Orbital stability of bound states of semi-classical
nonlinear Schrodinger equations with critical nonlinearity
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We consider the orbital stability of single-spike bound states of semi-classical nonlinear
Schrédinger equations with critical nonlinearity and a trap potential. Due to the effect of
the trap potential, we derive the asymptotic expansion formulas and obtain the necessary
conditions for orbital stability and instability of single-spike bound states. Our argument is
applied to two-component systems of nonlinear Schrodinger equations with a common trap
potential, cubic nonlinearity in two spatial dimensions. The orbital stability of bound states
with spikes of these systems is investigated. Our results show the existence of stable spikes in
two-dimensional Bose-Einstein condensates.

1 Introduction

The nonlinear Schrédinger equation (NLS) with a trap potential is central to the understand-
ing of many physical phenomena. For example, it has become a well-known model referred to
as the Gross-Pitaevskii equation governing the evolution of Bose-Einstein condensates (BEC)
given by
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0% = T A Vit — 0, (1.1)
forz € RV, N < 3 and ¢ , where 1 = ¢(x,t) € is the wavefunction of BEC, and
Virap = Virap() is the trap potential. Besides, % is Planck constant, m is the atom mass, and
i 5— , where denotes the s-wave scattering length.

n BEC, spikes may occur when the s-wave scattering length is negative and large. Due to
Feshbach resonance, the s-wave scattering length of a single condensate can be tuned over a
very large range by ad usting the externally applied magnetic eld. s the s-wave scattering
length of a single condensate is negative and large enough, the interactions of atoms are strongly
attractive and the associated condensate tends to increase its density at the centre of the trap
potential in order to lower the interaction energy (cf. 2 ). nder the effect of trap potentials,
spikes of BEC are observable by physical experiments (cf. ) so there must have stability to
assure spikes appearing in the condensate wavefunction (cf. ). n 1 |, stable bright solitons
(spikes) of BEC can be observed by numerical simulations, provided that the strength of the




trap potential exceeds a threshold value. ere we want to develop mathematical theorems to
support the existence of stable spikes in BEC.

To get spikes in BEC, we may assume the s-wave scattering length i.e. p is negative and
large. Setting 2 = h? (—2mp), Virap(z) = 2 V() and suitable time scale, the equation (1.1)
with negative and large 1 can be equivalent to a semi-classical NLS given by

0
—1 8_17[; = NyYp—-Vy |, zeRN ¢ ) (1.2)
where 1 is a small parameter and V = V(z) is a smooth nonnegative function. We
may generali e the equation (1.2) to a NLS having the following form

-1 - = QAlb - V1/J ‘1/}|p ¢, YRS RN 7t ) (13)
with critical nonlinearity
=1 —, N 1 (1.)

n particular, when N = 2, the equation (1.3) is exactly same as (1.2).
Bound states of (1.3) are of the form ¢(z,t) = ' (z), where satis es the following
nonlinear elliptic equation

N — (V) =, € (RY), in RV, (1.)

with ero Dirichlet boundary condition i.e. (z) as |z| . When is xed and
is su ciently large, one may refer to for the stability problem which is different from our
conditions that is xed and 1 is a small parameter. The existence of single or
multiple spike solutions of (1. ) was rst established by Floer-Weinstein  in one dimensional
case i.e. N =1 and 1 , and later extended by Oh 21 - 22 to higher dimensional case
iee N 2and 1 % under the condition that the trap potential V' has nondegenerate
critical points. When the trap potential V' becomes degenerate, there have been many works in
recent years. One may referto 3, , 12,23, 2 1 ,2 , 2 , 31, 32, and the references
therein.

The trap potential V' may also play a crucial role on the orbital (dynamic) stability of single-
spike bound states. s the trap potential V' is switched off, it is well known that all bound states
of the equation (1.3) with the condition (1. ) are orbitally unstable if the dimension N = 2
(cf. 3 ). To stabili e bound states, one has to turn on the trap potential. owever, in general,
some non ero trap potentials may still cause dynamic instability in BEC. For instance, one
may nd bending-wave instability of vortex ring dynamics under some non ero trap potentials
(cf. 1 ). Consequently, to get the dynamic stability of single-spike bound states, we have to
choose trap potentials properly. For suitable trap potentials, Oh 22, and Grillakis, Shatah,
Strauss 1 proved that when N = 1, the single-spike bound state (concentrating at local
nondegenerate minimum of the trap potential V') is stable if 1 1 + and unstable if

