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Abstract

The I'-limit of the Ohta-Kawasaki density functional theory of diblock copolymers is a non-
local free boundary problem. For some values of block composition and the nonlocal interaction,
an equilibrium pattern of many spheres exists in a three dimensional domain. A sub-range of
the parameters is found where the multiple sphere pattern is stable. This stable pattern models
the spherical phase in the diblock copolymer morphology. The spheres are approximately round.
They satisfy an equation that involves their mean curvature and a quantity that depends nonlo-
cally on the whole pattern. The locations of the spheres are determined via a Green’s function
of the domain.
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1 Introduction

A diblock copolymer melt is a soft material, characterized by fluid-like disorder on the molecular
scale and a high degree of order at a longer length scale. A molecule in a diblock copolymer is a linear
sub-chain of A-monomers grafted covalently to another sub-chain of B-monomers. Because of the
repulsion between the unlike monomers, the different type sub-chains tend to segregate, but as they
are chemically bonded in chain molecules, segregation of sub-chains cannot lead to a macroscopic
phase separation. Only a local micro-phase separation occurs: micro-domains rich in A monomers
and micro-domains rich in B monomers emerge as a result. These micro-domains form patterns that
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Figure 1: The spherical, cylindrical, and lamellar morphology phases commonly observed in diblock
copolymer melts. The dark color indicates the concentration of type A monomers, and the white
color indicates the concentration of type B monomers.

are know as morphology phases. Various phases, including lamellar, cylindrical, spherical, gyroid,
have been observed in experiments. See Bates and Fredrickson [1] for more on block copolymers.

This paper deals with the spherical phase of the block copolymer morphology (Figure 1, Plot 1).
Let a € (0, 1) be the block composition fraction which is the number of the A-monomers divided by
the number of all the A- and B-monomers in a chain molecule. The spherical phase occurs when a
is relatively close to 0 (or close to 1), and the A-monomers (or B-monomers respectively) form small
balls in space. We will mathematically construct a pattern with a number of balls.

The model we use here is a nonlocal free boundary problem derived from the Ohta-Kawasaki
density functional theory of diblock copolymers [18]. Let D be a bounded and sufficiently smooth
domain in R? occupied by a diblock copolymer melt in the spherical phase. Let E be a subset of D
where A-monomers concentrate. Then D\F is the subset where B-monomers concentrate. Denote
the part of the boundary of E that is in D by dp FE which is the set of the interfaces separating the
A-rich micro-domains from the B-rich micro-domains. Denote the Lebesgue measure of E by |E].
Given a block composition fraction a € (0,1), one has |E| = a|D|. Moreover there exists a number
A such that at every point on dpF

H(OpE) +~(=A)"(xg —a) = A (1.1)

Here H(OpFE) is the mean curvature of dpE viewed from FE, « is a positive parameter, and x g is
the characteristic function of F, i.e. xg(z) =1if x € E, and xg(x) = 0 if z € D\E. The expression
(—A)"Y(xE — a) is the solution v of the problem

—Av =xg —ain D, d,v =0 on the boundary of D, 7 =0

where the bar over a function is the average of the function over its domain, i.e.

U= FH/DU(:U) dx.

Because (—A)™! is a nonlocal operator, the free boundary problem (1.1) is nonlocal.



The equation (1.1) is the Euler-Lagrange equation of the free energy J of the system. The
functional J is given by

IE) = 1Dxel(D) + § [ 1-8) 2 xe — ) de, Bes. (12)
D

The admissible set ¥ of the functional J is the collection of all measurable subsets of D of measure
a|D| and of finite perimeter, i.e.

Y. ={FE C D: E is Lebesgue measurable, |E|=a|D|, xg € BV(D)}. (1.3)

Here BV (D) is the space of functions of bounded variation on D. In (1.2), |Dxg|(D) is the perimeter
of E. When JF is smooth, this is merely the surface area of 9E N D. For a more general F, xg is a
BV-function and Dy is a vector valued finite measure. We denote the magnitude of this measure
by |Dxg| which is a positive, finite measure. The perimeter of E is defined to be the size of D under
this measure. The operator (—A)~1/2 is the positive square root of (—A)~'.

