STABILITY OF NEW SPIKE SOLUTIONS IN A SUPPLY CHAIN
MODEL
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ABSTRACT. We study a supply chain model which is based on Schnakenberg type kinetics.
This model is realistic in a predator-prey context if cooperation of predators is prevalent in
the system and if there is practically an unlimited pool of prey, i.e. the predators will not
feel the impact of the limited amount of prey due to its large quantity. The system also
serves as a model for a sequence of irreversible autocatalytic reactions in a container which
is in contact with a well-stirred reservoir. It is an extension of the Schnakenberg model
suggested in [12, 28] for which there is only one prey and one predator. In this supply chain
model there is one predator feeding on the prey and a second predator feeding on the first
predator. This means that the first predator plays a hybrid role: it acts as both predator
and prey. It is assumed that both the prey and the second predator diffuse much faster than
the first predator.

We construct new single spike solutions on an interval for which the profile of the first
predator (middle component) is that of a spike. The profile of the prey and the second
predator only varies on a large spatial scale which comes from the faster diffusion of these
components. They both interact with the middle component in a novel way. It is shown
that there exist two different single spike solutions if the feedrates are small enough, a
large-amplitude and a small-amplitude spike.

We study the stability properties of this solution in terms of the system parameters.
We use a rigorous analysis for the linearized operator around single spike solutions based
on nonlocal eigenvalue problems. The following result is established: The large-amplitude
spike solution is stable if the time-relaxation constants for both predators are small enough.
The small-amplitude spike solution is always unstable.
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1. INTRODUCTION

We consider a supply chain model with diffusion which is an extension of the Schnakenberg
model [12, 28] to three components. This generalized model considers the interactions of
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two predators and one prey, whereas the Schnakenberg model only takes into account the
interaction of one predator and one prey.

This model is realistic in a predator-prey context if cooperation of predators occurs in
the system. For background on predator-prey models we refer to [22]. We also refer to
the recent work in which the stability of food chains was analyzed [18]. It has recently
been confirmed empirically by considering large amounts of worldwide data that in cities
typical per capita quantities like wages, GDP or number of educational institutions but also
crime, traffic congestions or certain diseases grow at a superlinear rate with population size
[2]. This underpins the assumption in our model that the interaction terms are superlinear
and emphasizes its relevance and validity as a simple socio-economic model for the resource
allocation in cities.

The system also serves as a model for a sequence of irreversible autocatalytic reactions
in a container which is in contact with a well-stirred reservoir. Similar systems have been
suggested to model chains of chemical reactions, see e.g. Chapter 8 of [31] and the references
therein.

In the supply chain model under current investigation there is one predator feeding on the
prey and a second predator feeding on the first predator. This means that the first predator
plays a hybrid role: it acts both as predator and prey. It is assumed that the prey diffuses
and the second predator both diffuse much faster than the first predator.

The system can be written as follows:

( 0S
r2 - DAS+1 -85, zeQ t>0,
ot €
ur _ 4 2 2
E =€ Aul — Uy + Su1 — AU1Uy, T E Q, t >0, (11)
8%2 1
L TIW = DyAus — us + gulu%, xreQ, t>0,

where S and u; denote the concentrations of the prey (food source) and the two predators,
respectively. Here 0 < €2 < 1 and 0 < Dy, 0 < D, are three positive diffusion constants. The
constants aj, ay (positive) for the feed rates and 7, 71 (nonnegative) for the time relaxation
constants will be treated as parameters and their choices will distinguish between stability
and instability of steady-state solutions.

We choose as domain the interval 2 = (—1, 1) and consider Neumann boundary conditions

dS dS du1 du1 dUQ dUQ
%(—1,0) = %(1,0) =0, %(—1,0) = E(I,O) =0, E(—l,O) = %(1,0) =0.
(1.2)

We first prove the existence of single spike solutions in an interval for which the profile
of the first predator is that of a spike. The prey and second predator have a profile on the
O(1) scale. It is shown that such patterns exist if the feed rates are small enough. We will
see that there are spike solutions with a large and with a small amplitude.

We study the stability properties of this solution in terms of the system parameters.
We use a rigorous analysis for the linearized operator around single spike solutions based
on nonlocal eigenvalue problems. The following result is established: The large-amplitude
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middle component spike solution is stable if the time-relaxation constants for both predators
are small enough, the first feedrate is much larger than the second and the diffusivity of the
prey is much smaller than the diffusivity of the second predator.

These results are generalizations of similar statements for the Schnakenberg model. Let us
briefly recall some previous results in this subject area: In [15, 32] the existence and stability
of spiky patterns on bounded intervals is established. In [43] similar results are shown for
two-dimensional domains. In [1] it is shown how the degeneracy of the Turing bifurcation
can be lifted using spatially varying diffusion coefficients. In [23, 24, 25| spikes are considered
rigorously for the shadow system.

For a closely related system, the Gray-Scott model introduced in [13, 14|, some of the
results are the following. In [4, 5, 6, 7| the existence and stability of spike patterns on the
real line is proved. In [16, 17| different regimes for the Gray-Scott systems are considered
and the existence and stability of spike patterns in an interval is shown. In [26, 27] a skeleton
structure and separators for the Gray-Scott model are established.

Other “large” reaction diffusion systems (more than two components) with concentrated
patterns include the hypercycle of Eigen and Schuster [8, 9, 10, 11, 37, 39|, and Meinhardt
and Gierer’s model of mutual exclusion and segmentation [21, 44].

