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Abstract

We analyse the blow up phenomena of bounded integrable solutions
of a semilinear fourth order elliptic problem with a large exponent under
Dirichlet boundary conditions. We extend the results obtained by Ren-
Wei in [16] and [17] for the biharmonic case.
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1 Introduction

The study concerning the asymptotic behavior of elliptic equations of fourth
order equations is of considerable interest. A particular feature of biharmonic
operator in R* is conformally invariant. Let (M, g) be a smooth four-dimensional
manifold. More precisely, if we consider a Panietz type of operator,

2
P = Al + dz'vg(gsg — 2Ric,)dy

where div, denotes the divergence, d the differential and S, Ric, denote the
scalar and Ricci curvature of the metric g respectively. The above equation
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under a conformal transformation reduces to
Pyw +2Qg = 2Qq, e (1.1)

where @4 is the Q— curvature of the metric g, and @)y, is the Q— curvature of
the new metric g,, and Integration (1.1) over M, one obtains

= [0 f 0

where kg is conformally-invariant. Hence we can write (1.1)

Paw+2Q,=k Qoue™ (1.2)
9 9 = Ry I Q,. et
When the manifold is the Euclidean space then (1.2) transforms to
h(z)e*™
Alw=p—nli 1.

This type of problem has been extensively studied by Adimurthi, Robert and
Struwe [3], Barakat-Dammak-Ouni-Pakard [5], Lin-Wei [14], [15] , Hebey-Robert
[10] and many other people. Let  C R* be a smooth bounded domain. In this
paper, we study the asymptotic behavior of a sequence of solutions

A’y = (@h)? inQ

(S,) uZ0 in Q (1.4)
0
U = 8—1: =0 on 9o
as the parameter p — +00 under the assumption that u satisfies,
[t < (15)
Q p

for some C' > 0 independent of p where u* = max{#u,0}. Note that the least
energy solution to (1.4) satisfy the condition (1.5). The equation has a very
close relationship to (1.3). In course of this paper, we will introduce a blow-up
solution for u, which along a subsequence converges to a entire solution of (1.3).
In two dimensions an analogous problem was studied in Ren—-Wei [16] and [17]
in a star-shaped domain for the least energy solutions. For the biharmonic
case the problem was studied by Takahasi [20], [21], with the convexity of the
domain 2 and for positive solutions in the Navier boundary case. Ben Ayed-El
Mehdi-Grossi [6] extended to non-convex domains and proved the single point
condensation for least energy solutions, again for positive solutions in the Navier
boundary case. Note that neither we have assumed the convexity of the domain
Q nor the positivity of the solution. Define

Up 1= PUp



Then we call S a blow-up set of a sequence vy, if
S = {z € 0 : 3 a subsequence of vp, and x, € Qsuch that z, — zand v, (z,) - +oo}

Consider the functional I, : HZ(Q) —» R
/ SuPds = —— [ @yt

Any solution to (1.4) is in fact a critical point of the above functional and by
regularity all solutions u of (1.4) are C*(Q) N C*(Q).

Theorem 1.1. If u, is a solution of (1.4) satisfying (1.5), then as p — +oo
then,

m juplleo = Ve

p——+oo

This type of result is proved in [4] and [6] but only for u, being a least energy
solution and we prove the theorem in a general setting.

Theorem 1.2. Then there exists a subsequence vy, ,, such that

(f1) p Jo(uf )P — 647> N /e for some positive integer N.

(f2) vp has exactly N— blow up points, and S = {z1,---zN} such that v, — v
forz € Q\ S and

N
v(z) = 64772\/52 G(z, ;)

where G is a Green’s function of A2 under Dirichlet boundary conditions that

18

A’G(z —y) = d(x —y) in Q

G(z,y) = g—f(x,y) =0 onoQ. (16)
(f3) Furthermore, the blow-up points x; € Q, i < j < N satisfy the following

relation
H(zj, ;) ZV G(zj,z;) (1.7

I#j
where

H(z,9) = Gla,g) + Y (19

is the regular part of the Green’s function G.

The result is proved [6] for least energy solutions of (1.4). This result is more
general in this context, as we precisely study the asymptotics of the blow-up
solution in order to derive the result.

Corollary 1.3. Let u, be a least energy solution to (Sp). Then up to a subse-
quence



(f1) p fo(uf)? — 6422\/5 for some positive integer N.
(f2) vp = v for z € Q\ {zo} and

v(z) = 64n%/eG(x, x0)

where G is a Green’s function of A? under Dirichlet boundary conditions that
is where o s a critical point of R(z) = H(x,z).