The main difficulty in (1.1) stems from the nonlocal term. Without it, i.e. if v =0, (1.1) would
just be the equation of constant mean curvature. However with the nonlocal term the curvature of a
solution in general is not constant. One exception occurs in the study of the lamellar phase (Figure
1, Plot 3) where interfaces are parallel planes (Ren and Wei [22, 25]). The solution we are looking
for in this paper is a union of a number of disconnected sets each of which is close to a small round
ball. The solution is hence termed a spherical solution.

Nishiura and Ohnishi [16] formulated the Ohta-Kawasaki theory on a bounded domain as a
singularly perturbed variational problem with a nonlocal term and also identified the free boundary
problem (1.1). Ren and Wei [22] showed that (1.2) is a I'-limit of the singularly perturbed variational
problem. See the last section for more discussion on the Ohta-Kawasaki theory and I'-convergence.

Since then much work has been done mathematically to these problems. The lamellar phase
(Figure 1, Plot 3) is studied by Ren and Wei [22, 24, 25, 29, 30], Fife and Hilhorst [9], Choksi and
Ren [4], Chen and Oshita [2], and Choksi and Sternberg [6]. The result obtained by Miiller [15] is
related to the lamellar phase in the case a = 1/2, as observed in [16]. Radially symmetric bubble
and ring patterns are studied by Ren and Wei [23, 28, 31]. The cylindrical phase (Figure 1, Plot
2) is studied by Ren and Wei [21, 20]. The gyroid phase is numerically studied by Teramoto and
Nishiura [33]. Triblock copolymers are studied by Ren and Wei [26, 27]. A diblock copolymer -
homopolymer blend is studied by Choksi and Ren [5]. Also see Ohnishi et al [17], and Choksi [3].

In this paper we use a variant of the Lyapunov-Schmidt reduction procedure to construct spherical
solutions. This argument was first successfully used in this context in the study of the cylindrical
phase of diblock copolymers by Ren and Wei [21, 20].

2 Main results

The Green’s function of —A is denoted by G. It is a sum of two parts:

G(z,y) = m + R(z,y). (2.1)

The regular part of G(z,y) is R(x,y). The Green’s function satisfies the equation

—A,G(z,y) =0(x —y) — in D, 0,(;)G(x,y) =0o0n 9D, G(-,y)=0 foreveryyec D. (2.2)
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Here A, is the Laplacian with respect to the z-variable of G, and v(x) is the outward normal
direction at x € 0D. We set

K K K
F(&,&, k) =Y R(Em&) + Y. > Gl& &), (2.3)
k=1

k=11=1,l#£k

for & € D and & # & if k # 1. Because G(z,y) — oo if v —y| — 0 and R(z,x) — oo if x — 9D,
F admits at least one global minimum.
The average sphere radius is
3a|D]|
AyTe Ar K
The main result of this paper is the following existence theorem.

). (2.4)

Theorem 2.1 Let K > 2 be an integer.

1. For every € > 0 there exists 6 > 0, depending on €, K and D only, such that if

,ypg > 3 + 6, (2.5)
3 2)(2
lyp® — (n+ )2(n+ )\>en for alln =2,3,4, .. (2.6)
and
p <9, (2.7)

then there exists a solution E of (1.1).
2. The solution E is a union of K approximate balls. The radius of each ball is close to p.

3. Let the centers of these balls be (1, (o, ..., Cx. Then ¢ = ((1,¢2,..,Ck), is close to a global
minimum of the function F.

We have opted for a rather general existence theorem. The solution found in the theorem is not
necessarily stable. The stability of the solution depends on how (2.6) is satisfied.

Theorem 2.2 If (2.6) is satisfied because

2)(2 1
vp® — w < —en?, for alln > 2, (2.8)

then the sphere solution is stable. Otherwise if (2.6) is satisfied but

3(n+ 2)2(2n +1) and g — 3(n + 3)2(2n +3) < —e(n+1)? (2.9)

en? < "/p3 —

for some n > 2, then the sphere solution is unstable.



When we delete intervals around w, n = 2,3, ..., in (2.6), the width of the intervals,

2en?, grows as n becomes large. At some point an interval will include nearby members in the
sequence 2n(n + 1). When this happens, vp> can not be placed above such w This

implies that there exists C'(¢) > 0 depending on € such that

C
< p(; ). (2.10)
Combing this with (2.5) we see that p and « are in a somewhat narrow parameter range
3+¢ C(e)
p <9, <y < , (2.11)
p? p?
and yp® must stay away from the sequence w, n = 2,3,..., in the sense of (2.6). From

(2.11) one sees that p must be small and « be appropriately large.