In a previous study [46] on the same model we considered a completely different scaling:
The diffusivity of the middle component is small and the diffusivity of the third component
is very small. Thus we have a small scale (much smaller than order 1) and a very small scale
(much smaller than the small scale). Existence and stability of a new type of spiky pattern
has been established which consists of a spike on the very small scale for the third component
and two parts of spikes pasted together (continuous but with a jump in the derivative) on
the small scale for the second component.

The structure of this paper is as follows:

In Section 2 we state and explain the main theorems on existence and stability.

In Sections 3 and 4, we will prove the main existence result, Theorem 2.1. In Section 3,
we compute the amplitudes of the spikes. In Section 4, we give a rigorous existence proof.

In Sections 5 and 6, we will prove the main stability result, Theorem 2.2. In Section 5,
we derive a nonlocal eigenvalue problem (NLEP) and determine the stability of the O(1)
eigenvalues. In Section 6, we study the stability of the o(1) eigenvalues.

Throughout this paper, the letter C' will denote various generic constants which are in-
dependent of ¢, for € sufficiently small. The notation A ~ B means that limHO% =1 and
A = O(B) is defined as |A| < C|B| for some C' > 0.
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2. MAIN RESULTS: EXISTENCE AND STABILITY OF A SINGLE SPIKE SOLUTION

We now state the main results of this paper on existence and stability. We first construct
stationary spike solutions to (1.1), i.e. spike solutions to the system

DIAS +1 -85 =0, z€Q,t>0,
€

EAuy —uy + Sui — aguguy =0, z € Q¢ >0, (2.1)

1
DQAUQ — Uy + —ulug =0, z¢€ Q, t >0,
€

with the Neumann boundary conditions given in (1.2).
We will construct solutions of (2.1) which are even:
§=5(lz[) € Hy(),
ur = u(|z]) € Hy (),
uy = us(|z]) € Hy(9),

where

0 - fue i o (D) 2w (D) o).

Before stating the main results, we introduce some necessary notations and assumptions.
Let w be the unique solution of the problem

{ Wy —w+w* =0, w>0 inR,
(2.2)
w(0) = maxyer w(y), w(y) — 0 as |y| — +oo.
The ODE problem (2.2) can be solved explicitly and w can be written as
w(y) = ﬁ (2.3)
We now state the main existence result.
Theorem 2.1. Assume that
Dy = const., €< 1, Dy= const. (2.4)
and )
alay < T|GD2(O,O) — dp. (2.5)

(Expressed more precisely, (2.4) means that € is small enough; (2.5) means the following:
there are positive numbers 0y and €y such that (2.5) is valid for all € with 0 < € < €.)

Then problem (2.1) admits two “single-spike” solutions
(S2,uf ., us ) and (SL b, ub ) with the following properties:

(1) all components are even functions.
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(2)

Se(x) = ¢{Gp,(z,0) + O(e), (2.6)
uate) = oo (EEE2) 21 + 000 (27)
s {2) = €5, (,0) + O(0), (25)

where w is the unique solution of (2.2), x is a smooth cutoff function whose properties are

stated in (3.2),

101+ /190 — 4630, |2PG5(0,0)

N2
. + O(e), 2.9
o 922 + /190 — 40305l QPG E(0,0) Lo 210
€ = €), .
72a3
14+ a. V14 o
€ _ e V@ 7C 2.11

where a. s given by (3.5).
(3) If € is small enough and
s
4
for some 6y > 0 independent of € (in the same sense as in (2.5)) then there are no single-spike
solutions which satisfy (1) — (2).

CL%CLQ > GDQ(O,O) ~+ do.

Remark. We choose to keep the factor |Q| in the estimate (2.5) although of course in our
scaling we have | = 2.

Theorem 2.1 will be proved in Sections 3 and 4.

The second main goal of this paper is to study the stability properties of the single-spike
solution constructed in Theorem 2.1. We now state our main result on stability.

Theorem 2.2. Assume that (2.4) and (2.5) are satisfied.

Let (Se, u1.e,use) be one of the single-spike solutions constructed in Theorem 2.1.

Suppose that 0 < 7 < 19, and 0 < 7y < 719, where 19 > 0 and 719 > 0 are suitable
constants which may be chosen independently of €.

Then we have the following:

(1) (Stability) The solution (S!,u} ., ub.) is linearly stable. There is a small eigenvalue
which is given in (6.21).

(2) (Instability) The solution (SZ,uf ., u3 ) is linearly unstable.

This result can be interpreted as follows: To have this type of spiky solution, the feed rates
for both a; and as, in particular their combination a? a; must be small enough. Otherwise
the food source S and the hybrid u; will not be able to sustain u; and wus, respectively.
Instead, among others, one of the following three behaviors can happen:

(i) The predator us dies out and a spike for the Schnakenberg model remains which involves
only the components S and w; with us = 0 (equivalent to av = 0 in the previous result) which
has been described in [15].
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(ii) The component us dies out and wuy, S will both approach positive constants. It can

easily be seen that
a €
S = —1, Uy = —.
€ aq
(iii) The components approach the positive homogeneous steady state

€ € €
S = 27 uf — —uy +axe’ =0, up=—.
auy aq Uy
We do not rigorously study the dynamics of this model. Instead we analyze the stability or
instability of the steady states in combination with numerical simulations of the dynamics.
Figure 1 shows the spatial profiles of the steady states S, uq, us. These have been reached

in the simulations as long-time limits of the time-dependent problem.
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Figure 1. The spatial profiles of the steady states S, u1 ., ua,.
To elucidate these issues, we will rigorously derive the existence result Theorem 2.1 in
Sections 3 and 4. The stability result Theorem 2.2 will be proved in Sections 5 and 6.