N

1 . Generically, the case of =1 + is left open and referred to as critical case
in the literature. n this paper, we give an a rmative answer for such a case by studying
the orbital stability and instability of single-spike bound states when the trap potential V' has

nondegenerate critical points.



n 21-22, asingle-spike bound state solution of (1. ) can be obtained, provided the trap
potential V' is of class (V'), and ful 1l other conditions. ereafter, we set  as a single-spike
bound state constructed in 21 - 22 and satisfying (1. ). Of course, the trap potential V is also
of class (V'), and ful 1l other conditions in 21-22. ence (x,t)= '  (z) may form an
orbit of (1.3). From 1 |, the orbital stability of ¢/ s is de ned as follows For all , there
exists such that if ¢ — and 1 is a solution of (1.3) in some interval ¢ )
with ¢|; =1, then 9(t, ) can be extended to a solution in <t and

SEp inf Tﬁ(at)—lb (a )

Otherwise, the orbit ¢ is called orbitally unstable. To check the orbital stability of ¢ , we use
the lineari ed operator de ned by

=A—-(V ) P, =1 = (1.)

Observe that ~ may depend on the variable . oreover, we assume  to be nondegenerate
due to 13. Let ( ) be the number of positive eigenvalues of  and
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ssume that is nondegenerate, i.e, = . Let ( )=1if and ( )= if

ccording to general theory of orbital stability of bound states (cf. 1 ,11), is orbitally
stableif ()= ( ), and orbitally unstableif ( )— ( ) isodd (see page3 of 11).

t is remarkable that if V' and =1 4, then ()= Iie. the function becomes
degenerate, where is a positive constant. Consequently, we may assume the trap potential V'
has nondegenerate critical points in order to derive the asymptotic expansion formulas for the
operator and the function as the parameter goes to ero. These formulas are crucial to
obtain the orbital stability and instability of single-spike bound states as follows

N =1 - 1
T |4
Viz )= m ( 2V(z))
|4 m—z(1 ——)

nother motivation of studying the equation (1.3) in the critical case may come from two-
component systems of nonlinear Schrédinger equations which describe a double condensate
i.e. a binary mixture of Bose-Einstein condenstaes (cf. 2 ). To get stable spikes of a double
condensate with two spatial dimensions, we study orbitally stable bound states with spikes of

a two-component system of nonlinear Schrodinger equations given by
- =N =V | P P

1.
T )
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for x € R? and ¢ , where V. = V(z) is a smooth nonnegative function, € R is a

non ero constant, and 1 is a small parameter. Bound states of (1. ) are of the
form (z,t)= ' (x)and (z,t)= ' (x), where ( , )satis es the following nonlinear
elliptic system
IN -V ) 2= | zeR
N —(V ) 2 = , T € R?, (1.)
(z), (&) ,, € (R
Note that in R?, the nonlinearity ,  are critical nonlinearity by simple algebra =3 =
1 & with N = 2. The system (1. ) admits a bound state solution (—— ,—— ), where

—1 and  satis es the equation (1. ). Generically, such a solution may not be either a
unique positive solution or a ground state solution. Thus the stability problem is nontrivial.
ere we want to get the orbital stability of such a solution using suitable trap potentials V s.
To study the orbital stability of such a bound state solution, we set the lineari ed operator of

(1. ) around — ,— given by
_ -y = oy )
A e LA L '
Furthermore, we also need a function de ned as follows
2 V() 1
_ - 2 2 1
(.= 5l | 5
_2| |2 V(m) 2 2 _1
2 2
-3 2 2 : (1.11)
where ( , ) is the solution of
QA —(V 2 _ : R2
( ) , IR, (1.12)
AN (V 2) 2 = , 11 R27
such that ( ) ) — e as | | | 2
Suppose the solution —— ,— is nondegenerate, i.e. the operator has no
ero eigenvalue. Let () denote the positive eigenvalues of , and set as the number

of positive eigenvalues of the essian matrix ( 2 (, )). From 1 -11, we know that the
solution —— ,——=  is orbitally stable if ( )= |, and orbitally unstable if ( )—

is odd. The parameter may affect the orbital stability of the solution — | —

Now we state our result as follows
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The orbital instability of (— ,— ) for —1 can also be investigated.
owever, the condition is quite complicated so we may omit it here. On the other hand,

as =1, the system (1. ) may have in nitely many solutions with the form ( , )=( , )
for = |, where is the solution of 2A — (V. ) (1 % = in R This may
provide a reason to ignore the case =1 in Theorem 1.2.

