation

[ 927 1 24
dy) =2 — dy log = — (=1)7 — M. d
c1(fi,dy) ET _8y§ (ro.0) 1 OgE (-1) 4 + My (f1,dv),
[ o7 e f (7.19)
dy) =2 —_— - — —log —
ca(f1,d1) T B oy 282 T 71087
02V 1
+ 27e W‘(To,o) (f1 —To) 10gg + M272(f1,d1),

where M, 1 and Ms o are continuous functions of the parameters f; and dy of order O(e). Now we
recall the condition (1.13) and that we have chosen the parameter j in (1.30) as the following

. 1, ifFa<0 . o2V
=4 : th - .
J { 2, if Fo>0, Wit P2 =0

By the solvability condition (1.10) and the non-degeneracy conditions (1.12), we can find (f1,d;)
such that the constraints in (1.26) are fulfilled and also

(01 (f1,d1), 02(f17d1)) =0,

with the help of the simple mean-value theorem.

Acknowledgment. J. Wei is supported by an Earmarked Grant from RGC of Hong Kong. J. Yang
is supported by the foundations: NSFC(No.10901108), NSF of Guangdong(No.10451806001004770).
Part of this work was done when J. Yang visited the department of mathematics, the Chinese U-
niversity of Hong Kong: he is very grateful to the institution for the kind hospitality. We thank
the referees for useful suggestions which improved the presentation of the paper. We also Prof. T.
Lin for useful discussion on the background of the Bose-Einstein condensates.

REFERENCES

[1] N. Andre, P. Bauman and D. Phillips, Vortex pinning with bounded fields for the Ginzburg-Landau equation.
Ann. I. H. Poincaré, Non Linaire 20 (2003), no. 4, 705-729.
(2] A. Aftalion, Vortices in Bose-Einstein condensates. Progress in Nonlinear Differential Equations and their
Applications, 67. Birkhauser Boston, Inc. Boston Ma, 2000.
[3] A. Aftalion, S. Alama and L. Bronsard, Giant vortex and the breakdown of strong pinning in a rotating
Bose-Einstein condensate. Arch. Rational Mech. Anal. 178 (2005), no. 2, 247-286.
[4] A. Aftalion and X. Blanc, Existence of vortex-free solutions in the Painleve boundary layer of a Bose-Einstein
condensate. J. Math. Pures Appl. 83 (2004), no. 4, 765-801.
[5] Stan Alama and Lia Bronsard, Pinning effects and their breakdown for a Ginzburg-Landau model with normal
inclusions. J. Math. Phys. 46 (2005), 095102.
[6] S. Alama and L. Bronsard, Vortices and pinning effects for the Ginzburg-Landau model in multiply connected
domains. Comm. Pure Appl. Math. 59 (2006), no. 1, 36-70.
[7] N. Andre and I. Shafrir, Asymptotic behavior of minimizers for the Ginzburg-Landau functional with weight.
I, I, Arch. Rational Mech. Anal. 142 (1998), no. 1, 45-73, 75-98.
(8] B. Anderson, P. Haljan, C. Regal, D. Feder, L. Collins, C. Clark and E. Cornell, Watching dark solitons decay
into vortex rings in a Bose-Einstein condensate. Phys. Rev. Lett. 86 (2001), no. 14, 2926-2929.
[9] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman and E. A. Cornell, Observation of Bose-Einstein
condensation in a dilute atomic vapor. Science 269 (1995), 198-201.
[10] C. Barenghi, Is the Reynolds number infinite in superfluid turbulence? Physica D 237 (2008), 2195-2202.
[11] C. Barenghi and R. Donnelly, Vortex rings in classical and quantum systems. Fluid Dyn. Res. 41 (2009), 051401.
[12] G. Baym and C. Pethick, Ground-state properties of magnetically trapped Bose-Condensed rubidium gas. Phys.
Rewv. Lett. 76 (1996), no. 1, 6-9.
[13] A. Beaulieu and R. Hadiji, Asymptotic behavior of minimizers of a Ginzburg-Landau equation with weight
near their zeroes. Asymptot. Anal. 22 (2000), no. 3-4, 303-347.