Note that by Boggio’s principle the Greens function in a unit ball with
Dirichlet boundary conditions is positive and explicitly given by this formula,

[=,y]

Teeyl 92 —
G(Z’,y)Z L /l - 1d’l)
1

872 v3

where [z,y] = /|z —y[> + (1 — [z[?)(1 — |y[?), see [8]. In the case of a ball
positive solutions of (1.4) are radially symmetric which was proved in [7]. The
main difficulty in working with fourth order equations in a general domain, is the
absence of maximum principle in the Dirichlet case. More precisely, Dirichlet
Green’s function may become negative in some domains. It is important to
note that for the Laplacian case, the method of moving planes has been used
to show that the blow-up points are away from the boundary as in [16], and
the process was extended by Lin and Wei for biharmonic problems with Navier
boundary conditions [14]. In the Dirichlet case, we cannot apply the method of
moving planes in order to exclude boundary blow-up as in Ren- Wei [16]. To
overcome this difficulty, we use Pohozaev identity and strong pointwise estimates
for blowing up solutions of (1.4) as in Robert- Wei [18]. In course of paper we
will only prove Theorems 1.1 and 1.2. Our method can be used to study the
above problem with polyharmonic operators.

2 Preliminary Lemmas

Lemma 2.1. There exists C > 0 such that for all z,y € Q, © # y, we have

G(z,9)| < Cln (1 + L) (2.1)

|z -yl

. 1
IV'G(z,y)| < Cm (2:2)

for i > 1. Moreover there ezists a constant C > 0 depending on Q such that
G(z,y) > —-C. (2.3)

Proof. The first two estimates is due to Krasovskii [12]. Third result (2.3) can
be found in [9] and in fact it tells us that negative part of the Green’s function
is bounded. O



Lemma 2.2. Let u, be a solution of (1.4) then |luy||p~) > 1. Moreover if

z, € Q be a blow-up point, then uy(zp) > 0 and in particular
. ~1
pgrgopllupll’ioo(g) = +o0.
Proof. Consider the problem

A%p =X in Q
P (2.4)
o= 9¢ =0 on 90.
ov
Then it is easy to show that the first eigenvalue A; is positive. Note that the
first eigenfunction ¢; may not be positive, or simple. Also for any solution u,

of (1.4) we have (I,(up),up) = 0 and hence

[ 18 = [ e
Q Q

Also from (2.4) we have Ay [, [up|? < [, |Aup|? which implies that Ay [, (u])? <
Jo(uf )P+t Hence we have [, {(u})?~! — A1 }(u;f)? > 0. Hence there exists a set
of positive measure Q' C Q such that (u)?~' > X; on Q' which implies that
there exist z, € Q' such that u,(z,)P~" > A; and hence |ju,||p~ > A 7T — 1
as p — oo. Also note that for Holder’s inequality and for p >> 1,

[wor<([ (u;)r’“)”:l (f |1|P+1)’% -(/ (u;>"+l)”ﬁ|n|ﬁ1 <

Hence by Green representation and (2.3)
C
w(@) = [ Gl @)y =~C [ @@y z -2,

This implies that ||u,, ||z ) < %. This implies that the points of blow of v, are
precisely the point of positive maxima of u,. As a result lim,_, p||up||’z;1(m =
+00. O

Let z, be a point in Q such that 0 < up(zp) = |[up||p-()- Let eppub™" (z,) =
1. Then by Lemma 2.2, ¢, =& 0 as p = oo. Let Q, := Qs—:” In order to
prove Theorem 1.1, we have to study the blow-up sequence. Using an idea of

Adimurth-Struwe [2] and Adimurthi-Grossi [4] we set

up(xp + €px) — Pp(Tp)
up(zp)

for z € Q. Then W, satisfies the problem

Wy(z) =p

P
AW, = (1 + %> in Q,

5 Mf + (2.5)
W, = —p, 8;’ =0 on 9%,



We will show that W), converges W in C}, (R*) such that W satisfies

AW =W in R*

2.6
eV = 64rn>. (2:6)
R4

Note that in this case the solution may not be unique as was studied by Lin [13]
and Wei-Xu [22]. We need to show that the problem (2.6) is not a half space
problem. Hence we prove the next lemma.