For the existence of other bound states to the system (1. ), one may refer to 1, 2, |
1,1 , 2 , 2 , and the references therein. Our result here seems to be rst in studying
the orbital stability of (1. ) with a trapping potential.

The argument of Theorem 1.2 is applicable to study another two-component system of
nonlinear Schrédinger equations having symbiotic bright solitons (cf. 1 and 2 ) given by

= 2N VY ]| P2 2
= EE o

- = A =V -] I
forz € R*> and ¢t , where V = V(z) is a smooth nonnegative function, € R is a non ero
constant, and 1 is a small parameter. t is remarkable that the coe cients of the terms
| |2 and| |* of the system (1.13) have opposite sign to those of the system (1. ). s for the
system (1. ), bound states of (1.13) are of the form (z,{)= ' (z)and (z,t)= ' (x),
where (, ) satis es the following nonlinear elliptic system

IN (V) - 2= | zeR

N (V) — 2 = | zeR (1.1)

(z), (=) ,, € (R)
t is easy to check that the system (1.1 ) has a solution (— ,— ) for 1. sfor
Theorem 1.2, we may have

1
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The proof of Corollary 1.3 is quite similar to that of Theorem 1.2 so we may neglect the detail
proof here.
The rest of this paper is organi ed as follows n Section 2, we gure out the properties of
and the spectrum of the lineari ed operator as the parameter goes to ero. Then we
state the proof of Theorem 1.1 in Section 3. Finally, we provide the proof of Theorem 1.2 in
Section

The research of the rst author is partially supported by a research Grant
from NSC of Taiwan. The research of the second author is partially supported by an Earmarked
Grant from GC of ong ong.

ro rti o

n this section, we study the properties of  which is a single spike solution concentrated
at a nondegerentate critical point = of V(z). Let z be the unique local maximum point of
. S0z x . Let us recall the following results of Grossi 13 .



(1) follows from Lemma . of 13, while (2) follows from Theorem 1.1 of 13.

We need the following two lemmas. The rst one is asymptotic behavior of

Note that for xed , () satis es
A o—w() ) 7=
Let ()= (z )— (). Then | | uniformly and  satis es
A = (V(z ) ) g N( )= (V(e )=V(z)) =,
where N( ) =( yY— p — P . Note that ()= and
V(= )=V(z))=( V(z)) % Vi) ?® oC |'[)
() 3 V@) o)

ere we have used Lemma 2.1(1).
Now we claim that | | < 2. n fact, suppose not. We may assume that | |
Let = ——. Then satis es

2

A -V ) p - -

O

(2.1)

(2.2)

(2.3)



Note that by (2. ),

V(z )=V )l T AP
for | | 1. Let  be the global maximum point of ie. ( )= max | ‘( ) = 1. Then by
(2. )—(2. ) and the aximum Principle, we have | | < . ere we have used the fact that
1% and . B B
By usual elliptic regularity theory, we may take a subsequence , where  satis es
A —(V(@) ) o=, ()= (2.1)
Since ()= ,weseethat = Y —— andhence = . Consequently . This
may contradict to the fact that 1= () () forsome . Therefore | |< 2 Now
welet = 2 2 Then as for previous argument, we may have = o(1) and complete
the proof of Lemma 2.2. O
s in Proposition 3. of 1 , one may get two lemmas as follows
eRN
=N —(V() ) P (2.11)
2 (N 9 2 (N
= € (R ) 8—( ) = 5 = 1’ ’N (R )’
2 (N 9 2 (N
= S (R ) 8—( ) = 5 = 1’ >N (R )
=N —(V(z) ) P (2.12)
y 2= = N = , N2 :
- = 17 ’ N

Our main result in this section is the following

Y= 9 (2.13)
2 N N 2 (2.1)
N 2 N 2
- , =2, ,N 1, (2.1 )

( *V(z))