14]

(15]

[16]
17)
18]
[19]
[20]
[21]
[22)
23]
[24]
[25]
[26]
[27)
28]
[29]
[30]
31)
[32)

33]
(34]

(35]

(36]
(37]

(38]
39]
[40]
[41]
42]
(43]

(44]

VORTEX RINGS PINNING FOR GROSS-PITAEVSKII EQUATION 49

F. Bethuel, H. Brezis and F. Helein, Ginzburg-Landau vortices. Progress in Nonlinear Differential Equations
and their Applications, 13. Birkhauser Boston, Inc. Boston Ma, 1994.

F. Bethuel, P. Gravejat and J. Saut, Existence and properties of travelling waves for the Gross-Pitaevskii
equation. Stationary and time dependent Gross-Pitaevskii equations, 55-103, Contemp. Math., 473, Amer.
Math. Soc., Providence, RI, 2008.

F. Bethuel, P. Gravejat and J.-G. Saut, Travelling waves for the Gross-Pitaevskii equation, II. Comm. Math.
Phys. 285 (2009), no. 2, 567-651.

F. Bethuel, G. Orlandi and D. Smets, Vortex rings for the Gross-Pitaevskii equation. J. Eur. Math. Soc. 6
(2004), no. 1, 17-94.

F. Bethuel and J.-C. Saut, Travelling waves for the Gross-Pitaevskii equation, I. Ann. Inst. Henri Poincaré,
Physique Théorique. 70 (1999), no. 2, 147-238.

I. Bialynicki-Birula, Z. Bialynicka-Birula and C. .S"liwa, Motion of vortex lines in quantum mechanics. Phys.
Rev. A 61 (2000), no. 3, 032110.

S. J. Chapman, Q. Du, and M. D. Gunzburger, A Ginzburg-Landau type model of superconducting/normal
junctions including Josephson junctions. Eur. J. Appl. Math. 6 (1995), 97-114.

X. Chen, C. M. Elliott and Q. Tang, Shooting method for vortex solutions of a complex-valued Ginzburg-Landau
equation. Proc. Roy. Soc. Edinburgh Sect. A 124 (1994), no. 6, 1075-1088.

D. Chiron, Travelling waves for the Gross-Pitaevskii equation in dimension larger than two. Nonlinear Anal.
58 (2004), no. 1-2, 175-204.

M. del Pino and P. Felmer, Locally energy-minimizing solution of the Ginzburg-Landau equation. C. R. Acad.
Sci. Paris Sér. I Math. 321 (1995), no. 9, 1207-1211.

M. del Pino and P. Felmer, Local minimizers for the Ginzburg-Landau energy. Math. Z. 225 (1997), no. 4,
671-684.

M. del Pino, P. Felmer and M. Musso, Two-bubble solutions in the super-critical Bahri-Coron’s problem. Calc.
Var. Part. Diff. Eqn. 16 (2003), no. 2, 113-145.

M. del Pino, P. Felmer and M. Kowalczyk, Minimality and nondegeneracy of degree-one Ginzburg-Landau
vortex as a Hardy’s type inequality. Int. Math. Res. Not. (2004), no. 30, 1511-1627.

M. del Pino, M. Kowalczyk and M. Musso, Variational reduction for Ginzburg-Landau vortices. J. Funct. Anal.
239 (2006), no. 2, 497-541.

M. del Pino, M. Kowalczyk and J. Wei, Concentration on curve for nolinear Schrodinger equation. Comm. Pure
Appl. Math. 60 (2007), no. 1, 113-146.

M. del Pino, M. Kowalczyk and J. Wei, The Toda system and clustering interfaces in the Allen-Cahn equation.
Arch. Ration. Mech. Anal. 190 (2008), no. 1, 141-187.

M. del Pino, M. Kowalczyk and J. Wei, The Jacobi-Toda system and foliated interfaces. Discrete Contin. Dyn.
Syst. 28 (2010), no. 3, 975-1006.