Lemma 2.3. Then lim M =400
p—oo Ep

Proof. If possible let d(zp,082) = O(e,). Then up to a rotation, we may assume
that Q, — (—3,+o0) x R*. Let R > 0 and = € Bg(0) N (2, then we have from
the Green’s function representation

V@] = IV ulay + 2p0)
= Pep /ViG(w + ey, y)(ul)Pdy
up(zp) | Jo TP P b
_ 15 / 1 (whyrd
up(zp) Bae,r(Tp) |zp +epr —ylt" P Y
pel 1
+ up(iLI')p) /Q\BZEPR(%) |zp + epz — yl? (u;_)?dy

Now in @\ Ba. r(xp) we have |z, + epx — y| > |y — 2| — || > Rep, and
(up(y)t)P < u(z,)P. Hence we have by definition of ¢,

|Vin($)| < pugfl (:L‘,,)Ef,

—————dy +p/(u+)p
/Bzzpn(wp) |zp + EpT — yl* Q 7

dy+p /Q (W) = O(R)

gid
P |zp + epz — yl?
Baeypr(zp) 1P p
Hence for 2 € Bg(0) such that
[Wp () — Wp(0)| < Clz|

But W,(0) = 0 and hence W, is uniformly bounded in a neighborhood of 9.
Choose z € 09, then we have |W,(z)| < C which implies p < C, a contradiction
as p — oo. |

Lemma 2.4. Then W, - W as p — oo in C}.

loc
Moreover W (zx) = —4log(1 + %)‘

Proof. As ©, = R* as p — oo and by previous Lemma we have |[ViW,| < C
for x € Bgr(0). By standard elliptic estimate we can conclude that W, — W as
p— oo in C} (R?) where W satisfies

loc

(R*) where W satisfies (2.6).

AW =¢e", W(0)=0



P
Also note that as (1 + %) — e" as p — 0o and hence by Fatou’s lemma,

+
we have

Wy\?
W < lim inf (1 + —p> = liminf — / p <C <+
Q ||u,,||

R4 pP—00 +

Now we show that in fact W (z) = —4log(1 + lf‘f) It is enough to show that

/ |AI/V|2 < CR?
Br(0)

for any R > 0, then by [13] and [22] will imply the result. We have

P
AW, ( / ALG(zp +ep,y) (1 + Wp(y)) dy.
+

Hence we have

P
/ |AW()|da:<C/7))(/ d—m2>dy§CR2.
Bg(0) llupllto Br(0) |zp + epz — Yl

Hence for any R > 0, we have [ |[AW (2)[?dz < CR?. Moreover, using the

4
fact that limpg_ oo fBR (1 + !;ff) dr = 32|S3| = 6472,

p
lim lim (1+%) = 6472.
Br(o)

R—o00 p—00 p /)y

O

Lemma 2.5. Let u, be a solution of (1.4), then p [, (u})**! > C where C > 0

is a constant independent of p.

Proof. Using Gamma function ﬁ < ¢e% for all z > 0,s > 0 and Moser

Trudinger inequality we obtain for any solution of (1.4) we have

1
lupllr+1 () < Dpr1(p+ 1) 2 || Aupl|2(q)

and by Stirling’s formula limp o Dpy1 = (57027 )2 which implies that

A
lim infpfgl—ud2 > 64r’e
poe  (fo ) 7

hence

S

p—

+
liminfp</(u;')p+1> > 64n’e
Q

p—oo

which in fact implies that

liminfp</(u;)1’+1> > 64r’e (2.7)
Q

p—0o0



Lemma 2.6. Let u, be a solution of (1.4), then ||upl|pe) < C where C
is a constant independent of p and hence there exist ¢ > 0,C' > 0 such that
c<p fouf)P < C forp>>1.

Proof. We have by definition of €, and previous lemma

: 1 wy\"*
im i P+l —  limi p+ ’p
hprggéfp/g(up) = 11prr_1>})réfp||u,,||oo EP/QP (1—{— v )+ dx
p+1
- nminfnupngo/ <1+%)
p—>o0 QP p +
> 1iminf||up||§o(/ eW—f-o(l))dm
p—0oo R4
= 64rn° liprgg}fﬂupﬂgo. (2.8)

Hence we have ||up||co < C. Again we have by Holder inequality we have

[y

IN
/N
S~
-
IS
N
N
=
+
=
N——
L]
i
/N
S~
=
]
+
=
N——
i

[
/N
S~

=
St
=
+

=
N——
k-]

2

L}
3

IA
= QA

For the left hand inequality,
hunlloe [ 57 > [ e > &
Q Q p

This proves Lemma. Hence Theorem 1.1 follows. |

Then from (1.5) and Lemma 2.6, we have

/(u;)pda: = O(%)as p — 0.
Q

Next we prove that the blow-up points of v, are in the interior of Q. Note that

APy, = p_(p_l)(v;')p in Q

(2.9)
Vp = 0= % on 00

Let €9 > 0 be fixed small number, define

ﬁ\A:{mEﬁ:Elro>0 suchthatp/ (u;)p<50,‘v’p}
B

(z,m0)NQ2
as in Lin and Wei [14]. Now we are going to prove that that in fact S = A and
S C Q which means that there is no boundary blow-up. In order to do so we
claim that that the blow-up points are isolated, finite and has quite a distance
from the boundary.



