TRAVELING VORTEX HELICES FOR SCHRODINGER MAP EQUATIONS

JUNCHENG WEI AND JUN YANG

ABSTRACT. We construct traveling wave solutions with vortex helix structures for the Schrédinger
map equation

om .

Y =m x (Am —m3&3) on R® xR,

of the form m(s1, s2,s3 — d|loge|et) with traveling velocity d|logele along the direction of s3
axis. We use a perturbation approach which gives a complete characterization of the asymptotic
behavior of the solutions.

1. INTRODUCTION

The aim of this paper is to construct traveling wave solutions for a class of Landau-Lifshitz
equations. We shall concentrate on the traveling wave solutions of the Schrodinger map equation

om

e m x (Am —msés) in RY xR, (1.1)
or equivalently the equation
om > 2 2
—m X = Am —mg@s; + (|[Vm|* + m3)m. (1.2)

Here m : RY x R — §2 so that |m(s,t)| = 1 and where & = (0,0,1) € R3.

The equation (1.1) (or equivalently (1.2)) is, in fact, the Landau-Lifshitz equation describing
the planar ferromagnets, that is, ferromagnets with an easy-plane anisotropy ([32], [38]). The
unit normal to the easy-plane is assumed to be €3 in the equations, see for example [38]. Despite
some serious efforts (see e.g. [15], [16], [43], [44], [21], [9, 24, 39], [22, 23], [19, 20, 17, 18]) and
the references therein), some basic mathematical issues such as local and global well-posedness
and global in time asymptotics for the equation (1.1) remain unknown. If one is interested in
one-dimensional wave (plane-wave) solutions of (1.1), that is, m : R x R — S (or S'), a lot were
known as (1.1) becomes basically an integrable system (see [44] and [2]). The problem in 2-D or
higher dimensions are much more subtle. Even though it is possible to obtain weak solutions of
(1.1) (see [2], [36], [42], [43]-[44] ), one does not know if such weak solutions are classical (smooth)
or unique.

From the physical side of view, one expects topological solitons, which are half magnetic bubbles,
exist in solutions of (1.1) (see [27] and [38]). Indeed, in [25]-[26], F. Hang and F. Lin have established
the corresponding static theory for such magnetic vortices. They are very much like vortices in
the superconductor described by the Ginzburg-Landau equation, see [3] and references therein.

Let us recall the essential features of vortex dynamics in a classical fluid (or a superfluid modeled
by the Gross-Pitaevskii equation, see [37]). A single vortex or antivortex is always spontaneously
pinned and hence can move only together with the background fluid. However vortex motion
relative to the fluid is possible in the presence of other vortices and it displays characteristics
similar to the 2-D Hall motion of interacting electric charges in a uniform magnetic field. In
particular, two like vortices orbit around each other while a vortex-antivortex pair undergoes
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Kelvin motion along parallel trajectories that are perpendicular to the line connecting the vortex
and the antivortex. This latter fact had been obtained in a special case by Jones and Robert [29].
They also asymptotically derived a three dimensional (3-D) solitary wave that describe a vortex
ring moving steadily along its symmetric axis. For more precise mathematical proofs, there are
some works for the case of Gross-Pitaevskii equation

z%l; =Au+tu—|u®u in RY xR. (1.3)
In two dimensional plane, F. Bethuel and J. Saut constructed a traveling wave with two vortices
of degree £1 in [8]. In higher dimension, by minimizing the energy, F. Bethuel, G. Orlandi and D.
Smets constructed solutions with a vortex ring [7], see also [5]. See also [10] for another proof by
Mountain Pass Lemma. The reader can refer to the review paper [6] by F. Bethuel, P. Gravejat
and J. Saut and the references therein.

By a completely different method, F. Lin and J. Wei [34] obtained the results of existence of
solutions, similar as those of [8], [7], for the Landau-Lifshitz equation (1.1). More precisely, if we
look for a solution of the traveling wave m(s’, sy — Ct) of the equation (1.1), then m must be a
solution of

C(’?m

— C— =m x (Am — m3é3). (1.4)
681\/‘
Here, it travels in the sy —direction with the speed C, which will be set in the form
C=ce with ¢>0 and e>0. (1.5)
After a proper scaling in the space, (1.4) becomes
0
—c—mzmx(Am—%%), s e RN, (1.6)
88]\/ 62
or . )
m - mses 2 ms
cm X Do Am — 2 +(|Vm|® + G—Z)m (1.7)

The main results of the paper [34] are the following

Theorem 1.1. [34] Let N > 2 and e sufficiently small there is an azially symmetric solution
m =m(|s'],sn) € C®RN,S?) of (1.6) such that

1 2
E.(m) = / 7<|Vm\2 + |mg| )ds < 0 (1.8)
RN 2 €
and that m has ezxactly one vortex at (|s'|,sny) = (ae,0) of degree +1, where a. = % If N =2, the
traveling velocity C ~ €, while C = (N — 2)e|log 1| for N > 3. O

Naturally such solution m gives rise to a nontrivial (two-dimensional) traveling wave solution of
(1.1) with a pair of vortex and antivortex which undergoes the Kelvin Motion as described above.
Solutions constructed in Theorem 1.1 are called traveling vortex rings for the case of the dimension
N > 3. We note that formal arguments as well as numerical evidences were already presented
in the work [38]. We should also note that in the case of the initial date of (1.1) contains only
one vortex (one magnetic half-bubble), with its structure as described in the work of [25]-[26] very
precisely, the above discussions imply that the vortex will simply stay at its center of mass, and a
meaningful mathematical issue to examine would be its global stability. It is, however, unknown to
authors that whether such stability result is true or not, see [22], [23], [24] for relevant discussions.
On the other hand, it is relatively easy to generalize the work of [35] to the equation (1.1) for the
planar ferromagnets. One may obtain the same Kirchhoff vortex dynamical law for these widely
separated and slowly moving magnetic half-bubbles, see [33] (as formally derived in [38] and also
[37] for the Gross-Pitaevskii equation) of solutions of (1.1).

In the present paper, we concern the existence of a traveling wave solution possessing vortex
helix structures for problem (1.1) by construction a symmetric solution to (1.4). In this direction,
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we refer the paper by D. Chiron [11] for the existence of vortex helices for Gross-Pitaevskii equation
(1.3). For the Allen-Cahn equation, there are also solutions with phase transition layers invariant
under screw-motions [14]. The main result reads

Theorem 1.2. Let N = 3. For any sufficiently small traveling velocity C, there is an axially
symmetric solution m = m(|s'|,sy) € C°(R3,S?) of (1.4). Moreover, by the transformation

m im
L e L )
14+ mg

u has a vortex heliz of degree +1 directed along the curve in the form
a€R— (chosa,cisinaAa) € R3,

for any parameters d>0 and \ # 0, and u is also invariant under the screw motion expressed in
cylinder coordinates

(r,¥,s3) — (r, ¥+ a,s3 + S\a), VaeR.

In other words, we have found a traveling wave solution to (1.1). The traveling velocity is

1 1
C=——elog-. (1.9)

Vet e

O

Some words of discussions are in order to end the introduction. The traveling velocity in (1.9)
depends on the geometric parameters of the helix (cf. (1.5), (3.1) and (3.10)). To get a nontrivial
vortex helix, we assume that the parameters d > 0 and A # 0. Note that A =0 will go back to
the case of vortex ring in Theorem 1.1. We can choose € so that C' in (1.9) is small enough in
such a way that we can use the reduction method. For more precise asymptotic behaviors of the
solutions, the reader can refer to the details in Sections 3-4.

A natural problem is to construct higher dimensional vortex phenomena with invariance under
skew motions in Euclidean spaces. According to [12], there are helix submanifolds in any Euclidean
space of odd dimension. We can use the same method to show the existence of vortex phenomena
on some special helix submanifolds. The reader can refer to Remark 3.1.

Another interesting question is the existence of a solution with a double-helix vortex structure.
Helices are vital for life as we know it, the DNA polymer being a famous example of a double-helix
structure [41]. In fluid studies, theory on helical vortices assumes possible existence of an arbitrary
number of interacting helical vortex filaments, especially the existence of double-helix structures
[1]. Tt is supposed that spiral pairing is the elementary interaction in turbulence. A double-helix
structure formed by a pair of vortices was also studied by the numerical method for the helical
spin textures in ferromagnetic spin-1 Bose-Einstein condensates subject to dipolar inter-particle
forces [28].