The condition (2.5) prevents coarsening. By coarsening we mean that some balls become larger
and other balls shrink and disappear.

The gap condition (2.6) controls interface oscillation. Interface oscillation refers to a phenomenon
that oscillations appear on the boundary of a ball. The gap condition also suggests bifurcations to
oscillating solutions. Elsewhere gap conditions have appeared in constructing layered solutions for
singularly perturbed problems. See Malchiodi and Montenegro [12], M. del Pino, M. Kowalczyk and
Wei [8], Pacard and Ritoré [19], and the references therein.

The solution found in Theorem 2.1 may be unstable because of interface oscillation. The condition
(2.8) in Theorem 2.2 eliminates this possibility. Under (2.8) p and 7 must satisfy a more stringent
requirement
3+e e 30 — 4e

p3 P
This means that vp® must stay to the left of the sequence w, n=2,3, ... If (2.9) holds,
we have an unstable mode that tends to bring oscillations to the spheres.

The spheres in the solution we construct are approximately round, with the same approximate
radius. Theorem 2.1, Part 3, asserts that the sphere centers must minimize F' approximately.

We can even determine the optimal number of balls in a spherical pattern. Because of (2.11), we
write

p <, (2.12)

p p
Y=== TR (2.13)
a  (5pp)e’
Now a and p are the parameters of the problem. We hold p fixed and make a and hence p small.
With (2.13) and (2.4) the leading order of the free energy is calculated from the formula in

Lemma 8.1

2 v, 8mp°K 1/3(30|D] o5 pAm 3a|D[ 55, 23
drp K + 2( 5 ) =4nK/°( g )+ 15&( in VICK T, (2.14)
With respect to K the last quantity is minimized at
Dl
K=—. 2.15
107 ( )
Note that the choice (2.15) of K does not violate the condition (2.12), since with this K,
_w_3[D| 3|D] 10m 30 (2.16)
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The number (2.15) gives the optimal number of spheres in a spherical pattern.

3 Approximate solutions

From now on throughout the rest of the paper we are given e > 0, and « and p satisfy (2.5) and
(2.6).

Let U; be a small neighborhood in DX of the set {n : F(n) = mingcpx F(£)}, and Us be the
set

3
4mry

K
Uy ={(r1,72,.,7) € RN 0 € (L= 82)p, (L4 82)p), k=1,2,., K, Y _
k=1

= a|D|}. (3.1)

The constant § is positive, small and depending on e. It will be fixed later in the proofs of Lemmas
5.3 and 8.2. Define
U= U1 X UQ. (32)

Let &1,&2, ...,k be K distinct points in D such that & = (£1,&9,...,€k) is in Uy, and r =
(r1,72,...,7x) be in Us. Denote the ball centered at & of radius r by By. The union of the By’s is
B:

{re R |z —&| <mi} (3.3)

C=
C=

B=|)B,=

k=1 k

With U close to {n: F(n) = min.cpx F(x)} and p sufficiently small, the By’s are all inside D and
disjoint.

1

Lemma 3.1 When E is B, the left side of (1.1) is

1 r,% 473 7

Lo 47Trl
Tk U 3

TR G+ Y
£k

G (&, &) + O(p)

at each & + r.05.

Proof. At a boundary point &, + 7.0 of By, the curvature is L.

Tk
We compute vy = (—A)"Y(xp, — éT;’T) Define

lo—€el® | T
Plr)=d Lot Hhl<n
—k if || >r
3[z—E&x” =Tk

Then —AP;, = xp,. Write vg(x) = Pi(x) + Qr(z,&). Clearly

4arr 1
3 dmlr — &

3
4mry

_AQk‘(xvgk) = _M7

Oy () Qr (T, &) = =0 on D, Qx(- &) =

From (2.2) we see that Qg (z, &) and 47;Ti R(z, &) satisfy the same equation and the same boundary
condition, where R is the regular part of the Green’s function G. Therefore they can differ only by a




constant. This constant is Q(-, &) — 4”’“ R(-,&). But v = G(+, &) = 0 implies that this constant
is