Let f, = p(u;})?. Note that as v, may be a sign-changing solution of (2.9)
we have, by Lemma 2.1,

vp(z) = / G(z,9)f,(y)dy > —pC / (u )Py > —C

and if y, be a point of negative minimum of v, then v,(y,) /4 —oo as p — +oc.
Hence there is only one-sided blow-up.

Let z,; be a blow-up point of u,. We say that #Hj holds if there exists a
(Tp1, - Tpk) € OF such that

(1) limy s oo 2722 = oo, i #

ey 7. d(zp,:,00
(ii) limpy—y 400 % = 400

(i) Jimp .40 Wp,s = —4log(1 + £2) in C

loc

(R*) Vie {1,2,---k}
Then it follows that #; holds from the previous lemmas.

Lemma 2.7. (a) Assume that Hy, holds. Then either Hyy1 holds or there exists
a C > 0 such that

._}n2f k{lx - mp,i|4}fp <CVzeQ (2.10)

(b) Then there exist N such that Hy holds and there exists a C > 0 such that

._}n2f k{lx - mp,i|4}fp <CVzeQ (2.11)

(c) For j =1,2,3, there exists a C > 0 such that

_inf {lz - zp,i|"} Vv, < C Vz € Q (2.12)
=13

and hence for any compact set of K C Q\ A we have
IV 0pll e () < O Vj=0,1,2,3.
(d) In particular, S = A.

Proof. Let wp(z) = infi—1,5..k{|2 — 2p,i|*} fp(2). Assume that y, € Q such that
0 < wp(yp) = [lwplloo — 00 When p — occ. Define

A(z) = pup(yp + ;:(2)— pup(yp)

Then A%4, = (1+ %)ﬁ_ if pagub~'(y,) = 1. Then

P
wp(yp) = z,filnf.kplyp - mp,i|4ug(yp)
—
_ inf lyp — Z’p,i|4
i=1,k ap



which implies that % — 4ooforalli=1,2---k as p — co. Assume that
there exist a ko such that y, — 2,1, = O(ep). Then yp — 2p 1, = Op,k,€p for some
|0p,ko| < C and

[Yp — Tp, ko |4fp(?/p) = |Op.ko |45§pup($p,ko + 0p,koep)”
|0p.ko ' PEl|upllP < C

A

which implies that w,(y,) is bounded, a contradiction. Hence ”’”;#l — 400.
P
Now we know that wy(y, + apx) < wy(yp) and hence we have,

Io(yp + apz) < inf1 2.k [yp — mp,i|4 )
Fo(yp) = infy ok |yp — pi + ]t

Let x € Bg(0). Let n € (0,1). Let p > p(R) such that % > % for all
i=1,---k, we have |yp— =z, i +apz| > (1—n)|yp,—2pi| and hence inf;—1 2.k [yp—
Tpi + apz|t > (1 —n)*infi—1 2.k |yp — 7,,i|*. This again implies that

(W + @)’ _ 1
up(yp)p (1 —n)*

AP 1
1+—”) <—
( b +_(1—77)4

Hence using Lemma 2.3 and 2.4 we can prove that

d(y,, 00Q)

Qap

that is

|$|2)
—00 W,— —-4ln|14+—
? ( 86

in Cf (R*) as p — +oo. Letting =, k+1 := yp, then Hyiq holds.
(b) Suppose not then Hy, holds for all k. Then we may choose R > 0 such that
B., r(x;) N Be, r(x;) = 0 for all i # j. Then

u (u+)1)
¢ 2 p [apy> el f 2
Q Ep Uf 1BEPR(ZP,' |u1)||

||up||oo Z /B W = |l pnooZ / n(o) ( )

64772||up||00k + o( )
for all &, a contradiction. As a result, the blow-up points are isolated and finite.

vV

(c) We have from Greens function representation, that

Viop(@)| = pl / Vi G () ()P dy|

< p /Q o =yl (ut (u))Pdy (2.13)