Here is the outline of the approach. We use the standard reduction method (cf. [13], [34])
to construct the solutions with vortex helices to problem (1.4) with dimension N = 3. By using
the screw invariance of solutions, we first transform the problem to a two-dimensional case (3.12)
with boundary condition (3.14) on the infinite strip & (cf. (3.13)). Note that problem (3.12) is
degenerate when x; = 0 due to the terms

1
1 ou and 7_2<1+
.’Elal'l

A2\ O%u
) ox3’

The second degenerate term in the above did not appear in the arguments of the works [7], [10]

and [34] for the existence of traveling vortex rings. Note that the paper [11] claimed the existence

of solution with helix structures and screw motion invariance in Theorem 3 without a proof. So

there was no need to handle the second degenerate term therein. The reader can refer to Theorem

3 and its remark in [11]. Here, we shall make careful analysis to deal with the problem near the

2
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origin. After that, the key point is then to construct a solution with a vortex of degree +1 at (d,0)
and its antipair of degree —1 at (—d,0). Additional to the computations for standard vortices in
two dimensional case, there are two extra derivative terms

1 Ou d _2()\2 /\2>82u
——— an = - =)=
1 011 7 2 d?/ 0x3
If we put w = p(¢)e’® as the approximate solution to (3.12) in the vortex core region, then there
exist two singular terms (cf. (4.16) and (4.11)) of the forms

Aoy, dyl”’

( 202) 020  4o? yiys
T3 )Y1 535 ™Y T 1
dv?)7 0ys  dy? [yl

which were expressed in local translated coordinates y in (4.12). These two terms will play an
important role in determining the dynamical behavior of the vortex helices. Hence, by adding
correction terms for cancelation of these two singular terms and also partial fulfilling the boundary
conditions in (3.17), we find a good approximate solution defined in (4.43). All of these will be
done in Sections 3 and 4. The rest part of the approach is the standard part of the reduction
methods. The reader can refer to [13] and [34] and the references therein.

2. SOME PRELIMINARIES

In this section, we collect some important facts which will be used later. These include the
asymptotic behaviors and nondegeneracy of degree one vortex.

Here, we consider the high dimensional case N > 3. Setting

u= ma Tt ims and ¢ = d]loge|,
1+ms3
problem (1.4) becomes
) 1 Ou 1— |ul? 24
delog—— + A = Vu - Vu. 2.1
ZEOge@sNJr u+1+|u|2u 1+ |ul? u-vu (2.1)

Here and throughout the paper, we use @ to denote the conjugate of u. The parameter ¢ is a
constant to be chosen in (3.10).

When 6 = 0 and N = 2, problem (2.1) admits solutions of standard vortex of degree +1, i.e.
u=wt := p(£)e? in polar coordinate (¢,0), where p satisfies

/ 7\2 2
w o, P 20(p) L 1—p
= - 1-— = 0. 2.2
T 1 P U@ e (2.2)
Another solution w™ := p(£)e~* will be of vortex of degree —1. These two functions will be our

block elements for future construction of approximate solutions.

Natation: For simplicity, from now on, we use w = p(£)e’® to denote the degree +1 vorter. We
also assume that o € (0,1) is a fivzed and small constant. O

The following properties of p are proved in [25].

Lemma 2.1. There hold the asymptotic behaviors:
(1) p(0)=0, 0<p)<1l, p' >0forl>0,
(2) p(f) =1 —col 2t 4+ 0(73/2e7Y) as £ — +oo, where cy > 0. O
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Setting w = wy + twy and z = x1 + x5, then we need to study the following linearized operator
of Sp in (3.20) around the standard profile w:

4(w1Vwy + waVws) 4V {w, ¢)
L =A¢p — Vp - ————V
o(@) =A¢ 1+ [wf? O T VY
8<w7 ¢> (’(UlV’LUl + ’LUQV’LUQ) 4<V’LU7 V¢>
+ Vw + 2.3
(0 wp)? I P 23
A0+ V) (w, ¢) 2|Vuw|? 1—Jwf
T P2 T T ep? T ir e
The nondegeneracy of w is contained in the following lemma [34].
Lemma 2.2. Suppose that
Lo[¢] =0, (24)
where ¢ = iwy, and P = 1 + i)y satisfies the following decaying estimates
1| + [2l[Ve| < C(1+12])7%, 25)
2] + [2][Vepo| < C(1+2])7' 72, '
for some 0 < p < 1. Then
0 ow
¢ = Cla ) + 6287.%2
for certain real constants c1, ca. O

3. SYMMETRIC FORMULATION OF THE PROBLEM

For simplicity of notation, we here only consider the case N = 3 in the sequel. Recall that by
setting

mi + ima

u:m and ¢ =d|logel, (3.1)
we have written problem (1.4) in the form (cf. (2.1))
, 1 du 1— |ul? 2a
Jelog—— + A = Vu - Vu. 3.2
ZEOge@s;;Jr u+1+|u\2u 1+ |ul? - vu (3.2)

Here and throughout the paper, we use @ to denote the conjugate of u. The parameter ¢ is a
constant to be chosen in (3.10).

By using the cylinder coordinates s; = rcos VU, s5 = rsin ¥, s3 = s3, equation (3.2) is trans-
formed to
0%u 10u 1 0%u 0%u 1— |ul? 21

1 ou
idelog—— + — + ~— + 55— + — = Vu - V. 3.3
ZEOg6853+8r2+r8r+r26\112+8s§+1+|u\2u 1+ |ul? wov (3:3)

For problem (3.3), we want to find a solution v which has a vortex helix directed along the curve
in the form
o € R+ (dcosa, dsina, \a) € R,

with two parameters

i=%50 =220, (3.4)
€ €

Moreover, wu is also invariant under the screw motion
(r,¥,s3) — (r, ¥+ a,s3+ ), YaeR (3.5)
Hence, u has the symmetry

u(r,¥,s3) = u(r,¥ + «, s3 + Aa) = u(r,0,s3 — \U), (3.6)
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and also satisfies the problem

iselo 1 du +82u+18u+(1+)\2)82u 1—|u\2u
elog = 2% zou AT 2T
8 ¢ 0ss 9s3 14 |ul?

o2 ror 2
2
R CESIEON!

which will be defined on the region {(r, s3) € [0,00) x (—Am, Am)}.

r

o (3.7)

1 fu?

Before going further, we provide a remark to show the method for the higher dimensional case.

Remark 3.1. We assume that N = 2m + 3 with integer m > 1. By steorographic projection, we
can write problem (1.4) in the form (cf. (2.1))
1— |ul? 2u

) 1 Ou N
zéelogga + Au + 1+|u‘2u = 1+|u|2Vu-Vu in RY. (3.8)

According to [12], there are heliz submanifolds in RN . For the expressions of heliz submanifolds,
we introduce the coordinates
r b 2 .
($1,° "y Sm41) = E(SCOS\I} — §sm\Il),
rox. A
(81,7, Somt2) = E(&sm\ll + Ecos V),
S2m+3 = S2m+3,

where (1, W, €, €, Somy3) € R X R x ™ x §™ x R. Note that £, € € S™ are vectors in R™1. The
metric in RN can be expressed in the form

2 2
dr? + r2dv? + 5d§2 + Edg?
Whence, we get the expressions of Beltrami-Laplace operator
0? 2m+1 0 1 02 2 2
A= -5+ ——— + ==+ =D+,
87"2+ r 8r+r28\112+r2 ‘5+r2 &

where Aé and Aé are Beltrami-Laplace operators on S™.

Equation (3.8) is transformed to

10€elo 1&+@+M@+i@+EAV+EAA+@
¢ geasN Or2 r  Oor r2 OW2 r2 T8 2 T T st (3.9)
1—|ul? 21 '
+ [ul = u Vu - Vu.