—  Amr} 1 47y
iy Ty, _ Amry 1
3 |z — & 3 10|D|
by direct calculation. Hence
47 4T )
= R _—
Qi (k) 3 (z, &) + 3 10|0]"
and A3 A 5
wr Tor
=P R -k 3.4
Let v=(—=A)"Y(xp —a) = >, v;. Then at & + ry0y
r2  4mrd dmr? K 4r P
0 = k4 kR 0 La( 0 !
v(k + T1bk) 3 (& + 710k, &) +#Zk (& + 710k, &) ; 3 101D]
r,% 47r7“,?; 47Trl3 4
= 37173 R(&k &) + Y G(&k: &) + O(p7). (3.5)
1k
The lemma follows from (2.10).
Lemma 3.2 The free energy of B is
87r
J(B) = Z4m + {Z 5 ()RR (G &)
K K K K
4 47 rir? rord
Y > (FPrGE ) + YD () (T )t
3 10|D| ~ 10|D|
k=11=1,l#k =1 1=1
PR K 2
Proof. The local part of the free energy is just >, 4mry.
The nonlocal part of the free energy is
(=A)" 2 (xp — a)* da
D
K
= / (xg — a)v(z)dx = Z/ v(z) dx
D =178
K K K K
= ZZ/ vp(x)dr = ZZ[ Py(x) dx + Qr(, &) dr]
1=1 k=175t 1=1 k=175 B
There are two possibilities. When [ = k, from the definition of P, we find
8 5
/ Pi(z)do = 20k (3.6)
By, 15



For the integral of @, we have

3 8
4mry dr o Ty

Qk(xvgk) -
By,

Since R(x, &) — ﬁbﬁ — &|? is harmonic in x, by the Mean Value Theorem for harmonic functions

_ _ 2
[ R ads = [ (R0~ grpple -Gl e+ [ gl — 6 ds

47rr2 4 7';2
= R — 3.7
3 (&, k) + 3 10/D] (3.7)
Hence 5 A A g
37Ty, T o 6 T.o Th
[ o= T (R 80 + (5 g
When [ # k, for x € By, since Py is harmonic,
4 3 4 5.3
/ w = [ P+ T [ R g dr s ((TRIEL
B By By
47T 7‘,% 4777‘2 / 1 9 1 9
= + R(z, & x—§& dx—|—/ — | — &|* dx
3G a3 Uy, ) gy e et |yl =Gl de]
4 o TR
BRI
B 47r rirs 471' dmo Tir) rors
Finally the nonlocal part of the free energy is
K
87r1"2 AT 5 6
Jxn—awas = SR+ GRG0
K K
47 rird 47
+Z Z [(*)Qﬁ +( )?rir? R(Ek, &)
k=11=1,1%k ksl
K K : 5
4, rir? r;;r?
= . 3.8
*;;( 3" Goo) T 0] (38)

The lemma now follows. O

4 Perturbed spheres

We perturb each ball By, considered in the last section. A perturbed ball denoted by Ey, is described
by a function ¢y, = ¢x(0x), O € S%:

or = {&x + 101 Op € 5%, t €[0,(r} + o(01))} (4.1)



Each ¢y, is small compared to r,?; so that r,?; + ¢r(6r) is positive. The ¢’s also satisfy

K
Z/ ¢1(0r) by, = 0. (4.2)
—1 /52
Here the integral is a surface integral over S? and
d&k = sin Hk’g d@k}ldekﬁg (43)

is the surface element on S2. Hence the total volume inside the perturbed spheres remains fixed:

S (reten®n)) Ar3
Z|E¢k|22/ / t2dtd9k—2/ )da _Z k=a|D\.
k=1 k

3
k
The union of the Ey, s is Ey:

K
Ey = | Ey,. (4.4)
k=1
With these notations B = Ej.
We let § = (61,02,...,0k) and ¢(0) = (¢1(01), p2(02),...0x(0k)). Each 0 is identified by its
latitude and longitude (01, 0% 2), namely

O = (cos O 18inby 2, sinby 1sinby o, cosby2). (4.5)