3. EXISTENCE I: FORMAL COMPUTATION OF THE AMPLITUDES

In this section and the next, we will show the existence of spike solutions to (2.1) and
prove Theorem 2.1. We begin by a formal approach and give a rigorous proof in the next
section.

Proof of Theorem 2.1: We will show the existence of spike solutions to (2.1) for which
(2.7), (2.8) are valid. More precisely, we choose the approximate solution as follows:

g (A0 ol 5.1)

uy(x) =

for some positive constants & and «.. (From now on we will drop the superscripts € where
doing so will not cause confusion.) Further, S, is determined by the Green’s functions Gp,

which is defined by
DiAGp, — 0 =0, b, (=1)=Gp,(1)=0

u2
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and ug is given by the Green’s function G'p, which solves

DyAGp, — Gp, — 6 =0, G (=1) =G} (1) =0

Here . ;
X € C5°(—1,1), x=1for |z] < g X= 0 for |z| > 1 (3.2)

is a smooth cutoff function. We set

T

Yy=— 1=1

€
and consider the limit

e — 0.

For the rest of this section, we drop the subscript € if this does not cause confusion.
Substituting (2.7) into the second equation of (2.1) and using (2.2), we get considering

the y scale:
e = agui(0), (3.3)
o + 1
= A4

since w (y\/l + a) satisfies
Wy, — (1 + @)w + (1 + a)w? = 0.
Substituting (2.7) into the third equation of (2.1) and using (2.2), we get

) = G 0)B0)€ [ w(y) dy 2 + O
which implies
u3(0) vita +0e),

~ Gy (0,0)€ [w(y) dy

ug(z) = GQGD(?J(ZE)’)Z)I Lta + O(e).
Do\ M) w(y> dy
Next we will derive two conditions, by substituting (2.7), (2.8) with (3.4) in (2.1). Then
we will solve these two conditions to determine v and &.
Integrating the first equation in (2.1), using the Neumann boundary condition and bal-

ancing the last two terms, we get the first condition

1
Q| =a,5(0 2/ *(y)d + O(e).
| | ai ()f ]Rw (y) y\/l—i-—Oé (E)
From (3.3), we compute
as(1+ «)
o= + O(e).
265, 0.0) ( wi) d? ~ 7
Summarizing these results, («, ) solve the system
= +0(0). (35)

“ T e, 0,0)(fwly) dy)? — a
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Q| = alf/Rw2(y) dyv1+a+ O(e). (3.6)

/Rw(y)Qdy = /Rw(y) dy = 6,

the system (3.5), (3.6) can be rewritten as a quadratic equation in &2

36%a1GH, " — 36G, % + aa|Q* = Oe)

Using

which has the two solutions

L 192\ /100 - datas] 012G
B 72a3

under the condition ,
12

4
The last condition states that, the rest being equal, the combination a3a; must be small

enough.
This implies that under the condition

2

2
G,

| 2

az ag < TG%Q — do,
there are two solutions for ¢ which satisfy
2
0<& < 42—!@ < &
If
2 QP
aj as > TGD2 + do,

there are no such solutions.

4. EXISTENCE II: RIGOROUS PROOFS

We linearize (2.1) around the approximate spike solution introduced in (3.1):
S. — S.(0) = —(Gp, (2,0) — Gp,(0,0))a15.(0)62 + O(e),
_ |z|v/1 4
fow ()

Uy e(x) =

(Iz]) + O(e),

iz, = Gp, (2,0)6¢03 . (0) + O(e),

where the amplitude { = £+O(e) has been computed in the previous section to leading order
and x has been introduced in (3.2). Note that Sﬁ and sy each solve a partial differential
equation exactly which depends on 1, only. Therefore we denote S. =T [ty ] and U9, =
Ty[tiy |, respectively.

We first determine how good the approximate spike solution solves the system by com-
puting the error up to which it is a solution.

By definition, the first and third equations of (2.1) are solved exactly.
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The second equation of (2.1) at (S, @i, o) = (Th[l1.], e, Toliin]) is calculated as
follows:
( ) — ﬁl J€ + S &% € (12?]176’&%76
'& - ul J€ + S ( )ul JE a2a1,6a375<0)

+[Se = Se(0)])a7

—a2ln, 2tz — Tig,c(0))U2,(0) + O(€?)
= By + Ey + E3 + O(é%)
in L?(€2.). We compute
=0
by the definition of &. Computing S(x) using the Green’s function Gp, introduced in the
appendix, we derive the following estimate:

Ey = [Se(ey) — Se(0)]a] o(ey)

1/e B
= ﬁiﬁ(ey)al / |Gp,(ey, ez) — Gp(0, ez)]Se(z)&iE(z) dz (14 O(e))

—1/e
— a%e(ﬁy) 1 1
= a 5.(0) (1+ae)4(_|y—2|— D |z|) 2(2¢/14 o) dz (14 O (ely]))

i (ey)
+ay(1+ a)?—==—= i,
5¢(0)
= O(ely)ai, = O(e)  in L*(Q).
Note that VHp,(0,0) = 0 by symmetry. (See the computation of Hp, in the appendix).

e'y*V2Hp(0,0)6 (1 + O (e|y|))

Similarly, we compute

Es = —Gbel,e(ﬁy)Q(sz,e(Ey) - 712,6(0))722,6(0)

1/e
= —2as0y,(ey)us (0) /_1/ [Gp,(€ey,ez) — Gp(0, €2)]uy (€2) dz (1 + O(e))
201+ aJinlen) 0 [ (5t =#1 = 5l ) wlev T a0 d= 1+ Ofel)
F20/TT 0 (0) i 0)PV G 0,0) [ wly) (14 O(cl)
= <2000+ ainlen 25 [ (=2l = g1l ) wevTF a0 d= 1+ Ofel)
+2aV/1 + aciiy  (ey)iia (0)ey* V> GDQ(O, 0)6 (14 O(e|y|)).
— O(elyin.