Tl T TP
For problem (3.9), we want to find a solution u, which has a vortex on the helix submanifold in
the form

a€R— (d(gcosafésina),d(ésina+écosa),Aa> e RY,

where €, é € S™ are vectors in R™+1 and the two parameters are

d A
d=->0, A=-#0.
€ €

Moreover, u is also invariant under the screw motion
(r,U,€,€ sn) — (U +a, €, € sy +Aa), VaeR.
Hence, u has the symmetry
w(r, U, €, €, sy) = u(r, U+ a,&,& sy + Aa) = u(r,0,&, o, sy — AT),
where &, éo are the north pole of S™. This will derive an equation like (3.7). d
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We go back to the case of dimension N = 3. Recall the parameters in (3.4) and then set

A 1 1
g = =, Y=V 1 + 0'2 s ) = —_—— = .
d Vd2+ A2 dy
It is worth mentioning that these three positive parameters are of independence of €. For further
convenience of notation, we also introduce the rescaling

(3.10)

(rys3) = (x1,y22), 2z =21+ ixa. (3.11)
Thus (3.7) becomes
iSelon L1 ou  0%u 1 Ou N (1+)\2) _,0%u 1—|u|2u
elog —~—122 . 2=, 2 9% b I bl B
&7 Oxs  0x% 1 Orq x? 7 0z 1+ |ul?
_ ) (3.12)
_ 2 (ﬁ>2+(1+i) —z(@)z
L |ul? | \Or x? T \oz, /) |
By using the symmetries, in the sequel, we shall consider the problem on the region
S = {(z1,32): 1 €R, x2 € (=An/v, A /7)}, (3.13)

and then impose the boundary conditions

lu(z)] =1 as |z1| = 400,

ou
O (Oax2) 0, Vg€ ( "T/’Y, 7T/7)7 <3.14)
u(zy, —An/y) = u(xy, An/y), YV €R,

Ugy (X1, —AT/7Y) = Ug, (X1, AT/7y), VYV €R.

Before finishing this section, some words are in order to explain the strategies of solving problem
(3.12) with boundary conditions in (3.14). It is easy to see that problem(3.12) is invariant under
the following two transformations

u(z) = u(z), u(z) = u(-2). (3.15)
Thus we impose the following symmetry on the solution u
Il = {u(z) = u(2), u(z) =u(~%) } (3.16)
This symmetry will play an important role in our analysis. As a conclusion, if we write
u(zy, xe) = w1 (a1, x2) + fus(z1, T2),
then u; and uy enjoy the following conditions:
U1<.'L'1,$2) :Ul(_xl,l'Q), u1($1;$2) ZU1<.'L'1,_.'L'2)7
uz(z1, 22) = uz(—21,22), uz (1, 2) = —uz(r1, —T2),
0 0
ﬂ(071'2) = 07 ﬂ(o,(ﬂg) = 07
O0xy Oxq (3.17)
Ous Oug
ul(xla 7)‘7-(/7) = ul(xla A7r/7)7 7(9317 *)\71’/")/) = 7(‘T17 )\71'/")/),
8332 8.’172
ou ou
o (w1, =Am/7) = 5 (@, M /y) =0, ua(er, —Am/7) = ua(er, Ar/7) = 0.
Oxs O0x2

Problem (3.12)-(3.14) becomes a two-dimensional problem with symmetries defined in (3.16).
The key point is then to construct a solution with a vortex of degree +1 at (d,0) and its antipair
of degree —1 at (—d,0). Additional to the computations for standard vortices in two dimensional

case, there are two extra derivative terms

1 Ou

X1 8%‘1

and ~ 2 (1 + )\72) 82u.

2 2
x5/ 05
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Moreover, we shall improve the approximate solution to satisfy the boundary conditions in (3.17).
To the end of constructing vortex pairs locating at (d,0) and (—d,0), we write

0u 22 0%u A2 A2 0%u
U (14 2 )28 A 2 A2 1
oz? * ( * x%)ﬁy 0x3 R P dQ] 0z’ (3.18)
(@)2+(1+A—2) ‘2(a—u)2 R ) (a—“)Q (3.19)
o1 x? 7 dry) U x?  d? | \Qxy/ '
and then set
9
Solu] : = Au + F(u) 1+T |2Vu Vu,
o L[a a2 ouye
Sifu] : = —1+|u|2’)’ [x%—dg (37:172) )
A2 A2 | 9%u (3.20)
Solu] : = 47?5 - 2] WL
x$  d?| 0z;
1 Ou e 1 ou
Salu] : = o Salul 07y e|loge|a—gc27

S[u] : = So[u] + S1[u] + Safu] + Ss[u] + S4ful.

2

In the above F(u) = %u

It is worth mentioning that problem (3.12) is also degenerate when 1 = 0 due to the term

(1 )5

x2) 03’
We need more analysis to handle the singularity as 1 — 0. Whence, for the convenience of further
careful analysis, we divide the region & (cf. (3.13)) into three parts:

&y = { (x1,m2) + T > 2w/e, —Am/y <2 < )m/’y},
Sy = { (z1,22) : —2m /e < @1 < 2w/e, —AT/y < 3 < AT/ } (3.21)
6 = { (T1,22) : 71 < —2w/e, —Am/y <22 < /\7r/7}.

Here w is a small positive constant less than 1/1000.

4. APPROXIMATE SOLUTIONS

4.1. First Approximate Solution and its Error. Recall the vortex solutions w™ and w~
defined in (2.2), and also the parameters in (3.4). Define the smooth cut-off function 7 in the form

n(s)=1 for |s| <1, n(s) =0 for |s|>2. (4.1)

For the convenience of notation, for € = (1,0) and any given (z1,22) € R?, let 04z, and 0_4z, be
respectively the angle arguments of the vectors x — dé; = (x1 — d, x2) and x + dé} = (z1 + d, x2)
in the (z1,z2) plane. We also let

O (1, m2) = £/ (21 — d)? + 23, lo(x1,20) = £/ (x1 + d)? + 23, (4.2)

be the distance functions between the point (z1,z2) and the pair of vortices locating at the points
dé, and —dé;. We also write

p=plli)p(lz),  ¢o="0az, — b_qz,- (4.3)
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For each fixed d := d/e with d € [1/100, 100], we define the first approximate solution
vo(2) = ne(z1) € + (1= ne(1))pe™”, (4.4)

where n.(z1) = 7(e|z1]|/w). As in (3.21), here w is the small positive constant less than 1/1000.
A simple computation shows that

lvo(2)| = 1 as |z| = +oo. (4.5)
In fact, for |z| >> d, we have
piflae, —i0_az,
(23 — d* + 23 + 2ix2d)
V(1 —d)2+ 23/(z1 + d)? + 23

2
1+O(|j|2+f|).

Vo ~

Q

%

If 0 denotes the angle argument around € and re=|z— €|, it is easy to see that

(z— &) Vo= (4.6)

| -
P

1 1
V’)"g~ = = T2
|z — ¢ |z — £
where we denote 2+ = (—xa,1).

Recall the operators defined in (3.20) and the decompositions of & in (3.21). One of the main
objectives of this subsection is to compute the error S[vg]. We start the computations on the region
&.. Note that on &, there hold 7. = 0 and

vg = pereo.
Moreover, by our construction and the properties of p, we have
v = w(z-— deéy)e 0-aa [1 + O(e—d/2—21/2)}’
ol = pl|z —dé1]) [1 i O(e—d/2—£1/2)]
We now obtain the following estimates

Avg = (Aw —2tVw - VO_g4e, —wVO0_ge, - VO_g4z, + O(efd/27z1/2)> 671‘9*‘1517

20 o
1+ [v|? 142

+ 0(6—11/2—41/2)7

e~ 0-az [Vw -Vw — 2iwVw - VO_gze, — wQVH,dgl . V9d51‘|

and then also
1 — |vo)? 1—p? —dj2—¢ —i0_gz
vy = w (14 O(e= Y2 1/2)) = i0-ae,
T+ w2~ 1402 (1+o )

Combining the estimates above, we have for z € &,

2(p? -1 21 .
Solve] = o =1 )Nw.ve_da + 72 1w VO-aa - VOae, +0(ed/”1/2)] e~ -ae

p2+1 2
:Qlo 6i¢07
where

2p(p* — 1) p(p* —1)

Qg = — 22 7/ . . VO_ .~ E 0 . VO -

v a1 Vo Vioan T T Vioas  Vioas (4.7)
2(p% — 1 '