Let Ry(z) := __ilan|a: —zp;| and Qp; = {z € Q: |z —z,;| = Rp(z)}. Then

we have

7},

o~y iuiydy = p / o —y| 7 (u)Pdy

Qp,iNBz—z, ;| (Tp,i)
le=2p,il

+op / & — y| ¥ (uf Py
Q,i\B |-z, ;| (Tp,i)
lo=zpil

Note that for y € Qp; \ Bje—e, . (p,i), we have
lo=ep.il

Pyt

- C
z—y| I(uf)P < .
A=) S e~y

and hence
1 C

v o=l < . < .
Qp,i\BIz—wp,,'\ (zp,:) ? Qpﬂ'\Blz—zp,il (zp,s) 1T~ y|] |1’ o mp’i|4 |£L' o Z'p’ilj
-2 -z

When Q,, ;N B, ;|

2

(wp,i), we have |z —y| > |z —2p| — |y — Zp,il > 5l — wp,

and c
v &=y~ (i Pdy < ————
Qp’,’ﬂBM_mp’” (p,i) |£L' - xp,il

Hence for any compact set K C Q\ A we have ||vp||=x) < C.
(d) Now we prove that S = A. Suppose zo ¢ A, then from (c¢) we have v, is
uniformly bounded in L*°(K) for some compact set K containing zo and hence
2o € S. Hence S C A.
Let zo € A, then definitely every compact set K containing zo, ||vp||z(x) —
+00 as p — 0o, otherwise there exists 7 > 0 such that ||v,||L(B, (z0)) < C but
fp= plfp(v;)”, hence f, — 0 as p — oo uniformly in B, (z¢) and this implies
a contradiction as

p/ (uf)? > 0asr—0

B (z0)NQ2

implying that zo & A. O

Lemma 2.8. Suppose u € C*(Q) be a solution of A?u = f(u). Let F(u) =
Is f(t)dt then

du

1
4/ F(u) = / (x —y,v)F(u)ds + —v*{x —y, v)ds + 2—vds
Q 80 2 61/

du

+ [ (Ste =00 + 5~ . Do) — (D, Dila = y.0) ) di219)

where —Au = v and v denotes the outward normal derivative of x on 0. In

particular, we have

1 9 Ou Ou _
4/91/F(u)ds+§/89v Vds+/89 {aDu%-aDv—(Du,Dv)y}ds =0 (2.15)

Proof. This identity follows from [11]. O

11



3 Asymptotics of the blow-up solution
We know that locally W, — W in B5(0) \ 0 and hence
AW = eVin By(0) \ {0}. (3.1)

Choose r > 0 sufficiently small such that W,(r) > 0 in B,.(0), then integrating
(2.6), we have

A p
/ 0AWy _ / AW, = (1 + %> dz := ay(r)
8B, ov B, B, (0) p

which implies that

A
lim O_W _ = lim lim o,(r) :=a. (3.2)

r—0 B, (0) 14 r—0 p—o0

Now we want to compute the value of a. Now note that from (3.2) we have W

satisfies
AW = e + ady

where dg is a Dirac mass concentrated at 0 and o > 0. Hence

where g is smooth. Now let us apply Pohozaev identity to (2.6), noting the fact
that v = ﬁ, we have

4/ (1 + E) dr — (
B.(0) p 3Br
9
) Or

1 .
) ds = —/ |AW, |*rds
2 JaB,(0)

(5

A
- / oWy 02Wy 4 >6W ds (3.3)
oB.0) Or  Or 8B ©
Letting p — +00 we obtain,
o?
4 lim a, = 47° (14 0,(1))

p—roo 644

where 0,(1) = 0 as r — 0. Now letting 7 — 0, we obtain that a(647? — a) = 0,
which implies that o = 6472 as o > 0. Similarly applying Pohozaev identity on
a ball of radius r = ¢, In é, we obtain

1\ L
la, — 647%| < c(ln —)
Ep

We now derive an important decay estimate for the blow-up solution.

Lemma 3.1. For any 0 < § < 64n2, there exist Rs > 0 and po = p(d) € N such
that if || > 2R and p > po, then

[Wp(2)] < —(8 —6) In|z]. (3.4)

12



Be)

p 2
>y = 647<. Hence

Proof. Note that [p,e" = 64x* and limp,o [, (1 +
given any d > 0, we can find €5 > 0 and r5 > 0 such that

P 5
/ (1 + %) > 6477 —
gl <rs A 2

for some p > po. Note that the Green’s function representation we can write u,
as

1 1,
uy(o) = gz [ In STy + fy(a) (3.5)

where f, is uniformly bounded in C*(By)

o) = g [ 0y + Syl (3.