=0(e) in L*(Q).
Writing the system (2.1) as R.(S,u, us) = 0, we have now shown the estimate

[ Re(Th[tn ], e, Tt )| 2200) = O (€) - (4.1)
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(Note that the first and third equations are solved exactly and they do not contribute to the
definition of this norm.)

Next, we study the linearized operator L. around the approximate solution (SC, Ue,1s Ue)-
It is defined as follows

V1,c
Lo (HX(Q)? — (LAQ)°, Le| ¢ | = (4.2)

¢2,e
a1 & - a1 ~9
DlAwl,G - 2?Seul,e¢e - ?wl,eul,e
= €2A¢e - ¢e + QSeﬂl,e(be + wl,eaie - a2¢ea§,e - 2a2a1,eﬁ2,ew2,e

Agthg e — Yo + Qbeﬂ%,e + 20Uy (Ug W2
When discussing the kernel of £, we may solve the first and third components for ¢, =
T1[t )¢ and 1y = T5[0 (] ¢ using the Green’s functions Gp, and G p,, respectively. Therefore
we may instead study the following operator £, which is applied to the second component
only. Further, to have uniform invertibility we have to introduce suitable approximate kernel
and co-kernel given by
K. = span{u} } C Hy (),
Ce = span{a} } C L*().
Then the linear operator £, is defined by
L.:K:—ch (4.3)

L(de) = Dye = be + 25, + (T1[01 JO) T — azdelis, — 250 clin Ty iz, ] ),
where | means perpendicular in the sense of L?(€).). This operator is uniformly invertible
for € small enough. In fact, we have the following result:

Proposition 4.1. There exist positive constants €, X\ such that for all € € (0, €),

ILedl a0 = M|l a2y for all ¢ € KL, (4.4)

Further, the linear operator L. is surjective.

Proof of Proposition 4.1. We give an indirect proof. Suppose (4.4) is false. Then there
exist sequences {e;}, {#F} with e — 0, ¢* = ¢, k =1,2,... such that

L, |2 — 0, ask — oo, (4.5)
6% |2 = 1, k=1,2,.... (4.6)

By using the cut-off function defined in (3.2), we define the following functions:
P1e(y) = ¢e(y)x(7), vy E Qe (4.7)

P2.(y) = 0e(y) (1 = x(2)), y€Qe.
At first the functions ¢, ., ¢ are only defined in €2.. However, by a standard extension
result, ¢ and ¢, can be extended to R such that the norms of ¢; . and ¢o in H 2(R) are
bounded by a constant independent of € for all ¢ small enough. In the following we shall
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study this extension. For simplicity we keep the same notation for the extension. Since for
i = 1,2 each sequence {¢¥} := {¢ .} (k= 1,2,...) is bounded in H? (R) it has a weak
limit in H2_(R), and therefore also a strong limit in L? (R) and L{° (R). Call these limits

loc loc loc

¢;. Then & = ( < ) satisfies

03
/ prwy, dy =0
R
and it solves the system
Lo =0, (4.8)
where the operator £ is defined as follows
fR w¢1 dy 2 fR ¢1 dy
Lo = Ay — (1 2(1 —2(1 = 2 .
o y01— (L +a)pr +2(1 + a)wpy — 2(1 + ) waQdyw - awadyw

The system (4.8) is derived by taking the limit € — 0 in (4.3). It will be computed in (5.3)
below.

By the analysis in Section 5 based on Theorem 5.2, from (4.8) it follows that ¢; = 0.

Further, trivially, ¢o = 0 in R.

By elliptic estimates we get ||¢;c, ||p2@) — 0 for i =1, 2 as k — oo.

This contradicts ||¢*|| 2 = 1. To complete the proof of Proposition 4.1, we need to show
that the operator which is conjugate to L. (denoted by L?) is injective from H? to L2

The limiting process as € — 0 for the adjoint operator L} follows exactly along the same
lines as the proof for L. and is therefore omitted. In Section 5, we will show that the limiting
adjoint operator £* has only the trivial kernel. O

Finally, we solve the system (2.1), which we write as

Re(Sc + 91, @y e + ¢, e + y) = R (U, + ®) =0, (4.9)

T
using the notation U, = <S€,ﬂ176, &2,6> , & = (¢, ¢,w2)T. Since L. is uniformly invertible
if € is small enough and calling the inverse £, we can write (4.9) as follows:

O =L 'R (U) — LIIN(®) =: M (D), (4.10)

where

N (®) = R(U.+ ®) — R.(U.) — R.(U.)® (4.11)
and the operator M, defined by (4.10) is a mapping from H? into itself. We are going to
show that the operator M, is a contraction on

B@(; = {(Z§ c H2 : ||¢||H2 < (5}
if § and e are suitably chosen. We have by (4.1) and Proposition 4.1 that

M@ < A~ (||Ne(‘1>)||L2 n ||RE<UE>||L2)

<A 'Co(c(8)6 + ),
where A > 0 is independent of § > 0, € > 0 and ¢(d) — 0 as § — 0. Similarly, we show
[Mc(®1) = Mc(®2)l| 52 < A7 Co(e(6)9) | @1 — P2 2,
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where ¢(§) — 0 as & — 0. Choosing 6 = Cje for A™'Cy < C; and € small enough, then
M.+ maps from B, into B.s and it is a contraction mapping in B.s. The existence of a
fixed point ®, now follows from the standard contraction mapping principle, and ®, is a
solution of (4.10).