+ iMVp VO_ge, + O(e” Y2072y,

p?+1
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The calculation for the terms S;[vg] and Sa[vg] are proceeded as

2
_ 279 -2 /\72 >\2 9 = 100
Silvo] = = 357,027 [x% Bz (”e )

2% L[ XV (105p a0 .05 000
— _ - —_r _ _r- 20 upo
1+ |/3|27 lx% d2 ’3@ ‘ 171 Oxo ‘ + 2 89:2 O0xo

and
A2 A2 02 .
A2 2 =~ 10
SQ [UO] 0 lx% d2‘| é)x% [pe :|

A2 A2 6% adp Opg Jpo |2 .
A2 2 ZF It S N et 10
v lz% dQ] la +2 0xo Oxa p Oxo ‘ ¢

A2 A2 82(,00
+ 1oy |fc§ dQ] 022

Whence, there holds

Sl[UO] + SQ[’UQ] = 911 eigpo + 7:1}0 82[900]7

2 2 925
Qn =977 % - /\T 2 ‘ s
x? d 1+ |p| Oy x3

where

AN 11— |p)? |0 op 0
T s Ifjl2 _ @0’ L 9,90 %0
xi  d?| 1+]p] 83@2 Ox9 O
We here need more analysis on the last term ¢ vg Sz[po] in the above formula. Note that
82300 . 820dé*1 B 829—(16‘1 o 72(171 — d)l’g B 72(1‘1 + d)LEQ
ox3 0z} ox3 4 1%

In the neighborhood of de; there holds

oA N __E( ) 0% 3d(xy —d)® +2(x1 —d)*
7 w2 d2| dy? d~? x?
20

Whence there is a singularity in Sa[pg] of the form

202 0?04z, 20 %04e, 40 yiye

s —d) e = o e = 5

dy x5 A7 dyy o dy?

with variable
y=uax —de.

A similar singularity exists in the neighborhood of —de;

202 9?0_qe,  20° . 0%0_gqe, 407 GR0
S td)———" = == — 5 =~
dry O3 dry Y3 dv? |y

with the variable § = x + dej.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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The term S3[vg] obeys the following asymptotic behavior

xrp — d pl(fl) xr1 + dp/(ég) . 1 6(P0

Szlvg] = V) vo + Wy ———
{vo] z1l1 p(q) 0 1l p(la) 0 0 1 011
= ng 6“’00 + i’UO Sg[(po],
where
T, —d T, +d
Quz = ———p/(t)p(l2) + ———p' (L2)p(t1). (4.14)

144 1l

By the computation

1dgg 1004, 1004 1 (—u @)’

- — 242 (4.15)
g

83[@0] - ;181'1 h I 8301 I 8301 o ;1

we find that it is a singular term. More precisely, in the neighborhood of dé; with variable
y = x — dé}, there is a singularity in S3[po] of the form

19046, 1 w2

1 004z [ 1 Y1 }39(16 .
- L= = — L ith = ——==. 4.16
1 Oy d dd+wy)! on A d Oy d |y|? (4.16)
A similar singularity exists in the neighborhood of —dé| with the variable § = = + de;
1 00_4e, 1 U1 00_qz, . 1 00_4e 1 4o
L e th — Lo o2 a7
P Tl B B | L B L i a7
We can estimate the term in S4[vg] as follows
1 1 , )
0y Lelog 1 v = 6y Lelog Lo lp(ﬁl)ew“ + 0(e” W2 0/2)| = Quzetvo,
€ Oxa € O
where
. L|0p(ty) | . dpo Iy
Q3 = Lelog = = log = e~4/2=4/2) 4.1
it [0 ofengt o)y

In summary, we have obtained for z € &
Slve] = So[ve] + Si[vo] + Salve] + Sslve] + Sa[vo]

. ‘ (4.19)
= ZQMG PO 4 Z’U()SQ[QD()] + Z’U()Sg[go()].

i=1

A similar (and almost identical) estimate also holds in the region &_. For the convenience of later
use, we denote that for z € 6L UG_

3
E = S[ug] — ivoSsipo] — ivoSslpo] = Y Qe (4.20)
i=0

We now compute the error on Gg. In this region, we only do the computation on the region
{—w/e <x1 < w/e}, where n. = 1 and vg = e'?°. Note that Sp[vg] = 0. On the other hand

A2 a2 2% uo\2 %
— 2| AT 2V (CGY 0
Sifvo] + Safvo] = [aﬁ d2] < 1L+ [vol? (5’%‘2> * 03 )

A2 A2 8230
; 2 0
o laﬁ% d? ] (9365 '
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We give more explicit computations

62(,00 . —2(,@1 - d)l‘g B —2({E1 + d)l‘g
022 - @ 1z
o 4d$2 _ 83;‘217%6[(61 + 62)
T fe
4.21)
2wp27d 4032 2, 42 ) 2, 42 (
— (A 2+ R+ (P 2
(503 (d2 + 23)2 l 1 zy +£3) + 45( x3 + 07)
16z927d> (& + 2)(d +23) + 2202
(HA(d2 +23) | 2 2 2
We now write
S1lvo] + Salve] = Q4 + i vg Salarctan(ze/d)]. (4.22)
Here if 1 approaches 0, there is another singular term in the form
. . _ AQ )\2 4d$2
ivo Selarctan(wy/d)] = ivyy > [CE% “E|\ @i (4.23)

In the next subsection, we will introduce a correction in the phase term to get rid of these three
mentioned singularities.

The term S3[vg] on G obeys the following asymptotic behavior

1 81;0 . 1 8(,00
—— = g ——.
z1 011 0 z1 011

S3[U0] =

By the computation
1 9% £
T 8£E1 o X1 &rl X1 Bxl o I

(4.24)

1 80,1;1 1 69,,151 N 1 ( —X2 xTo ) _ 4d1‘2

G (3403
Hence, due to the fact that vy is an even term on the variable z1, one can check that Ss[vg] does
not contain singular components as z; — 0.

We can estimate the term in S4[vg] on &g as follows

i5’yflelogl% = _57*1610g11}0 9o
€ 0xo € Oz
_ 1 004z 00_g4z
_ 1 - €1 €1
= 7 “elog - o l Dy Oy ]
= O(é*|loge),
due the facts
89dgl o xrq1 — d o 1\
Ory (v —d)2 422 0(d™) = 0(e),
00_ 4z r1+d 1
L = = 0(d =0
0o (1 + d)? + 23 (d) (€)

Adding all terms gives that, for z € G

4d 1 0
S[ve] = Q4 + v Selarctan(za/d)] + ivg Tx; — dy telog ~ vy gro, (4.25)
0203 € Oxg

Here we also denote for z € G

E = S[vg] — ivgSe|arctan(zs/d)]. (4.26)
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As a conclusion, a direct application of the above computations yields the decay estimates for
the error F.

Lemma 4.1. It holds that for z € (Ba(dé) U Bo(—dé1)) NG

- Cel—e Cel—e
‘Re(E/(ivo))‘ < arop t asap (4.27)

. Cel~e Cel=e
’Im(E/(wo))’ < Ao T @ (4.28)

where g € (0,1) is a constant.

Proof: Let us derive the estimate for ;3 e“"o/(ivo) on &

19p(ty) 1

Q13 ei“’(’/(ivo) =6y Lelog - %0
€

1
07 € log - =
8562 p(ﬁl) t v € 08 € 81‘2

+ € log % O(efe1 + 642)

Qil—d_.’lﬁl—‘rd
7 ;3

1 1
=€ log — O(e_g1 + e_€2) + i6y e log — l
€ €

The estimate for Q3 ¢e™#° /(ivg) like (4.27) then follows. Let us also notice that for z € &4 with
U < d,

1

r1—d x1+d Celog % Cel—e
elog —
€

Z B2 | T 0+h) T Q+a)te
On the other hand, for z € & with ¢; > d, we then have

1

l’l—d $1+d
elog — —

G 03

Celog X Cel—e
T (140)2 T (L4ly)te

Thus the estimate for Q13 €*?° /(ivg) like (4.28) is proved. Similarly, the estimates for other terms
in E follow from (4.7), (4.8), (4.14). O

4.2. Further Improvement of the Approximation. As we promised in previous subsection,
we now define a new correction ¢4 in the phase term formally by

pd(2) = ps(2) + 1(2) + p2(2). (4.29)

Then we will define an improved approximation in (4.43) and estimate its error by substituting it
into (3.12) in Section 4.3.