M. del Pino, M. Kowalczyk, J. Wei and J. Yang, Interface foliation near minimal submanifolds in Riemannian
manifolds with positive Ricci curvature. Geom. Funct. Anal. 20 (2010), no. 4, 918-957.

K. B. Davis, M.-O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle,
Bose-Einstein condensation in a gas of sodium atoms. Phys. Rev. Lett. 75 (1995), no. 22, 3969-3973.

R. Donnelly, Quantized vortices in Helium II. Cambridge University Press, Cambredge, U. K. 1991.

Q. Du, M. D. Gunzburger, and J. S. Peterson, Computational simulations of type II superconductivity including
pinning phenomena. Phys. Rev. B 51 (1995), 16194-16203.

D. L. Feder, M. S. Pindzola, L. A. Collins, B. I. Schneider and C. W. Clark, Dark-soliton states of Bose-Einstein
condensates in anisotropic traps. Phys. Rev. A 62 (2000), no. 5, 053606.

A. L. Fetter, Rotating trapped Bose-Einstein condensates. Rev. Mod. Phys. 81 (2009), no. 2, 647-691.

A. Fetter and D. Feder, Beyond the Thomas-Fermi approximation for a trapped condensed Bose-Einstein gas.
Phys. Rev. A 58 (1998), no. 4, 3185-3194.

A. L. Fetter and A. A Svidzinsky, Vortices in a trapped dilute Bose-Einstein condensate. J. Phys.: Condens.
Matter 13 (2001), 135-194.

C. Gui and J. Wei, Multiple interior peak solutions for some singularly perturbed Neumann problems. J. Diff.
Equ. 158 (1999), no.1, 1-27.

M. Guilleumas, D. M. Jezek, R. Mayol, M. Pi and M. Barranco, Generating vortex rings in Bose-Einstein
condensates in the line-source approximation. Phys. Rev. A 65 (2002), no. 5, 053609.

M. Guilleumas and R. Graham, Off-axis vortices in trapped Bose-condensed gases: Angular momentum and
frequency splitting. Phys. Rev. A 64 (2001), no. 3, 033607.

S. Gustafson and F. Ting, Dynamic stability and instability of pinned fundamental vortices. J. Nonlinear
Science 19 (2009), no. 4, 341-374.

K.-H. Hoffmann and Q. Tang, Ginburg-Landau phase transition theory and superconductivity, Birkhauser Ver-
lag, Basel, 2001.

T. Horng, C. Hsueh and S. Gou, Transition to quantum turbulence in a Bose-Einstein condensate through the
bending-wave instability of a single-vortex ring. Phys. Rev. A 77 (2008), no. 6, 063625.



50

[45]
[46]
[47]
48]
[49]

[50]

[51]
[52]

[53]
[54]

[55]
[56]
[57)
(58]
[59]
[60]
(61]
(62]

[63]
[64]

[65]
[66]
[67)
(68]
[69]
[70]
[71]
[72]
73]
[74]

[75]

J. WEI AND J. YANG

T. Horng, S. Gou, and T. Lin, Bending-wave instability of a vortex ring in a trapped Bose-Einstein condensate.
Phys. Rev. A 74 (2006), no. 4, 041603(R).

B. Jackson, J. F. McCann and C. S. Adams, Vortex rings and mutual drag in trapped Bose-Einstein condensates.
Phys. Rev. A 60 (1999), no. 6, 4882-4885.

B. Jackson, J. F. McCann and C. S. Adams, Vortex line and ring dynamics in trapped Bose-Einstein conden-
sates. Phys. Rev. A 61 (1999), no. 1, 013604.

S. Jimbo and Y. Morita, Stability of nonconstant steady-state solutions to a Ginzburg-Landau equation in
higher space dimensions. Nonlinear Anal. 22 (1994), no. 6, 753-770.

S. Jimbo and Y. Morita, Vortex dynamics for the Ginzburg-Landau equation with Neumann condition. Methods
Appl. Anal. 8 (2001), no. 3, 451-477.