To express surface area in terms of ¢y, first define

13 p2 ¢ ,
L y 2y Uy =S “a ) 46
(5,0,¢,8) = s s "9 T° (4.6)
and then define
3¢k Oy ¢k 1 ¢ 1 Oy
, Opo) =720 0 4.7
Li(¢r: 5 ' Dra k2) =riL(1+ 3, 001" 17 00na k,2) (4.7)
The surface area of 8DE¢ can be expressed as
S am aqbk
’;\DXE¢k Z / K0k 59— 59— . O1.2) dby. (4.8)
The nonlocal part of J in (1.2) may be written in terms of ¢ as
2 e e —apar = 3 [ [ Glew sy (1.9)
2 Ey JEy
The first variation of J can now be written as
aL,c 0Ly 0Ly
J(E — — df 4.10
(B Z/sz 06" ¥ Doa " T By, A 0T (4.10)

2/32 wk(ek)[z % /E G(& + (1} + o(01)) 201, y) dy] dO.  (4.11)
k=1 =1 o



Here we have used short hand notations ¢, = B%f’””l and ¢ 2 = %

, and so on. From (4.10) we
define a second order, quasilinear, elliptic operator

1 0Ly, 0 0Ly, 0 0Ly,

[?ﬂ Sin B2 00k 1 (3¢k,1 sin k) = 00,2 (3%72

This is just the mean curvature of the perturbed sphere dFy, at & + (r + &1 (01))Y/36),, multiplied
by % The second part (4.11) of the first variation of J gives rise to a nonlocal operator

Hi (1) (0k) =

i . 4.1
S0z sinfo).  (412)

K
=2 3 j, C6 - 0u00)" 00 ) dy (4.13)

This is just
2 (=8)7 (i, — @) (G + (0 + 6)/°01),

the nonlocal part of (1.1) at & + (r} + ¢x(0x))'/30), multiplied by 3.
There are two cases in the sum over [ in (4.13), when [ = k we write

T G+ (7 + or(00) 30k, y) dy

3 o

Y dy Y

+7
3 /E AxlG + (7 + e (00) 0~y 3 ),

R(&k + (73 4 dn(01)) 20k, y) dy.

We denote the last two terms by
dy

- 7
Ai(or)(0r) = 3 /E% Ar|én + (13 + dr(0r)) /305 — o] (4.14)
Belon)6) = 3 [ B+ 0k + 6u0) 00 0) dy. (1.15)
By,
When [ # k in (4.13) we let
Cri(¢r, @) (k) = % G (& + (r} + 1(01)) 0k, ) dy. (4.16)
Ey,
The left side of (1.1) (multiplied by %) now becomes
Hie (1) (On) + Ak (61) (k) + Bi(dr) (6x) + Y Cra(Sr, &1) (0k)
1£k
at & + (17 + ¢(01))/?0). Let us define
S = (81,82, .., Sxc) (4.17)
where
Sk()(0x) = Hi(0n) (0r) + Ak(0r) (0x) + Br(br)(0) + Y Cra(dn, 1) (6x) + A(9). (4.18)
1£k
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Here A(¢) is a number, independent of k. Tt is given by

1 K

A(p) = e 2 (Hi(or) + Ar(dr) + Br(or) + g%(?kz(cbk, o)l (4.19)

The bar over the quantity here stands for the average of the quantity over S2?. With this definition
of A,

K
> Sk(dr) =0. (4.20)
k=1
The operator S maps from
K —_—
X ={p=(¢1,02,....6K) : ¢ €W>P(S?), k=1,2,...K, > ¢ =0} (4.21)
k=1
to
K
y - {q = (qlaq2,"'7qK) S Lp(‘SQ)a k= 1527"'7K7 Zik = 0} (422)
k=1

For technical reasons p is assumed to be in the range

2 <p< . (4.23)

The equation (1.1) now becomes
S(¢) = 0. (4.24)

By defining
C = (C1,Ca,...,Cx), where Ci(¢1, b2, ... ) = _ Cra(r, b, (4.25)
I#k
we write

S=H+A+B+C+ A\ (4.26)

In the map S the inputs ¢, @2, ..., ¢x only interact in C and A. The other operators can be written
in the block matrix form

Hi O .. 0 A 0 .. 0 B 0 ... 0
H— 0 Hz ... O A= 0 A .. 0 B= 0 By .. 0 L (427)
0 0 .. Hg 0 0 v Ag 0 0 .. Bk

where each entry in a matrix is an operator from W?2P?(S5?) to LP(S?). The scalar operator \ gives
the projection —(A¢(@), Ae(@), ..., Ae(@)) of H(¢p) + A(¢) + B(¢) +C(¢) to the one dimensional space
spanned by (1,1,...,1).