We follow the proofs given in Section of 33. ssume that = 1. tiseasy to
see that for eigenvalues € 5 ny 2,5 ,as , for some , where s are given in
Lemma 2. . Now we focus on the case , 1.e. as . Then the corresponding
eigenfunctions can be written as

v )= S0 v () (1)

where —¢ () =, =12, ,N. enceby (2.13) and (2.1 ), ¢y may satisfy

A = (V(z ) Y P (7 (@ A )
¥

9  _ 9 (2.1)
o 0
sing (2.1) and (2. ) of Lemma 2.2, we have
0 0 0 0
g A L _ g P g
8 A @ 5%
0 0
=(V(z )=V N7m— (7 (= )= " ()7—
0 0
= (7 (2.1)
From Lemma 2.3, the map =A-V(x) ) P is invertible in the space . Thus
by (2.1), (2. ) and (2.1 ), (2.1 ) may give
ol <> 10 || (2.1)
Nowweset ( )=—( )for =1, ,N. Then multiplying (2.1 ) by and integrating
over RV it is obvious that
0
i = 2.2
’ g 22)
ere we have used the fact that ¢ € . sing (2.1 ), (2.1 ), =o0(1) and integration by
parts, we obtain
voo= ¢ =o( %), (2.21)

and

= 2, (2.22)



where

2

ere we have used (2. ) to get (2.23). For o, we use Lemma 2.2

= (-1 P o)

= aaza o %)

—— ()5 w0y

-, V@) 2 e

— V) 20 ) ey

:;v () —;v @) 2 of?

ere we have used the following identity

2oy -
1 J , 1 a ., ,
— 1 2
= E
Combining (2.23) and (2.2 ), we have
2
2=—5V () * o)
2
Substituting (2.21) and (2.2 ) into (2.2 ), we may obtain — for

similar to page 1 3-1 of 33 . We may omit the details here.

From Theorem 2. , we may deduce that

(2.23)

(2.2 )

, N, where

= ——— is a negative constant. The rest of the proof follows from a perturbation result,

O



- = (2.2 )

= o(1), (22)

= =) ) =0 =1, N

hS]
N

Since  is unique and is invertible, it is easy to see that  is smooth in and
satis es (2.2 ). Now we decompose  as

N J—
where =, =1, ,N. Then  satis es
N
I = (2.2)
s for the proof of Theorem 2. , we have
o< 1 - (2.2)
From (2. ) and (2. ), it is easy to check =— =(V(z) ) — 3
and = by differentiating (2. ) with respect to . ence
- =(" (= )= P () -V )= Vi(z)) -
Consequently, by Lemma 2.2 and (2. ), we obtain
- =o(Y), (23)
and then by (2.2 ),
=1 | Do(?) (2.31)
To estimate s, we may multiply (2.2 ) by  and integrate over RY. Then
N
C ) C =) () = (2.32)
ence by (2.22) and (2.2 ), (2.32) may imply
1< c =) C ) (2.33)
sing integration by parts and (2.1 ), we have
( )= )y =09 (2.3 )
Therefore by (2.3 ), (2.31), (2.33) and (2.3 ),we may obtain | | = O(1) and complete the
proof. O



roo o or 11

Let =1 . By Theorem 2. , has m 1 positive eigenvalues and no ero eigenvalue,
where m is the number of negative eigenvalues of the matrix ( 2V (z )). Let us now compute
()
From (1. ), it is easy to get
1 2
(=4
and hence
0
(= 2 =
By direct computations,
1 1 1
— 2 =3 Vi(z ) (V(z ) ) (3.1)
Consequently,
Vi) ) = (V(z)—=V(=z ) (V(z ) )
1
= (V(z)=V(z )= 5 V(z )
1 1
— — 3.2
4 3 (3.2)
sing integration by parts and (2.2 ), we may obtain
1 1 1 1
—1 2 = ) = 2
B 1 1
B -1 2
1 N
= — —— 2=, (3.3)

11
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V) -V (z) o( %)
=76 o(1) —V (z) ( O( %) o)
=— @) V(z) o( %)
2 1 1 2 2
ey F '@ — 3 oL
2 1 N 2 2 2 2
TTWE) ¢ e "
=GP V(z) o( ?) (because =1 N) (3.)
f x is a local minimum point, then m = and ( ) = 1. Since the essian matrix

( 2V(z)) is positive de nite, then

() » C0)=1 (3.)

which implies that  is orbitally unstable by the orbital stability criteria of 1 - 11 .
fx is not a local minimum, then m 1and ( ) 2. n this case, by the formula (3. ),

( ()) =30 ———). By the instability criteria of 11, we conclude that is orbitally
unstable if m — (1

) is even. This completes the proof of Theorem 1.1.