S. Jimbo and Y. Morita, Notes on the limit equation of vortex motion for the Ginzburg-Landau equation
with Neumann condition, in: Recent Topics in Mathematics Moving toward Science and Engineering. Japan J.
Indust. Appl. Math. 18 (2001), no. 2, 483-501.

S. Jimbo, Y. Morita and J. Zhai, Ginzburg-Landau equation and stable steady state solutions in a non-trivial
domain. Comm. Partial Differential Equations 20 (1995), no. 11-12, 2093-2112.

G. Karali and C. Sourdis, The ground state of a Gross-Pitaevskii energy with general potential in the Thomas-
Fermi limit. arXiv:1205.5997v2.

R. Kerr, Numerical generation of a vortex ring cascade in quantum turbulence, arXiv:1006.3911v2.

F. Lin, Solutions of Ginzburg-Landau equations and critical points of the renormalized energy. Ann. Inst. H.
Poincaré Anal. Non Linéaire 12 (1995), no. 5, 599-622.

F. Lin, Mixed vortex-antivortex solutions of Ginzburg-Landau equations. Arch. Ration. Mech. Anal. 133 (1995),
no. 2, 103-127.

F. Lin, Some dynamical properties of Ginzburg-Landau vortices. Comm. Pure Appl. Math. 49 (1996), no. 4,
323-359.

F. Lin and Q. Du, Ginzburg-Landau vortices: dynamics, pinning, and hysteresis. SIAM J. Math. Anal. 28
(1997), no. 6, 1265-1293.

F. Lin and T. Lin, Minimax solutions of the Ginzburg-Landau equations. Selecta Math. (N.S.) 3 (1997), no. 1,
99-113.

F. H. Lin, W. M. Ni and J. Wei, On the number of interior peak solutions for a singularly perturbed Neumann
problem. Comm. Pure Appl. Math. 60 (2007), no. 2, 252-281.

F. Lin and J. Wei, Travelling wave solutions of Schrodinger map equation. Comm. Pure Appl. Math. 63 (2010),
no. 12, 1585-1621.

T. Lin, J. Wei and J. Yang, Vortex rings for the Gross-Pitaevskii equation in R3. J. Math. Pures Appl., to
appear.

E. Lundh, C. Pethick and H. Smith, Zero-temperature properties of a trapped Bose-condensed gas: beyond the
Thomas-Fermi approximation. Phys. Rev. A 55 (1997), no. 3, 2126-2131.

D. McMahon, Quantum Mechanics Demystified. McGraw-Hill, 2005.

K. Madison, F. Chevy, W. Wohlleben and J. Dalibard, Vortex formation in a stirred Bose-Einstein condensate.
Phys. Rev. Lett. 84 (2000), no. 5, 806-809.

M. R. Matthews, B. P. Anderson, P. C. Haljan, D. S. Hall, C. E. Wieman and E. A. Cornell, Vortices in a
Bose-Einstein Condensate. Phys. Rev. Lett. 83 (1999), no. 13, 2498-2501.

M. P. Mink, C. Morais Smith and R. A. Duine, Vortex-lattice pinning in two-component Bose-Einstein con-
densates. Phys. Rev. A 79 (2009), no. 1, 013605.

F. Pacard and T. Riviere, Linear and nonlinear aspects of vortices. Nonlinear Differential Equations Appl.,
vol. 39, Birkhauser Boston, Boston, MA, 2000.

A. Pakylak, F. Ting and J. Wei, Multi-vortex solutions to Ginzburg-Landau equations with external potential,
Arch. Rational Mech. Anal. 204 (2012), no 1, 313-354.

C. Pethick and H. Smith, Bose-FEinstein condensation in dilute gases. Cambridge University Press, Cambridge,
2002.

L. M. Pismen and J. Rubinstein, Motion of vortex lines in the ginzburg-Landau model. Physica D: Nonlinear
Phenomena 47 (1991), no. 3, 353-360.

G. Rayfield and F. Reif, Evidence for the creation and motion of quantized vortex rings in superfluid Helium.
Phys. Rev. Lett. 11 (1963), no. 1, 305-308.

J. W. Reijnders and R. A. Duine, Pinning of vortices in a Bose-Einstein condensate by an optical lattice. Phys.
Rev. Lett. 93 (2004), no. 6, 060401.