We have thus proved

Lemma 4.1. There exists € > 0 such that for every € with 0 < € < € there is a unique
b, € H%(Q) ® KX ® HZ(Q) satisfying R(U. + ®.) = 0. Furthermore, we have the estimate

@[z < Ce. (4.12)

In this section we have constructed an exact spike solution of the form U, + &, =
(SeyUer, Ue2). We are now going to study its stability.

5. STABILITY I: DERIVATION, RIGOROUS DEDUCTION AND ANALYSIS OF A NLEP

We linearize (1.1) around the single-spike solution S, + 1 e, uc 1 + ¢, uc g + g M.
Then we study the eigenvalue problem of the linearized operator around the steady state
(Sea Ue,1, ue72)~

The eigenvalue problem becomes

2bl,e T)‘ewl,e
‘CE ¢e = )\e¢e ) (5-1>
@02,6 71)\67?2,6

where L. denotes the operator linearized around the steady state steady state (Se, e 1, Ue2).

We assume that the domain of the operator £, is H%(Q) x H%(Q.) x H%(Q) and that
Ae € C, the set of complex numbers.

We say that a spike solution is linearly stable if the spectrum o(L,) of L, lies in a left
half plane {A € C : Re(\) < —¢y} for some ¢y > 0. A spike solution is called linearly
unstable if there exists an eigenvalue A, of £, with Re(A.) > 0.

We first assume that 7 = 0 and 73 = 0, and at the end of the proof we will explain how
to generalize the argument to the case of 7 > 0 small and 74 > 0 small. Writing down
L. explicitly and expressing ¢; . = T7[u; |¢e, ¢ = 1,2, using Green’s functions Gp,, we can
rewrite (5.1) as

€2¢e.mm - ¢e + 2Seu1,e¢e + (T1/ [Ul,e]Qbe)Uie - a’2¢€u§’g - 2a2u1,eu2,e<TQ/[u2,e]¢e) — /\egbe‘ (52)

Then, arguing as in the proof of Proposition 4.1, the sequence ¢, has a converging subse-
quence. We derive an eigenvalue problem for its limit. (Since we consider even eigenfunctions,
it is enough to restrict our attention to the positive real axis y > 0.)

Now we derive the limiting eigenvalue problem for ¢.

Integrating the first equation of (5.2), we get

1 1
wl,ﬁ(o)/ ui& dx = _SG(O)/ ul,e(be dx
-1 1
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which implies

Se(0) Jp wo dy
(0) = — 1
n0) = =g i (14 0()
Putting everything together, we compute
Se(0) Jpwedy
. 0 2 — _2 € R 2,2 1
1.0, = 27 e (140(0)
Jrwédy
=—2(1 ——w (1 .
(1) frgatu (140()
We also derive from (2.11) that
JIFa

u27e(0) + O(e)

- GDQ (07 0)656
and compute

52:0) = G, 0.0) [ 8.0 2 [ 6ay+ 200,02, 02— [ was| 1+000)

{uz,ew) [ ody+ o0 [ wdy}

1
—= u27€(O)GD2 (0, 0) \/m

which implies
uz,6(0) Jp @y

Pa(0) = — 6. Lwdy (1+0(e))
and finally we get
U l0) = 0 S0 o)

 Gp,(0,0)€2 [ wdy
Therefore, we compute

—a2ul,e2u2,e¢2,e

= —G2U1,52U2,e(0)¢2,6(0) (1 + O(€>>

5402 6(0)

= —2a.w : 14+ 0(e

. (0) ( (€))

d
~ 120,20, (14 0(e))
fR w dy
in H*(Q.).
Putting all these expressions into (5.2) and taking the limit ¢ — 0, we derive the NLEP
d d
Ay — (1+a)p +2(1 + a)we — 2(1 + a)wa—(fy'wQ Lo de0 My, (5.3)
fR w? dy fR w dy

Although the derivations given above are formal, we can rigorously prove the following
separation of eigenvalues.
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Theorem 5.1. Let A\ be an eigenvalue of (5.2) for which Re(\.) > —aq for some suitable
constant ag fized independent of €.

(1) Suppose that (for suitable sequences €, — 0) we have A, — Ao # 0. Then X is an
eigenvalue of the NLEP given in (5.3).

(2) Let Aoy # 0 be an eigenvalue of the NLEP given in (5.3). Then for € sufficiently small,
there is an eigenvalue . of (5.2) with \c — Ao as € — 0.

Remark. From Theorem 5.1 we see rigorously that the eigenvalue problem (5.2) is reduced
to the study of the NLEP (5.3).

Now we prove Theorem 5.1.
Proof of Theorem 5.1:

Part (1) follows by an asymptotic analysis combined with passing to the limit as e — 0
which is similar to the proof of Proposition 4.1 in Section.

Part (2) follows from a compactness argument by Dancer introduced in Section 2 of [3].
It was applied in [42] to a related situation, therefore we omit the details.

The stability or instability of the large eigenvalues follows from the following results:

Theorem 5.2. [34]|: Consider the following nonlocal eigenvalue problem

gb — ¢+ 2wp — 7‘% = ag. (5.4)
rY

(1) If v < 1, then there is a positive eigenvalue to (5.4).
(2) If v > 1, then for any nonzero eigenvalue X of (5.4), we have

Re(A) < —co < 0.
(3) If y# 1 and A = 0, then ¢ = cow’ for some constant c;.