By definition of W), we obtain from (3.5), (3.6)

pup(.z') —pup(a:p) D ‘:Ep — yl uP(y)
up(zp) ~ 8n2 Jq o mu:(xp) dy + fp(@) = Fol@p)-

Hence,

W) = = [ lyl (1+%) + (@) — folz,)

- 8n? Qp |z — yl +

then we can write,

1 |3/| Wp P
- [ 1422
W, (2) 8Wz/gp nlx_yl( #52) +h(@

where h,(x) = fp(zp + epx) — fp(xp) and hence for all ¢ = 1,2,3,4 we have

IVhplls . —0 (3.7)

13



and hence we have AW, is uniformly bounded. As a result, we have r > 0
small, we have

1 W, \*
Wy(z) = — In vl (1 + ?p> dy + O(1)
+

8n% Jo, |z —yl

1 p
L IL(H%) "
87 Jiyi<r a1 — 4] P/

+ 1 / In
82 Iw - yl

Qpn{r<ly|<2|z—yl}

1
+ W / ln|x—y|( ) dy+0

Qo {|y|>7|y[>2]z—y|}

1 2 p p
< —21n—r (1-&-%) dy+—2(ln2)/ (1+%> dy
82 fx| Jyyi<r pJ)y" 8 2,0 {Jyl>r} P/
1 W, \?
+ —2/ (In|y)) (1 + —p) dy
872 Ja,n{ly/>nlyl>2le—y} p/y
1 1 P
+ —2/ 1n—<1+%) +0(1)
872 Ja,nflyi>nlyi>2le—y} 1€ =Yl [
1 2r w,\? 1
- — Iz 14+ 22 In2lz| + O
& " al |( * p) * Tozg 2l + O
Hence when |z| > 2r we have In 2 7 <0,
1 5 0 2r
1
- (s-&)(m H) +Cs. (3.8)

Lemma 3.2. We have for epIn ;= < gpla| <1

cof(w2) o)

Proof. For In 2 < |z| < L, let us define a radial function
P P

Slleh = /IyISTOIwI <1 " WpT(y)):’-dy

where ro < 1. Note that

p
ay(lal) -~y < [ (1+Wp_<y)) we [ om
ly|Zro|a]| P /4 y|>roal
1 1
—dy:O(— (3.9)
/|y|2row lyl” ER
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for [z| > In . Now we compute R < |z| < e, ' and using the fact that &, (|z|) —
P
ap = O(;i5) we have

1 1 W, P
AW,(z) = ——2/ ; (1 + p(y)> +O<|m|5>
472 Jyyi<rolel 12 =yl P /4
1 1 W P
472 Jyy\<rolz| 2] p /4
p
% (m,y)2 (1 4 WP(:’/)) dy+0(|:c|_4>
212 Jiyi<rolz| 1T — ¥l P /4

& 1 s
- % 10
w2 af T ('m' )

- & 1 -3
- 47‘(2 |$|2 + O(|$| )
a, 1 s
im0
ap 1 1\"
= -2 —+0(|z[*(In— . 3.10
wmrro((ng) ) (310
O
Lemma 3.3. We have as p — +00,
2 2 llusll3
/ |Aup|?de = 1287° 227 In ||uplco + o(1)
B (0) p
and
p [ (@yrtde =64l + o).
B (0)
cp
Proof. Note that from definition of &, we have
Inp+4lne, + (p— 1) In||upllo =0 (3.11)

For integration on B (0), we break the domain of integration in B (0) U
(B (0)\ B1(0)). Note [ [Au,|* = O(3). Hence we only need to compute this

1
P
integral in the annulus B 1 (0) \ B1(0). Now AW, ||uyllo = pesAuy(zy + €p).

Using Lemma 3.2 and intelé;rating both sides we obtain

a 1
A 2d = p pllco In — 1
LmemJuﬂx @y g ealn o)

2
= 5127{4’% In = 4 o(1)
D Ep

2
= 128w2%1n||up||00+0(1) (3.12)

where wy = 272 is the volume of unit sphere in R*. The other asymptotic follows
trivially from the decay estimate in Lemma 3.1 and dominated convergence
theorem which follows . [l
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Now we proceed to prove
Proof of Theorem 1.1. We know
p [ 18upPdoto)=p [ @ +o)
B B

and hence from Lemma 3.3 we have

In fuploc = 5

which implies that ||up||ec — /€ as p = +o00. O

Lemma 3.4. Letz; = lim z,; € Q and S = {z1,---zn}. Then v, is uniformly
p—o0

bounded for all x € Q\ S.