Now we give the definitions of all terms in ¢4. By recalling the cut-off function n(x1) in (4.4)
we set

w2 = 2n(z1) arctan(xs/d) (4.30)

to cancel the singular term in (4.23), in such a way that
82
Ay = 2nc(21) 5 arctan(z2/d) + O(e?)
O3 (4.31)
4 d.l?z 2 '
— 7 ——— + O(¢%).
n (xl) (d2 +.’£%)2 + (6 )
To cancel the singularities in (4.16) and (4.11) rewritten in the form

Y2 402 y3yo Y2 o3yt — y3)y2

dy?  d? [yt dy3y? dy2|y[*
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we want to find a function ®(y1,y2) by solving the problem in the translated coordinates (y1,y2)

+ — _
oy oy; Ay dy?yl*
In fact, we can solve this problem by separation of variables and then obtain

2(1) 2@ 2 2,2
a 6 Y2 a (3y1 y2)y2 in RQ. (432)

o? y2 302
+ Sgr Y (4.33)
2dy? [y>  8dy?

Let x be a smooth cut-off function in a way such that x(9) = 1 for ¥ < d/10 and x(9) = 0 for
¥ > d/5. The singular part in ¢4 is defined by

x
vs(z) = (X(eél) + X(eﬂg)) [K%yz log £3 — 4d — logéz}
o3 o3 (4.34)
= (xtet) +x(c62)) [5 307 ~ 557

1
Q(y1,92) = 17 log [y|* —

For later use, we compute:

Ops , Ty —
on, e(x (elq)

To T2 2
4d a2 log(g) 4d’}/2 10g(£2) ]

r1+d
X (el) T )

To(x1 —d To(x1 +d
(et et ) | 2 et

(4.35)

x1+d)

_ / r—d /
(X (el) T+ (e

oz} oz}
2dy202 2dvy203

o?x3(ry —d)  o?x3(xy +d)

+ (X(egl) + X(€€2)> [ d,yggil - d,ng%

)

L2

s ’ L2 ’ L2 2 L2 2
= =2 =2 1 -2
o = (X ()T X (b)) | 45 logltn)? = 7t log(t)

+ (x(ef )+ x(el )) 1 log(41)? — L log(fs)? + 3 _ x3
1 2 4d72 1 4d’}/2 2 2d72 g% 2d’)/2 g% (4 36)

0Ty 0Ty

2.3 243
+ ( (eél)Z +X(€€2)52>  2d7202 N 2dry245

30223 30223 o’z o?x3
/ / _ 2 2 2 2
+ (etn) + x(e 2))l 2723 T 2a73 T dnl T dnR)

Hence, we obtain

Vs = x(el) (0,1log ¢1) + O(elog ¢y)
! [Qd 2 ! ! } (437)

_ X(ezz)[ 5z (005 12) —I—O(elogfg)}

Note that the function ¢, is continuous but Vi, is not. The singularity of ¢, comes from its
derivatives.

While by recalling the operators Sg, Sz in (3.20), the region & in (3.13) and its decompositions
n (3.21), we find the term 1 (z) by solving the problem

{A +Ss + 83} p1 = — [A +Ss + Sz} (po+@s+¢2) in 6, (4.38)
Y1 = — o — ps — p2 on 06. (4.39)
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We derive the estimate of ¢; by computing the right hand side of (4.38). Note that
[A +Sg + 83} (o + s +p2) = Aps +p2) + [Sz +Sg} (¢o + @s + ¢2),

due to Ayg = 0. Recall the formulas (4.9), (4.10), (4.11), (4.15), (4.16). For z € Ba (det), there
hold

Aps + |:SZ + Sg] ©o

_ _931 —d 80dg1 Oj 3d(:l?1 - d)2 + 2(1’1 - d)3 629(151 O(diQ)
dz1  On ok da? 03

 mp—day 0? 3d(xy —d)? +2(x1 —d)? (x1 —d)xy 9

- dm By dz? 4 +0(d™)

2
= 0(d™?) = 0(é?).

We also get for z € B% (déy)
[A+Sz+S3}502 =0,

due to 2 = 0 in this region. Similarly, by recalling (4.10) and (4.36), we obtain for z € Ba (déy)

0_2
Salid] = [ - Z?(xl )+ O((e1 — /)]
— 02 X 0'2 1'3 02375
. (X(“l)+X(€”2)){3(12dv22£%) - (1;25‘13 - ZWSQ} o
= 0(&%),

and by recalling (4.35)

. 1 1 l‘g(.’El — d) l‘g(.’l)l + d)
Saled = 5072 [ ez g }
1 0% ra3(z1—d)  a3(x1+d) 9
o1 207 [ [Z B | + o)
= O(€?)

For z € B%(—dgl), it is easy to see that we also get O(e?). For z in the region
(6,U6_) — (Bg(dé’l) U Bg(fdé’l)>,

we have p; = p9 = 0 and then

2 2 2
{A+SQ+S3](¢’0+%+</DZ) VQ[A—)\]ﬁwo + L %

1’% d2 ax% ;1 81'1
- _ 2 )\72 B /\72 2x9(x1 — d) B 2x9(x1 + d) N 4
7 2?2 d? Iz i IR

By recalling (4.21), (4.23) and (4.24) and (4.31), we do the computation on the region &y. There
also hold ¢s = 0 and so

[A—i—Sz +S3} (g0 + ©s + ©2)

= Aypy + Sslpo] + Salpo + 2]

o 4d.’E2 4d.’E2 2
= @vap " ee o)
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N VQ[AQ AQH  Szaadd(ly + ) 1625 22 d°

- O+ 6)(d? + a3) + 66
541%21 €§€§(d2+m§) (( 1 2)( r3) 241

_ mnid (e 2B AP a3 8)) b
B + 3
Whence, going back to the original variable (r, s3) in (3.3) and letting @(r, s3) = ¢1(2) we see that

< ¢ . (4.40)

= 3
(«/1+r2+|53|2)

Ar,33¢ + S2 [@] + SS [927]

Thus we can choose ;1 such that

o= 0(;).
The regular term ¢ is C* in the original variable (r, s3).
We observe also that by our definitions, the function
@ = w0 + @, (4.41)

satisfies
[A+8:48)p=0 on & $=0 on 98 (4.42)

From the decomposition of ¢4, we will see that the singular term contains 9 log ¢; which becomes
dominant when we calculate the speed of traveling wave in Section 7.

Finally, we define an improved approximation
Va(2) = nelwn) €609 (1= () p(la)plta) e (#o+#). (4.43)

4.3. Error Estimates. Recall the notation in (4.3) and (4.41). We write V; in (4.43) in the form
Vd(z) = ne(xl) e + (1 - ne(xl))ﬁ6i¢7 Vz=umx +izy € 6.

We shall check that Vj; is a good approximate solution in the sense that it satisfies the conditions
in (3.17) and has a small error.

It is easy to show that

Vd(z) = Vd(i), Vd<Z) = Vd(—i), %(0,1‘2) = 0.

Recall the boundary condition in (4.42). It is obvious that
ImVy; = [775(.’[11) + (1 —ne(ml))/}} sing =0 on 06, (4.44)

and

8R€Vd _ 0 3 i )
ory 371,2{776(331)00590 + (1 —ne(xl))pcosgp}

9 )

= g (L~ Me(@1)) cos g on 06.