roo o or 1
Let —— ,——  beasolutionof (1. ). The lineari ed operator of (1. ) around — ,—
is
) ) Iy 1
b7 M- (V) O — 2 ¢

We r1st de ne a sequence of numbers € (=1, ) By Lemma .2 of 3 | the eigenvalue
problem

AYy—(V(z) W p’v= (-2)

admits eigenvalues



We then de ne by

= ? = ]‘7 7
Let = . Then by an orthonormal transformation it is equivalent to
=, (-)
Qw = 5 ( - )
where = , 9= 2A-(V(z ) ) — 2. By Theorem 2. , we may conclude
that = . t remains to consider the equation ( . ). s , the equation ( . ) may tend
to the limiting equation given by
3=
Ay-(VE) W T Y= ()
Since = ie.— =y ,then by Lemma .20f 3 |, ( . ) has only trivial solution. Therefore,
1 = and we may complete the proof. O
The next lemma computes the orse index of (—— ,——= ). ere the orse index is

de ned to be the number of positive eigenvalues of |, which is ust ( ).

-1 € 25 y (= T
N 2 1 (e e ) 1
(— . — )
The eigenvalue problem = can be decomposed to

= (-)
2= 9 ()
By Theorem 2. | has only one positive eigenvalue. t remains to consider the spectrum

of 4. f , then the eigenvalue problem

3= 2

M=(VE) W T h= (1)

has at least N 1 positive eigenvalues. We may de ne a space of functions by

= span
P P

13



Since —1 , we have — 3. ence

V) )Tt e (1)

Thus by the variational characteri ation of the eigenvalues to ( .1 ),we see that y
oreover, by the perturbation argument, ( . ) has at least N 1 positive eigenvalues.

So when , has at least N 2 positive eigenvalues.
When 1,1 — 3, ( .1 ) has only one positive eigenvalue. So the orse index
is two.
When 1, ( .1 ) has no positive eigenvalue. So the orse index is one. O
Since is invertible, — |, — is nondegenerate. Thus the equation
2N — (V(2) 2) 2 =, inRV, '
has a solution ( , ) satisfying
1 1
: = — ,— O 2 13
( )= — : (N (13
as| | | o 1
Let us de ne
2 V() 1
— _ 2 2 —
(L 29= | .
_2‘ ‘2 V(:E) 2 2 _1
2 2
2 2
- = 1
5 (1)
t is easy to see that
9 _1 & _ 0
o 2 02 0 ’
o1, e 0
0, 2 I 04
0? B 0
8 8 2 N a 2
Now we may de ne functions as = — and = —
Then by ( .12), satis es



Similarly, if we set o = —— and o= — , then by ( .12), we

have
2=, 2= (.1)
Let = . Then ( .1 ) is equivalent to
( )
_ _ 1
(=) .
So
= and - = g (.1)
where
1 1
= T and 9 = 9 T ( 1 )

Now we compute the essian matrix
2
(°) =

(%) =

By the results in Section 3, —2— = -2 .t is enough to compute
1 = ,( ). Note that as ,
2( ) ( )a
where
=A (V@) ) w?* (.2)
with p = —.
Let (u) = () andlet  be the unique solution of A — (V(z ) )

w2 = ie. = fory=p, =1,2, . Then — satis es

0 0

T e So=n (7))



ence

0 2
() = % == ( )
== ) )
=— 2 2 for p=p, =12,
ie.
(1) for p=p, =1,2, (.21)
Due to ( .3), issmoothon (— ,1) (1,3) (3, ) u =N 2,N 3 . On the
other hand, as p 3,
1
=2 2
1
(1) p) 2 =
ere we have used the fact that N =2and =3. Thusforl pu 3, (u) . This implies
that for 1, 2 and thus ( 2 (, )) has positive eigenvalues.
Now we consider p € (— ,1) i.e. 1. By the standard maximal principle, in R?
for u . Consequently, (u) for u . ence by ( .21), (u) for pe (= ,1)ie.
1. This implies that 2 and thus ( 2 (, )) has only positive eigenvalue.
n conclusion, we see that the matrix ( 2 ( , )) has two positive eigenvalues when
1 and one positive eigenvalue when 1. That is = 2 when land =1
when 1. By Lemma .1 and .2, we also deduce that ( ) = 2 when 1 and
() =1 when 1. ence for , =1, wehave ( )= . Therefore, we conclude
that ( , )= — = is orbitally stable if , = 1. This completes the
proof of Theorem 1.2.
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