In our applications to the case when 7 > 0 or 74 > 0, we need to handle the situation
when the coefficient 7 is a complex function of 7. Let us suppose that

v(0) eR, |y(7A)| < C for Ag >0, 7 >0, (5.5)

where C' is a generic constant independent of 7, \.
Now we have

Theorem 5.3. (Theorem 3.2 of [42].)
Consider the following nonlocal eigenvalue problem

¢ — ¢+ 2wp— 7(7A)§ ¢w =\, (5.6)

where (1) satisfies (5.5). Then there is a small number 7o > 0 such that for T < T,
(1) if v(0) < 1, then there is a positive eigenvalue to (5.4);
(2) if v(0) > 1, then for any nonzero eigenvalue A of (5.6), we have

Re(M\) < —¢y < 0.
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First we consider the eigenvalue problem (5.3) which covers the case 7 = 77 = 0. Later we
will explain that by a perturbation argument the result can be extended to the case when 7
and 71 are both small enough.

Integrating (5.3), we derive

()\+1—a)/¢dy:().
R

Suppose that [, ¢ dy # 0. Then for all eigenvalues we have (i) A4+1—a = 0 or (ii) [ ¢ dy = 0.

Let us first consider the case (i). If @ < 1 then (i) implies A < 0 and the problem is
stable for all eigenfuctions. If a > 1, then we can choose the eigenfuntion ¢ with eigenvalue
A =a—1> 0 as follows and the eigenvalue problem is unstable: We set

o= (L+1—a)" [quw’+cw], (5.7)

where

L:K"—CH Lo:=A¢p—(1+a)p+2(1+ a)wd,
KJ‘:{UGH2(R> : /Uwydy:O}, C’L:{UELZ(R) ; /Uwydy:()},

2(1+a) [wody o 2a [ o dy
, = ———F———.
Jp w?dy Jpwdy

Multiplying (5.7) by w and 1, respectively, and integrating we get a linear system for the

cC1 =

coefficients ( fR wao dy, fR ¢ dy) which has a nontrivial solution. Solving this system using the
identities

Vi 1
Lw=(1+a)w?, L <%wy + w) =1+ a)w,
we finally get

= /w(L +1—a) lwdy,
R

02:—/w(L+1—a)_1w2dy+ :
R 11—«

Next we consider the case (ii). The NLEP (5.3) reduces to the familiar NLEP considered
in Theorem 5.2 which implies that (the real parts of) all eigenvalues are strictly negative.
Therefore we can have instability only through case (i) above.

We now consider the adjoint operator £ to the linear operator L.. Expressing £} explic-

itly, we can rewrite the adjoint eigenvalue problem as follows

( 1
DlAwl,e + E<¢e - alwl,e)u%,e = T>\6w1,67

62A¢e - ¢e + 25&“1,€(¢e - aﬂpl,e) + (¢2,e - a2¢e>u§’c - >\e¢€7 (58)

2
{ DQAwle - ¢27€ + Eul,eule(,@bls - a2¢e) = Tl)\e¢2,5~
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We need to consider the kernel of this adjoint eigenvalue problem. (In the proof of Propo-
sition 4.1 we need the result that this kernel is trivial.) Taking the limit ¢ — 0, we derive
the following problem for the kernel of the adjoint problem in the same way as (5.3):

w3¢d wo d
Mw + QQM —0. (5.9)
Jaw?dy Jewdy
We are now going to show that this limit of the adjoint operator has only the trivial kernel.

Multiplying (5.9) by 1 and integrating, we derive fR we¢ dy = 0 since otherwise there is an
unbounded term. Further, we get the relation

Ayp— 1+ a)p+2(1 + a)wp — 2(1 + )

/¢dy+2/w2¢dy:0. (5.10)
R R
Multiplying (5.9) by w and integrating, we derive
/w2¢ dy = 0. (5.11)
R

Then from (5.10) we get [, ¢dy = 0. Finally, going back to (5.9), all nonlocal terms vanish
and by Theorem 5.2 in the special case v = 0 we derive ¢ = 0.

O

Now we continue to consider the stability problem for the linearized operator.

We extend this approach to 7 > 0 small and 7 > 0 small.

First note that v, and 9, are both continuous in 7). which follows by using Green’s
functions to solve for ;. and 95, respectively, and the change due to positive 7, 7y is of
order O((7 4+ 11)|Ac|) in H*(Q).

This implies that in the second equation the factors of the nonlocal terms change by an
amount which can be estimated by O((7 + 71)|A|).

By a regular perturbation argument, the eigenfunction ¢, and the eigenvalue ). changes
only by O((T + 71)|A|) in H*().

Multiplying the eigenvalue problem by the eigenfunction and using quadratic forms, it can
be shown that || is bounded for 7 and 7; small enough. (This argument is a straightforward
extension of a similar result in [38| and is therefore omitted.)

Therefore in fact for the errors mentioned above, we have O((7 + 11)|A|) = O(7 + 7).

This implies that all results on stability and instability of the eigenvalues of order O(1)
derived in this section are valid for sufficiently small values of the constants 7 and 71, i.e.
there exists positive numbers 7y and 7 such that for 0 < 7 < 79 and 0 < 73 < 71 the
results hold unchanged.