Proof. Since z; are isolated, there exist a R > 0 such that Q' = Q\ UY, Bg(z;)
is connected. Then |Vu,| < C for all z € Q' by Lemma 2.7. Let 2’ € 0Q N oY,
then |vp(z) —vp(2')| < C for all z € . But this implies v, is uniformly bounded
in Q. As a result uf (2) < $ for z € 2\ S. O

Lemma 3.5. Then there exist v; >0 j =1,2,---N such that

N
i _ ‘ N s d mod
phargo 'Up(m) = Z'Y]G(-;'Z'J) m CVloc(R )

i=1

Proof. Since v, is uniformly bounded in C(Q \ ), and by standard regularity
we have v, — v as p = oo in C*(2\ S). Then for r > 0 small such that
|up(y)|P up(y) > 0 in B,(z;) and hence we have

N
w@) =p [ Gane P =30 [ Gy o)

j=1 YBr(z;)

and noting that the G(z,.) is continuous in Q \ {z}, we obtain

N
o(z) = G, y)ul(y)dy + o1
op(@) ;p/wg (2, 9)u2 (y)dy + o(1)

where

r—0 p—-+o00

v; = lim lim p/ ub(y)dy.
Br(z;)

Lemma 3.6. We claim that y; = 6472 /e.

16



Proof. We have

p—oo

N
lim v,(z) = > 7,G(w, ;)
i=1

Without loss of generality, we assume N = 1 and z = z; = 0, then we have
x € Bg(0) C Q, the Green’s function is

2
G(x,@):i(ln%+ﬂ—1)

Choose a r small such that 0 < r < R such that v, > 0 in B,(0). Since
vp = 1G(z,71) in C}

loc> We have

vp =N(G(2,0) + hy), zp = —Avy = 71(—AG(z,0) — Ahy) on 9B,

where

1 /2 1 3
2660 = g3 (et )

and |V¢h| < C for i = 1,2,3. We will use a local Pohozaev identity from (2.8)
in B,-(0). We have

4 / (uf)PHde = r / (z,v)(ul)PHds
(r+1) J,0) © (p+1) Jon, b

Ov
2
+ 5[93,<x’y>zpds+2/3)3r 6—5zpds

9z ov
- /8}3T {6_5<$7Dvp>d$ + 6—IJP<$7DZP> - (DUp,DZpM.’L', V)}ds

—_

where z, = —Au,,. Thenzwe have % faBr(wo)(x, v)(uf)Pttds — 0 and
%faBr(o) (@, v)25ds = 52z + O(r)
2faB,(0) %Llfzp — —% + O(r)
B, %L,f(x,Dvp)ds - % +O(r)
Jon, %2(z,Dz,) = &y +O(r)
Jom, (Dvp, Dzp){m,v) — % + O(r). This implies that

2 2

D p+1d — 1
P+ /Br(m up do = G T O0)

This again implies that

1 1 2
p+1 /B (0) uﬁ—H = 6dn2 (/B ug) +Ow) (3.13)
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Using dominated convergence theorem, we have

W p
pllu 2054/ (1+—p> dz
lluplBep pe »
W p
sl [ (1+—P)
Bx(0) p

ltploc / W do = 647 [u || oo (3.14)
R4

p / +\p p / +\p+1
—||Up||co U > — u . 3.15
gl [ @Y= [ ) (3.15)

Hence we have from (3.13), (3.14) and (3.15) such that

p[ up+o)

[d

\Y

64> hm luplloo < 11m1nf hmp/ ubdr < limsup hmp/ ubdr < 6472 lim ||upl|oo
B'r‘ B'r‘ p—0o0

—o0 r—0 p—oo 70

and as a result we have

p—oo r—0

lim hmp/ ubdr = 6472 /e.
B,
O

Now we show that there is no boundary blow-up, by the use of Pohozaev
identity.

Lemma 3.7. In particular, SN 0Q = 0.

Proof. It is enough to prove that

lim li Pdr =0
’I‘I—I>I%) p—ir'iI}OOp /QﬂBr(wo) (ul) ) o
if o € 02 N A. If possible let g € 92N S, then we have

(uf )P > €0

lim lim p/
r—0 p—+o00 QNB.(z0)

which implies that

P / (uhp > 20 (3.16)
QNB.(z0) 2

for all p >> 1 and r > 0. Without loss of generality, we may assume that
AN Bjs(zo) = {zo}- Let yp = xo + pr,rv(x0) where

p faQ -7307 (AUP)
o faQ v)(Avp)?

where 7 << ry such that 3 < (v(z),v) <1 for z € B,(z0) N Q. Here v(z) is an
outer normal vector to 75,02 at x. Then it follows that |p,, | < 2r and

/ (z = yp, V)(Avy)?dz =0 (3.17)
8QNB,(0)