J. Ruostekoski and J. Anglin, Creating vortex rings and three-dimensional Skyrmions in Bose-Einstein conden-
sates. Phys. Rev. Lett. 86 (2001), no. 18, 3934-3937.

C. Ryu, M. F. Andersen, P. Cladé, Vasant Natarajan, K. Helmerson and W. D. Phillips, Observation of
persistent flow of a Bose-Einstein condensate in a toroidal trap. Phys. Rev. Lett. 99 (2007), 260401.

J. Ruostekoski and Z. Dutton, Engineering vortex rings and systems for controlled studies of vortex interactions
in Bose-Einstein condensates. Phys. Rev. A 72 (2005), no. 6, 063626.



[76]
[77]

(78]
[79]

(80]
(81]

(82]
(83]

(84]
(85]

(86]

VORTEX RINGS PINNING FOR GROSS-PITAEVSKII EQUATION 51

E. Sandier and S. Serfaty, Vortices in the Magnetic Ginzburg-Landau Model. Progress in Nonlinear Differential
Equations and Their Applications, Vol. 70, Birkhauser, Boston, 2007.

I. M. Sigal and Y. Strauss, Effective dynamics of a magnetic vortex in a local potential. J. Nonlinear Sci. 16
(2006), no. 2, 123-157.

F. Sols, Vortex matter in atomic Bose-Einstein condensates. Physica C 369 (2002), 125-134.

M. Struwe, On the asymptotic behavior of minimizers of the Ginzburg-Landau model in 2 dimensions. Differ-
ential Integral Equations 7 (1994), no. 5-6, 1613-1624.

S. Serfaty, Stability in 2D Ginzburg-Landau passes to the limit. Indiana Univ. Math. J. 54 (2005), no. 1,
199-222.

A. Svidzinsky and A. Fetter, Dynamics of a vortex in trapped Bose-Einstein condensate. Phys. Rev. A 62
(2000), no. 6, 063617.

M. Tinkham, Introduction to Superconductivity. McGraw-Hill, New York, USA, 1975.

F. Ting, Effective dynamics of multi-vortices in an external potential for Ginzburg-Landau gradient flow.
Nonlinearity 23 (2010), 179-210.

S. Tung, V. Schweikhard and E. A. Cornell, Observation of vortex pinning in Bose-Einstein condensates. Phys.
Rewv. Lett. 97 (2006), no. 7, 240402.

J. E. Williams and M. J. Holland, Preparing topological states of a Bose-Einstein condensate. Nature(London)
401 (1999), no. 6753, 568-572.

F. Zhou and Q. Zhou, A remark on multiplicity of solutions for the Ginzburg-Landau equation. Ann. Inst. H.
Poincaré Anal. Non Linéaire 16 (1999), no. 2, 255-267.

J. WEI - DEPARTMENT OF MATHEMATICS, CHINESE UNIVERSITY OF HONG KONG, SHATIN, HoNG KONG
E-mail address: wei@math.cuhk.edu.hk

J. YANG - COLLEGE OF MATHEMATICS AND COMPUTATIONAL SCIENCES, SHENZHEN UNIVERSITY, NANHAI AVE 3688,

SHENZHEN, CHINA, 518060.

E-mail address: jyang@szu.edu.cn



	1. Introduction
	1.1. Background
	1.2. The pinning phenomena
	1.3. Assumptions and results

	2. Preliminaries
	3.  The symmetric formulation of the problem and Outline of the proof
	3.1. The symmetric formulation of the problem
	3.2. Outline of the Proof

	4. The approximate solution
	4.1. First approximate solution
	4.2. Further improvement of approximation
	4.3. Estimates of the error 

	5. Local Setting-up of the Problem
	6. The resolution of the Projected Nonlinear Problem
	6.1. The Linear resolution theory
	6.2. Projected Nonlinear Problem

	7. Reduction procedure
	7.1. Case 1: Interaction of Type I
	7.2. Case 2: Interaction of Type II

	References
	Bibliography