6. STABILITY II: COMPUTATION OF THE SMALL EIGENVALUES

We now compute the small eigenvalues of the eigenvalue problem (5.2), i.e. we assume
that A\ — 0 as € — 0. We will prove that they satisfy A\, = O(e?). Let us define

tne(x) = x(|2])ure(@). (6.1)
Then it follows easily that
Uy (z) = Uy (7) +est.  in H*(Q). (6.2)
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Taking the derivative of the system (2.1) w.r.t. y, we compute

~ I ~/ ~/ /2 ~/ 2 ~/
Uy, — Uy + 28Uy Uy + eSuy  — aglly Uy — 2€a9Uy (U Uy = €.5.1.. (6.3)

Here ' denotes derivative w.r.t. the variable of the corresponding function, i.e. it means
derivative w.r.t. = for S, for us . and w.r.t. y for u .
Let us now decompose the eigenfunction (¢ ¢, ¢, ¥2.) as follows:

b = a%}’Le + ¢t (6.4)

where a¢ is a complex number to be determined and

/ 11
qu 1L K¢ =span{i, } C H% (——, —) )

€ €

We decompose the eigenfunction v; . as follows:

0 1
Qﬁl,e = ae%,e + 77Z)L€7

where )} . satisfies

DlAw%e - ae_lw?,euie - Q%Sﬁul,ﬁiﬂll,e = T>\€w[l),e7
(6.5)
¥l (1) =0
and 11, is given by
DlA@bi — %@Z)ieufe — 29 Sy P = T)\E@Dfe,
(6.6)
1 /
1e (£1)=0.
Similarly, we decompose the eigenfunction v, . as follows:
¢2,e = a€¢g,e + I/J;:a
where 19 _ satisfies
DQAwge - wge + %u1,€u2,6¢85 _'_ %/&3 gu% € = Tl)\ﬁw(2)57
’ 7 7 s 7 (6.7)
b (£1) =0
and 1y, is given by
D2A¢ie - wie + %uLEuQ,Eﬂ)ie + %qsg_u%,e - TAEQ/}é:e?
(6.8)
1 /
2 (£1)=0.

Note that ;. and 13 can be uniquely expressed in terms of ¢, by solving the first and
third equation using the Green’s function Gp, -, and Gp, , respectively, given in the
appendix:

wLE = CLGZZJ?,E + ,QZJIL,e =a’ 1/,7'>\6 [ﬁ',l,e] + irll,T)\6 [Qsi_} (69)

1/}2,6 = CL%/J%G + wie =a 2/,7')\6 [al,e] + CT2/,7')\6 [(bi_] (610)
Using the Green’s function Gp, (see Appendix) we compute S! near zero. We get

Siley) = S:(0)
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1/e
- CL1€/ [L(h(y —z) — h(—=2)) + Hp, »(ey,ez) — Hp, .(0, ez)} Se(ez)uie(ez) dz +O(e|y|*)

—1/e 2D,
€ y 1/e
= alﬁ/ Se(ez)uie(ez) dz + a €%y Hp, +(0, O)Se(ez)uie(ez) dz + O(E|y*)
1Jo —1/e
(14 )? € / _/ 3
=50 D z)dz — z)dz| + O(y|?)
a(1+ ozg) € / .
_ € _ 11
sl | [ e - sa] v o (6.11)

where h is the Heaviside function (h(x) =1if x > 0, h(0) =0, h(z) = —1 if 2 < 0.)
Similarly, we compute using the Green’s function Gp, ;. (see appendix) that

¢?,e(€y> - 1/}?,e<0)
1
= a1€/ (G, e (€Y, €2) — G, ra, (0,62)]25eu1,e(2);771,6(€z) dz + O(€’|y|?)
Q.

1 . 2 1/e 1 1
_ca(l+a) [ e(ly — 2| = |2)Sewr e~y (e2) d2
E bl

S.(0) 1/e Dy
+2Hp,, 22(T, 2) |gmy=0 — D / zww' dz | (14 O(7 + 711)|A|) + Olely])). (6.12)
~ 1
—0
Note that from (6.5), we derive
U1(0) = O(e + 7|Ad). (6.13)
Adding the contributions from (6.11) and (6.12), we get

d

T [Se(ey) = S:(0)] — [r.e(ey) — 1.(0)]

6a, (1 + Oée)2

=€ (HD1,:E$<Oa 0) + Hp, +-(0,0)) y (L+ O(elyl + (7 +71)[Ae]))

Se(0)
2 2
N _169_1 WW“FO(EM+(T+71)Me|))- (6.14)
Similarly, we from (6.7) we get
U5.(0) = O(e + 7 [Ad), (6.15)

Using G p,, we compute that

D g (ey) — e (0)] — [ (e) — 1 (0)]

dx
6u3,.(0)(1 + a.)
5¢(0)

= 62 (HDz,SCCL‘(Oa 0) + HD2,SL‘Z(0> 0))

2 3(1 +
__ —( to )yﬁg(cothﬁg — tanh 02)(1 + O(ely| + (7 + 11)|A)))-, (6.16)
Dy S.(0)
where 0; = \/%, i=1,2.

Suppose that ¢ satisfies ||¢c|| g2, = 1. Then [a‘] < C.

y (14 O(ely[ + (7 + 1) [A))
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Substituting the decompositions of ¥y ., ¢. and . into (5.2) and subtracting (6.3), we
have

a’ U1e (¢1e—65>
—a‘2asu (Ug <¢2,e - fulz,e>
H(02)" = 60 + 21 Set +uf Wi, — 200 cn Py — 2020705 — A

= \ai . (6.17)
Let us first compute, using (6.13) and (6.14),

I, = aeuie (1/11’6 — GS;)

= et 220 )32 ()3 (1 -+ O(ely| + (7 + m)A) (6.13)

Similarly, we compute from (6.15) and (6.16),

. € !
]2 = —Q 2a2u1,5u27€ (¢2,e - €U2’6>

_ e%EQD—aj(g 1248 (0)0(coth B — tanh y)yw(y)3 (1 + O(ely + (r +7)AD)  (6.19)
We now estimate the orthogonal part of the eigenfunction which is given by (T[], ¢, Ta[o]).
Expanding we get
Lot = gie+ gac
where
lg1.llz20.) = O + €(m + m1)|Ac])-
and
goe L CH.