It can be checked that Vj satisfies the conditions in (3.17) except

vy

(4.45)

Let us start to compute the error by plugging V; into (3.12). We start the computations on the
region &, and &_. Note that there holds

Va = vo e,
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It implies that
AVy = (Avo — |V<pd|21)0 + 2iVvg - Vg + ivg Acpd) et

[Auof\vm Vo + 2iVvg - Vipa — ivg (Sal@) + Ss[ ])] ipa

Here we have used the relation Apg = 0 and the equation in (4.42). We continue to compute other

terms:
2V, 299 2 2, o j
——VVy;-VVy = — ————— | Vg - Vg — 05|V 2iv9Vug - V tpd
TTEE Y VYT T T |V Veo — wlVied F 2inVio - Vi €
270 2> 9 .. ;
— 7Vv Vg et + — 1|V —2tVuyg -V e'¥d
1+| 0|2 0 0 1+|p|2 0| Qﬁd| 0 ©d
We then obtain that
S()[Vd] = So[?}o]eitﬂd — 1 (SQ[ ]+S3[ ]) a4 Qa0 eigZ?
where we have defined
p(p? —1 1-—p? 1—p?
Qo0 = [p(p)v al* - 2%V@0 Vg + 211 VP Veal. (4.47)

In a small neighborhood of deé}, we write

2V, | A2 oVy | A2 )\2 0%y
S S =
1Val + S2[Val 1+ |Vd|2ﬂy lx2 d2 ((%c ) * 22 022
81}0 . 5‘1}0 dpq 0paN\2?|
vy —0 ZFd grd iPa
-7 ( >1+|u0|2[ a@) 092y O (5)962) ¢
82@0 o; 000 Opa Poa Opay2| g,
T < )l ey ey 0003~ a0y |°
( [vo] + Sz Uo) W ivg Safpale’?t 4+ Qg1e'?,
where
i 2 (22N [ W =105 Douys (1 15 00 D
2t x2 d2 1+1p]2 ‘O 1+41p|2 Oza Oxo
(4.48)
+ g L= 1P” 95 Opa
1+ |ﬁ| 2 81'2 (91172
The estimates for the terms S3[V;] and S4[Vy] are expressed as
1 9V, ; . i
Sa[Va] = o 5‘:vf = Ss[vo]e’?* + ivg Ss[pqle’??,
and
1 4 i
S4[Vd] = z5’y elogf% = 84[’00]6“’0‘1 + QQ3 e,
8$2
In the above we also define
£d 5 (4.49)

Qo3 = — 0y telog — g

For the convenience of notation, we will set Q299 = 0 in the sequel.
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Recall all the components of S[vo] in (4.19) and E in (4.20). The total error on & is

SIVal = Sfoo] € -+ ity ( — Sali] ~ Salg] + Salipd + Salial) €54 + Zfzzl
= S[vo] €' — ivg (S2[o] + Ssleo]) € + 2921 (4.50)

= 23: (Qu + QQi) e'?

=0

Note that ;;’s are defined in (4.7), (4.8), (4.14), (4.18), (4.47), (4.48), (4.49). A similar formula
also holds on &_. Setting z = dé7 + y in &, we then have

Vs = — logdVys + O(elog|y|), Ve, = O(e). (4.51)

1
2d~?
Thus
Vp-Vo = Olellogelp’) + O(ep log ly).
These asymptotic expression will play an important role in the reduction part.

We now compute the error on Sp. In this region, we only do the computation on the region
{—w/e < x1 < w@/e}, where n. = 1 and V; = €'?. Note that

So[Vd] = Vi Ap, (4.52)
and
A2\ 2Vy  0VgN\2 0%V,
= -2 PR - o [ = -
S1[Vi] + SolVa] = [x% dz] ( I (8%) + 5
22 825 (4.53)
2| A AT
=ivay [x% ] 8x
= iVyS2[g).
The term S3[Vy] obeys the following asymptotic behavior
1 AVy ) 1 09
Sg[Vd] = o axl = ZVd ;1871 = ZVdS3[ }

We can estimate the term in S4[Vy] as follows

v, 0
i57_16|log6|—d = 0y 'e|loge| Vg &
Oz Oy

0 0 0
dro o <P1+<P21

5y Lell V.
v elogel Va i 5+ 5 t o,

= Vy 0(62\ log €l),
due the facts

004e r1—d —1
(- — o(d ) =
D2y (0 — AP+ 12 O(d™") = O(e),
00_4z T, +d 1
L = = 0O(d =0
D2 CET T

Finally, by combining the above computations and using the equation in (4.42), we get the error
S[V4] on &y.
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5. SETTING UP OF THE PROBLEM

Now we introduce the set-up of the reduction procedure. We look for solutions of (3.12)-(3.14)
in the form

u(z) =n(z) (Vg +iVap) + (1 —n(2))Vae™, (5.1)
where 7 is a function such that
n(z) = () + 7(l2). (5.2)
See (4.1) for the definition of the cut-off function 7. This nonlinear decomposition (5.1) was
introduced first in [13] for Ginzburg-Landau equation.

The conditions imposed on w in (3.14) and (3.16) can be transmitted to the symmetry on 1

() =v(=2),  ¥(z)=—v(),

oY

87171(071;2) = 07 w(xh_)\ﬂ-/’}/) = ¢($17>\7T/7)7 (53)
oVy oVy
O» Hvdw“] (21,—Am/7) [6x + ZVW“} (@i /)

More precisely, by the computations in (4.44) and (4.45), for 1) = 1)1 +it)a, there hold the conditions
1111(171,552) = 1/)1(—$1,$2), 1/)1($1,$2) = —1/11(1?1, —wz),
Yo(x1, 22) = Yo (=1, 72), Yo(21, 22) = Pa(w1, —72),
O )

871'1(0,.’152) = O7 o 1 (0 1‘2) 0
5.4
b1(21, —AT /) = 1 (21, A /) = 0, g% (21, —Am/v) = gwl (21, A/7), (5.4)
T2 T2

Ovs o 10 0v: 10
81,2(1'1’ )‘7-(/’7)* 8 (xlv /\W/ly)v 8x2(x1’>m/) p6$2(x1a)‘7r/7)7

Pa(1, —Aﬂ/v) = 1/}2(%1, AT /7).

The symmetry will be important in solving the linear problems in that it excludes all but one
kernel. We may write ) = ¥y + iy with 11,15 real-valued and then set

u="Vi+e¢, ¢=niVah+(1—nVy(e” —1). (5.5)
In the sequel, we will derive the explicit form for the linearized problem.

In the inner region {z € By(dey) U Bl(—dé'l)}, we have

u = Vg + ¢, (5-6)
and the equation for ¢ becomes
Lal¢] + Ng[¢] = —S[Va]. (5.7)
In the above, we have denoted the linear operator by
1 0¢ 4V, 2¢
L =A — —VV;-V ———=VV;-VV,
aldl = A0+ e T TR e Ve T T Y Ve Y
2Va(Vao + Vao) Vg | A2 oVy 0¢
TESZE A wa A ER I =Rl oy e
20 LA N (%)2 2WVa(Vad +Vag) | N> N2 (%)2
1+ Va2 |22 @ | \or 1+ Vi) 22 @ |\,
)\2 )\2 82¢>
-2 F/
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The nonlinear operator is

Na[p] =F(Va+¢) — F(Va) — F'(Va)p + O((1 + |¢])|Vo*)

A2 )2 o
—92 A 2 . 1
7 [ﬁ & [0(A+18)IVeI) + i6r" | logele ~.

In the above, we have used the definition of F' in (3.20). Note that in this region

L and A—2 - )\—2
71 x2  d?

are small terms. L, is a small perturbation of Ly in (2.3).