18



and hence

(x — z0 + pp,rv(20),v)(Avp)?dz = 0 (3.18)
89N B (o)

Now applying the Pohozaev identity on © N B,.(zy) with y = y,,, we obtain

i/ (ut)PHldz = P’ / (x — yp, v)(ut)PHds
(p+1) JonB, (@) (p+1) Janss, (z0) P

— 2/ %Avpds+/ (T — yp,v)(Avy)?ds
QNOB, (z0) OV QNOB, (z0)

OAv, Ov
— T — Yp, VU ds—/ x —y,, VAv,) —=Lds
/QnaB,(zo)< P v) ov QNdB, (w0)< i v) ov
+ / (® — yp, v)(Vup, VAv,)ds (3.19)
QﬁaBr(zo)

As vp(z) — Zf;l v:iG(z,x;) in C3(Q\ S) follows from the previous lemma.
Again by the boundary values G(z,z¢) = 0. Also note that last five terms in
right hand side O(r?) and hence we have

4p? / (uh)Ptldy = P’ / (z — yp, v)(uF)PHds
(r+1) JanB,.(z0) (r+1) Janos, (z0) prraTe
+ 03 =0(?)

2
as P meBr(wo)(x — yp, V) (u)PHds| < 0,(1)r*. Hence

2

. . D Fap+1 _
lim lim —— u )T dr =0
p—oor—oo (p+ 1) /QQBT(EO)( p)

Now by Holder’s inequality we have

7= (5w [ ) (R o)

QNB,(zo)

and hence
lim lim p/ (uf)Pde =0
p—o0r—=0" Jonp (40)
a contradiction to (3.16). O

Proof of Theorem 1.2. Now we prove the identity in (f3). Let 7 > 0 be a small
number such that B, (z;) C Q and B,(z;) N B.(z;) = 0. It is enough to prove
the identity for ¢ = 1. Now applying Pohozaev identity to v, on the domain
Q\ B,(x1) we have

0z dv

1
vF(vp) + 3 v+ a:Dvp + 6—:sz - <sz,D'l)p>1/}dS =0

8(Q\Bx(z1)) 8(Q\B:(z1)) 8(Q\B~(z1))
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where z, = —Awv,, where F(v,) = p? (uf)P+!. Using the boundary values we

(p+1)
have
1 0 0
/ vF(vp) + 2 / Zov + / {%Dvp + %sz — (sz,Dvp)u}ds =0.

8B, (z1) 8(2\B.(z1)) 8B, (1)
Letting p — o0, we obtain

1

= / 22v+ / {%Dv + @Dz — <DZ,DU)V}d$ =0

2 Jo(@\B.(21)) 8B, (z1) L OV v
where z = —Av. Now we have previous lemmas, we have v(z) = 6472./e Z;VZI G(z,z;)

and —Av(z) = 647%\/e Z;-V:l(—AG(:c,wj)). But from (1.8), we have

N

1

H(z,z1)+ E G(z,zj) — 8?1n|x—$1| (3.20)
=2

v
64n2\/e
1

_— 3.21
+ 82 |z — z1|? ( )

N
(—A)H (z,21) + > _(—A)G(z, ;)

z
64r2\/e p

Hence we have 1

2 2
—_— z°v = 0(r®)
(64m2\/e)? /6(9\3,(:“))
By using mean value theorem [19],

1

k
1
= _W/BBT(ZQ (VEH(w,xl) + ZVEG(a:,xj)) + O(r)

j=2

k
- (VzH(xf, x1) + Z V.G(xy, ZUJ)) + O(r)

j=2
;/ @Dz = / (—L—}—O(l)) V(H(wx)+iv G(ZL‘Z‘-)—FL
(6472\/€)? Jop, (z1) OV " Jopo(e) 27t @ , T1 2 2G(e,) + 5
1 k
B _W/aml) (V”H (z,21) +j§_;VwG<w,wj)) +0()
k
= —(VmH(wé‘,xz) +ZVzG($§,:Uj)> +0(r)
j=2

m /BBT(EI)(Dz,DU)V = <(_2:Tr4 +0(1)), (Vm(H(x,ml) + nga(x,xj) + &T%»
= - (VzH(ac;, z1) + zk: VzG(m’é,xj)> +O0(r)
j=2

0z 1 x
T o507 = g 5+ OO (Tl + 2000020+ 55



where zF € B,(z;) for i = 1,2,3. Letting r — 0, we have 2} — z; and hence

we have i
V.H(x1,21) + ZVzG(xl,xj) =0.
Jj=2
We can obtain the other identities in a similar way. O
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