By Proposition 4.1 we conclude that
192 12200 = O + e(7 + m)[Ac]). (6.20)
Multiplying the eigenvalue problem (5.2) by w’ and integrating, we get
Lh.s. = /(Il + L)w' dy
R

— €2aea’1(1 + af)
D,

2 6P (s (coth B, — anh )3 1+ O(c + (r+ )W) [ (o)) dy
>} ()

(6)%3 (1 + Ofe + (7 + 1) Ac]) / g () (y) dy

7.2a;(1 + Ozﬁ)5 N 18as 2

D <+, (0)05(coth f — tanh 6,
1

= —af(&,)? [ (1+0(e

since

/Rwa(y)w’(y) dy = —/ w—3dyz = -
/Ryw(y /—dy2
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and the contribution to Lh.s. coming from ¢} can be estimated by ||gi |72 = O(e* +
e(7 4+ 711)|A])-
Further, we compute

r.hs. = )\ﬁaﬁ/(w’)2 dy (14 O(e))
R
=1.2a°A\. (1 +0(1)).
Note that in the previous calculation
(T +7)|Ae] = Oe)
and thus the error terms involving 7 or 7 are not written. Therefore

6&1(1 + o ) 15@2
2¢2 €
€ 56 |: Dl 55 + DQ

We summarize our result on the small eigenvalues in the following theorem.

A=—

u3 . (0)6z(coth 6 — tanh 92)} + o(€%).

Theorem 6.1. The eigenvalues of (5.1) with Ae — 0 satisfy

1 1
A = —€2€2 {6a1(D—1|— aﬁ)& + 15)32u§75(0)92(coth , — tanh 92)} + o(€?). (6.21)

In particular these eigenvalues are stable.

7. APPENDIX: TwWO GREEN’S FUNCTIONS

Let Gp,(x, z) be the Green’s function of the Laplace operator with Neumann boundary
conditions:

DGy (2,2)+1—-0.=0 in (—1,1), (7.1)
[Y Gy (,2)de = 0,Gp (—1,2) = G (1,2) = '
We can decompose Gp, (z, 2) as follows
1
Gp,(z,2) = 2—Dl|x—z|+HD1(x,z) (7.2)
where Hp, is the regular part of Gp,.
Written explicitly, we have
e Elias s ol S 3
Gp,(z,2) = (7.3)
g [1- e -] ssea
By simple computations,
1 1 2?2 22
H =—|-=- = - — A4
For x # z we calculate
—% ifr <z
V.V.Gp,(z,2) =0, V.Gp,(z,2)= B (7.5)



SPIKE SOLUTIONS IN A SUPPLY CHAIN MODEL 21

We further have
z

2D’
where < - > means average of lefthand and righthand limit at a jump point.
This implies

< V.Gp,(x,2)|4=. >= V. Hp, (2, 2)|4=. = —

1
GDl,:E:v((); 0) = _2_1)17

Gp, 2:(0,0) = 0.
Note that in particular
1
Gp, 22(0,0) + Gp, +-(0,0) = ——— < 0.
Dy, ( ) + Gp,, ( ) 9D,
Closely related, let Gp, ;1(x, z) be Green’s function of
{ DIG/,'DhT)\(x,z) —TAGp, A(z,2) =9, =0 in (—1,1),
Gp,ma(=1,2) = Gp, (1, 2) = 0.
We can decompose Gp, -1(z, z) as follows
1
Gp, a(x,2) = =—|o — 2| + Hp, (2, 2) (7.8)
2D,
where Hp, ;) is the regular part of Gp, ;.
An elementary computation shows that
|Hp,(%,2) = Hp, (7, 2)| < C|TA|

uniformly for all (z,2) € © x €.
Further, let Gp,(z, z) be the following Green’s function:

DG, (z,2) — Gp,(x,2) —0.(x) =0 in (—1,1),
b, (—1,2) = Gp,(1,2) = 0.
We can calculate explicitly

_m cosh[f(1 4+ z)] cosh[f(1 — 2)], —-l<z<z<1,
Goes)=q 0 (7.10)
~ sinh(26) cosh[f(1 — x)]cosh[f(1 + 2)], —1<z<w <1,

where
1

0y = .
2 Dy

(7.11)

We set 4
Kpy(Jo = 2]) = 2ot (7.12)

to be the non-smooth part of Gp,(x,z), and we define the regular part Hp, of Gp, by
Hp, = Gp, — Kp, . Note that Gp, is C* for (z,2) € Q@ x Q\ {z = z} and Hp, is C* for
all (z,2) € Q x Q. Explicitly, we calculate

3

0
Hp, .:(0,0) = —32 coth 0,
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93
Hp, ..(0,0) = ;tanh%.

Note that in particular

93
GDQ,JUI(Oa 0) + GDQ,xz<O, O) = —EQ(COth 92 — tanh 92) < 0.

Closely related, let Gp, x(x, z) be Green’s function of

{ DQG/,SN/\(x,z) — (1+7N)Gpyra(z,2) =9, =0 in (—1,1), (7.13)
Gpyea(—1,2) = Gp, (1, 2) = 0.
We can decompose Gp, -1(z, 2) as follows

Gp,a(z,2) = Kp,(|z — 2|) — Hp, (2, 2), (7.14)

where Hp, ;) is the regular part of Gp, ;.
An elementary computation shows that

|HD2<I72) - HDzﬂ'A(*Tﬂ Z)‘ < C|T)‘|

uniformly for all (z,2) € Q x €.
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