In the outer region {z c (Bg (dey) U BQ(—dgl))c}, we have u = Vze'¥. By simple computations

we obtain
S[Vae™] 1 oy 1— [Val? + [Va?(e7?> — 1)
=A ——Z 42 .
iV, et v+ x1 011 Va(l 4 |Vy|2e—2¥2) VVa- VY
1 2|Vd|2‘7d(672¢2 — ].) . 2|Vd|2
il . S el 1 | .
VT R0 P YV Ve (e — ) Ve Y
L e wev o
14 |Vg|2e—2¢2 K 2 d? |0z 0w
Ll om e eov ow
Vg 1+ |Vd|26_2w2 K {,C% d? | Oxa Oxo
|71 Y S o
1—|—\Vd|26*2¢2’y 22 d?|Oxy Oxo
I\ A L[ x)e
I+ ValPe 2oy +Va2) 7 |22~ 2| 02
o oY S[Va]
11 — .
+ 0y ogf—:\eax2 + v,
We can also write the problem as an equation of ¥ = 11 + 99
Lol] + Ni[y] + Na[y] = —S[Val/iVa, (5.9)
with conditions in (5.4). In the above, we have denoted
. Loy 2(1—|Val?) 4V 24y
L =A —_—+ ————VV,;-V —L = _VV;-VV,
oWl =8v + o T T VY aaqveE Y Ve Ve
W) [ XV o e ¥ ¥)ov v
14+ |Vgl? x?  d? |0z Oxa (1—|—|Vd|2)27 2?2 d? |0z O
(14 |Vg|?)? x?  d?| 022’

AT Vide VV4O@hs) + O(|[Val2 = 1] + [¢2) [V - V| + i0(le™%* — 1+ ),

~ e oY
_ 1
No[op] = idy |loge\eaac2 .
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Recall that 1 = 1)1 + 2. Then setting z = dey + y, we have for z € R2

Mgy + 258+ 7225 - 52) 5% + O(e )|y

Lo[y] = . (5.10)
2 2 2
Agp + 258 + 972 (5 - )58 — i + O(e) Vi

O(eflyl|v¢.vw| + 2P e + |¢2|%|y|\v¢|)
My = , (5.11)
(e WVy - V| + [6]V6 - TY| + [aP)

i S
Nofyp] = ) . (5.12)
O(e| Fy2 )
Note that
1 0 22 0? 0? 1 92 1 0 A1
A+ —— s -t 5 t —— . 1
+ x1 01 + {x% dQ} 3 dx2 " 42022 ' x0xy | A% 22 0al (5.13)

Let us remark that the explicit form of all the linear and nonlinear terms will be very useful for
later analysis in resolution theory.

Define
Eq = —S[V4l,  Eq = —S[Vi)/iVy.
Based on the form of the errors, we need to use suitable norms. Let us fix two positive numbers
p>13, 0<po<l1.
Recall that ¢ = iVy, ¥ = o1 + g, €1 = |z + dé1| and €5 = |z + dé&1|. We define

2
”h‘”** = ||7;th||LP(61) + Z |:||£]2'+Qh1||L°°(62) + ‘|€;+Qh2“L°°(62) :|7
j=1

2

1l = llllwerey + >

€591 )| oo (&) + ||€;+QV¢1||LM(62)]

16 84pa | oo (e52) + ||€?+QV¢2||L&(62)] :

In the above,
S ={z€6:|z—dé1|<3or|z+dé| <3},

5.14
Gy ={2€6:|z—dé1|>2and |z+deéa| >2}. (5.14)

We remark that we use the norm L} = (or W, OC) in the inner part due to the fact that the error

term contains terms like e log ¢; which is not L°°-bounded.

Using the norms defined above, we can have the following error estimates. For the proof, the
reader can refer to Lemma 4.1.

Lemma 5.1. It holds that for z € Gy

- Cel—e Cel—e
E))| < 1
[Re(Eq)| < AL + TS (5.15)
1—p 1-o
IIm(E,) Ce Ce (5.16)

< vy T O sy
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and also
IEallzr(s,) < Cﬁlog%, (5.17)
where o € (0,1) is a constant. As a consequence, there holds
|Eqlee < Ce'e. (5.18)
O

6. PROJECTED LINEAR AND NONLINEAR PROBLEMS
Let L be a linear operator in the form

L=L; in &, L=1Ly in &,
Rz

) by | b
Zoi= ¢ |1(%) + (%)
where 7} is defined at (5.2) before. Then Z; satisfies the symmetry (3.16). For 1) = 11 + i1hg, we

require the conditions

1 (w1, w2) = Y1 (=21, 22), Y1(21, 22) = =1 (w1, —22),
Pa(w1, w2) = Yo(—x1,22), VYo(z1,2) = Pa(w1, —72),

and the co-kernel

; (6.1)

8'@/11 . (91#2 _
87.231(0’ xZ) - Oa TM<O7$2) - 07
9 %) 6.2
wilen—Anf) = taGednm) =0, e gy = W a0
0 0
S (e -An/1) =0 GG w/) =0,

Ya(w1, —=Am/7y) = o (w1, A /7).

As the first step of finite dimensional reduction, we need to consider the following linear problem

L(Y) = h in G, 1 satisfies the conditions in (6.2),
- (6.3)
Re( [g ¢Zadx) = 0 for ¢ = iVyy in Bi(dey) U By(—déy).

We have the following a priori estimates.

Lemma 6.1. There exists a constant C, depending on o only such that for all € sufficiently small,
d~ %, and any solution of (6.3), it holds

[Pl < Clihlles- (6.4)

Proof: The proof is similar as in Lemma 5.1 in [34]. Suppose that there exists a sequence of
€ = €, — 0, functions ™, h,, which satisfy (6.3) with

19"l =1, [l = o(1).
We will derive a contradiction by careful analysis of the estimates.

We derive inner estimates first. We have the symmetries and boundary conditions for 1, and
19 in (6.2). Whence we may just need to consider the region

Sy ={21>0, 0<ay < Ar/v}.

Re</RQ¢nZd> = 2Re</E anZd) = 0.

Then we have
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Let z€ ¥y, z=de; +y and ggn(y) = ¢ (z). Then as n — +o0,
Vi = wh(y)e =1a (14 0(e"?)) = —w™(y) + o(1).
Since ||[¢"]|, = 1, we may take a limit so that ¢, — ¢ in R? ., where ¢ satisfies

Lo[¢o] =0

where Lo is defined by (2.4). Observe that ¢g satisfies the decay estimate (2.5) because of our
assumption on ¥". By Lemma 2.2, we have

& ow L ow
0 =Cl=— Co——.
oy 0y
Observe that ¢¢ inherits the symmetries of ¢ and hence ¢y = ¢(z). (The other symmetry is not
preserved under the transformation z = de} + y.) But certainly 37“; does not enjoy the above

symmetry. Hence ¢g = Clé%i‘ On the other hand, taking a limit of the orthogonality condition

Re</E q‘&nzd> =0,

- Ow
Re — ] = 0.
< R2 %o o1 )

This implies that ¢; = 0 and hence we have

we obtain

¢n — 0 inRZ,
which implies that for any fixed R > 0,
2
> (I61llzoce,<my + 192lene,<ry + IVOlzoe, <ry + IV62lzoqe,<m) = o). (65)
j=1

We use the LP-estimates in the inner part {|z — déi| < R}. By choosing p large we obtain the
embedding W into C5* for any « € (0,1).

oc loc

Next we shall derive outer estimates. Again, by using the symmetries and boundary conditions
for 1 and 19 in (6.2). We just need to consider the region

Y = {xl eER, 0< xo <)\7T/7}.
Let 7 be a cut-off function such that 7j(s) =1 for s < 1 and 7(s) = 0 for s > 2. We consider the
new function
¥ = x(z), where x(z) =1 — ~<€—1) - ~<£—2)
X\2), X n 4 n 1)

Using the explicit forms of Ly in (5.10), the first equation becomes
P | 100 | 18P0 N1
oz? x1 0xy A2 0x3 72 22 Oz’ (6.6)
= O(e”")|Vy| + O(Vx V1) + O(rAx) + hix.
On the region X\ (By(dey) U B4(—dé})), we have the conditions in (6.2). Moreover we have

_o+2
IVx - V| = o(1) (65 +63) = .
For the outer part estimates, we use the following new barrier function
B(z) := Bi(z) + Ba(2), (6.7)

where by the notation

gl = \/(%17d)2+k21’%, ZQ = \/(1’1 +d)2+k2$%,
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we have denoted
Bi(z) = (n(ely) +n(elz)) (Zf zy + 05 xg), Bs(z) = x7°(sin(rexs))".

In the above S+ v = —p, 0 < p < v < 1. 5 is a smooth cut-off function with properties n(t) = 1
for |t| < ¢,, where ¢, is small, and n(t) = 0 for |¢| > 2¢,. Note that ¢,, 7 and k are constants,
which will be determined in the sequel.

Now, we do the computations for B
0B, N 1 0?°B,
Ox? k% Ox3
where C7 depends only on 8 and v. On the other hand, there holds
1 0B ~g_ =5
il o 1 {ef 221 — d) + 871 +d)}. (6.9)

T 6x1 T

< -0 (2;2—‘—’ + 22—2‘9), (6.8)

Thus for |z1 — d| < ¢,d or |x1 + d| < ¢,d, where ¢, is small, we have

1 831 —2— 2—

—— < ¢ 6 e 6.10

x1 021 209( ! * ) ( )
where C5 depends only on § and v. Furthermore, we can choose k such that there exists a positive
constant Cs depends only on 8, v, A and , for |z1 — d| < ¢,d or |z1 + d| < ¢,d there holds

¥11 1\
vxi 4?2 k2 Oa3

2 .
= <)\212 + % - 12> [ﬁ(QV + 1) +B(B—2)0 23 +v(v - 1)8%%;2] 02 ﬁ('yxg)y

V2etri vk (6.11)
A1 1 1 7—2,.2 72, —2 2+8
+ <7262$2 + o k‘?) [5(21/ + 1)+ 8(8—2) x5+ v(v — 1)l5x, ] ly ("}/xz)
< Caeo( 6270 + 0,779,
By choosing ¢, small, we obtain
’B 1 OB 1 9°B 2109°B . .
O By 9B, 98 X108 _g (67770 + 0,°7°). (6.12)

9x? " xp dxy A% 923 | A%a? 02l
Note that we only do the computations by ignoring the cut-off function in the expressions of Bj.
By trivial computations, we obtain that
0? By 1 0By 1 0?By A2 1 0?By
ox? z1 Ory 42 Ox3 72 2? 023

= 0%z * 7% (sin(rexs))” (6.13)
o 6.13
— vy 22 (sin(rexs))” + vy — 1)y 2r2ea; O (sin(rexy))”

2N 5 oy v Ay e v—2
— VS (sin(Tens))” + v(v — 1)?7 zy - ¢(sin(rexs))” .
v

By choosing 7 small enough, we have
0 <sin(rexs) < 1/2 for 0 <z < Am/7.
If 21 — d < —cpd, there holds

1 2

i< ( CQ) (z1 —d)%
Co

On the other hand, 1 — d > c,d, there holds

ri < <1+CQ>2(331 —d)?.

Co
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We finally have
0’B 1 0B 1 9°B A1 0°B _o_ _o_
— t——— ==+ === < — e o). .14
oz? x1 0z1 2 Oxd 72 2?3 023 c(h +4 ) (6.14)
By comparison principle on the set X\ (By(dé1) U B4y(—dé1)), we get that
1] < CB(||hllex 4+ 0(1)), ¥ z € £\(By(dé1) U By(—d&,)). (6.15)

Elliptic estimates then give

2
Y NGV e g, 50y < Ol + 0(1)). (6.16)

j=1
To estimate 1, we perform the same cut-off and now the second equation becomes

0y | 100y | 1 0%y NRSE! 021, 4v2 -

— — ——3 - 2
ox? 3101 dry 2 023 2a? 0x3 (14 |V4?)? (6.17)
= O(m)v% + 0(e ") Vihy + O(Vx V) + O(At) + hax .
Note that we also have the conditions in (6.2). Since for z € X\ (By(dé1) U B4(—dé})), there holds
_AWaP 1,
(1+[Val?) ~ 4
by standard elliptic estimates we have
W2l Loy a) < CllvballLoeg;=4)) (14 @[ )[|Bllax (1 4 1 4 £€2) 7172,
(6.18)

Vo] < Clleallim;=r) (A + [0l ) Alls (1 + €1 + £2)727¢.

Combining both inner and outer estimates in (6.5), (6.15)-(6.16) and (6.18), we obtain that
[l]l« = o(1), which is a contradiction. O

By contraction mapping theorem, we conclude

Proposition 6.2. There exists a constant C, depending on v, o only such that for all € sufficiently
small, d large, the following holds: there exists a unique solution (¢e q,Cc(d)) to

S[Va + ¢e.a] = Ce(d) Z4 (6.19)
with conditions in (5.3) by the relation ¢e q = iVap and ¢eq satisfies
[Ge,alle < Ce'—e. (6.20)

Furthermore, ¢ q is continuous in the parameter d.

Here, we do not give the proof to the last proposition. The reader can refer to the arguments
in [34] for details.

7. REDUCED PROBLEM AND THE PROOF OF THEOREM 1.2

We now solve the reduced problem. From Proposition 6.2, we deduce the existence of a solution
((z)a C) = (¢e,dace(d)) to
S[Va + ¢e.d] = La[¢e.a] + Na[de a] + S[Va] = Cc(d) Za- (7.1)

Multiplying (7.1) by Wz and integrating, we obtain

cenel [ rrvame 75%) = el [, e %) + v [, g Tt

+ Re(/IR2 WZNdWe,d])'
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Using Proposition 6.2 and the expression in (5.8), we deduce that

Re( [ ZaNilou ) = ofe).

On the other hand, integration by parts, we have

Re( |, vy Zataloed) = Re( [ oy e L)

Let us observe that
0 {8Vd

%SQ[Vd] =L %} = ]Ld[Zd] = 0(6)

and thus by Proposition 6.2

Re( [ ey fea LolZi) = o0

As the strategy in standard reduction method, we are left to estimate the following integral

Re(/(5+(1+|1‘/0l|2)22(18[vd]) — Re

The expressions of these error terms are given in Sections 4.1 and 4.3. See (4.7), (4.8), (4.14),
(4.18), (4.47), (4.48) and (4.49). We will estimate the above integrals in the sequel.

3

1 — i@
A 2D DGR IS

=0

On G, recall that z = dey + y. For the simplification of notation, we denote § = 04z, in the
translated variables. By the properties of p, we have

vy =w(y)e ¥-dea [1 + O(eid/%ly‘/z)},

[vol =5 = p(ly) |1+ O(e= /272
7 — i _0p 590 ] g
Za =ill/R) |~ 52 ~ i ] % + 0L

These asymptotic behaviors will be helpful to simplify the computations in the sequel. We first
deal with

Re

1 7 2
/6+(1+|Vd|2)22d(910+912+920+922)6w

1 1 9p /3(52 1) 9p
= — — + 2VpsVO + |V, —
/G+ (14 p?)? <d+y1 oy p?+1 (2ve Veal?) oy

‘/ ( 1 2ﬁ(1_ﬁ2)Vﬁ-V¢s@+o<e>.

1+p2)2 1+4p2 oy
where
1 1 aﬁ>2
—_— | — = O(e).
/6+ (1+p2)2d+y <5y1 ©
Let us notice that
Vs = —d log dVys + O(elog |y|).
Hence
( - 1) 0 21— o 00
2V, - VO + |Vos|*) =— + ——————=Vp-Vo,— | +0
/ ( p?)? ( i | s0|)<’9y1 1+2 P oy ©

—r* o,
@)
/ [CESEAT RS
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™

Similarly, we can estimate the next two terms in (7.2)

1 — o
i@
Re{/@+ TESZBE Zg (Qn + Qzl) e ]
__4/ L 2ﬂ_%5GEf O R
-7 s, (1+p?)2\ 925 14 p?\ 0y 2 d? | oy
—2 p(p? —1) [ 10¢po\2 Yo Pd a2\ A2 A% 0p
Zro 9 F0 *¥d xra JANAT Nt
T /6+ 1+ 23 (8302) oy Oy (axg) 2 & | o
L 20-P (5 w5 e \[22 2] 0
J— 2 [ —— —_— [ — PR—
i /6+ (14 p2)3 \ Oxg Oxo + Oro Oz | |22 d?2| Oy +0(9)
= O(e).
On the other hand, the last two terms in (7.2) can be estimated by

1 — .
i@
Re{/6+ AT Ve Zq (913 + 923) e ]
1[@%_%%
s, (L+1p*)?

P owy 02y P oms 83:1} +ole)
/
oy tlionel [y
vellosEl e Ty o0

= 67 el loge|

= g67_15|10g5\ + o(e).

As a conclusion, there holds

s

s 1
1 - 1 -
1d2 ogd 5 delog c + O(e)

Co(d) = CO[ : (7.3)

where ¢y # 0. Therefore, by recalling the parameters in (3.10), we obtain a solution to C.(d) =0
with the following asymptotic behavior:

L ltot)

de
2€

(7.4)

This proves Theorem 1.2.
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