Let us write down the first Fréchet derivatives of these operators. For simplicity we write
Oy, D¢y, Ouy, 9% uy,

Ok = 77— Phyij = 57— Uk = 77— Ukij = 72—
0Oki 00, i; OOk ; 0Ok i;

11



Calculations show that

. OH > OH LY
Hk(¢k)(uk) = Wjuk + ; Wkiuk,i + i]zz:l W]jzju’c’ij (428)
/ - 1 uk(wk) dwk
A (o) (ur)(0k) = 9 /32 A7|(r? + o1 (00)) P30 — (2 + b (wr)) Bwr]
B Yyur(Or) ((r + ¢ (0))' /30, — ) - b1
9(r} + du(6))*/? /E% Ar|(r} + ¢ (0%)) /30 — yI3 ! (4.29)
By (¢x)(ur)(0r) = % /S2 up(wi)R(Ek + () + o (06)) 20k, & + (rf + dr(wi)) Pwy) dwy,
'YUk(Gk) 3 1/3 )
+%@+%%WBA%VM&+m+mwm 01 y) - O dy. (4:30)
Crr(n, &) (ur, w)(O) = % /32 w (W) G (& + (1} + o (01)) 20k, & + () + du(wi))Pwr) duy

wlu}e(ak)))2/3 /E VG(& + (r} + or(01))*01,y) - 01 dy. (4.31)

9(ry + dr (O

The derivative
Aé((ybl? ¢23 teey ¢k)(u17 Uy «-ey uk)

is so chosen that

ZS,’C(u) =0.

k=1

5 A linear operator
Let £ be the linearized operator of S at ¢ = 0, i.e.
L=S8'(0).
Going back to (4.28), (4.29), (4.30) and (4.31) we find that

Hp,(0)(u) = _971",3[5111219,@72 g;g'i + 6‘99%’; + cot 9,@,26‘9;:’;] ~ 9%11
A O6) = g [ et 2o
BO@)) = 3 [ uRE+ &+ i) do
2 [ VRt i) Oy
:
Cal0.0) s u)(0) = F [ w66+ b+ ) ds
240 [ GG+ rabu.y) - 0 dy.

2
9Tk B,

12
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(4.33)
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The derivation of A} (0) is explained in more detail in Appendix A.
Let us separate £ to a dominant part £; and a minor part £,. We define £, j, the k-th component
of L1, to be

Liww)(Or) = Mp(0)(ur)(O) + AL(0)(ur)(Ok) + 11 (u).

The real valued linear operator [y is independent of k. It is so chosen that £; maps from X to ).
The rest of £ is denoted by L.

We are more interested in the operators IIL and I1£; where II is the orthogonal projection
operator from ) to

Vi={9=(q1ysqr) €Y : g L Hy, g L1, k=1,..,K}. (5.2)

Here H; is the space of spherical harmonics of degree 1. See for instance [10] for more on spherical
harmonics. The operator IIL is defined on

Xe={g¢=(q1,-,qx) €X: q LHy, qv L 1, k=1,....K}. (5.3)
We use the same II to denote the orthogonal projection from
L*(S?) to {qx € L*(S%) : q1 L Hy, qp L 1}. (5.4)
Lemma 5.1 Consider I1L1 as an operator from X, to V.. The eigenvalues of I1Ly are

/\kn:(n—l)(n+2) v . 2(n—1)

~ A = k=12, .. K =2,3,4,... 5.5
N 97‘.? grk 3(2”—’—1)], ) ) ) ) n ) ) ) ( )

whose multiplicity is 2n 4+ 1. The corresponding eigenvectors are the spherical harmonics of degree
n, i.e. Hy is the eigen-space associated with Ay .

Proof. In X,, L, is simplified to

1 1 R duy,

_7[ + Ou
9ri "sin? Oy, o 3913,1 8913,2

+ cot 9]@72 aTM]

2wy [ uk(wk)dwr yuk(Or)
97’]% ng S2 47T|9k - wk| 27Tk

£17k(u) =

)

for each k. This is a diagonalized operator. Note that in X,, I1£; = £;. To find the spectrum of £
in X, we consider the effect of £1 on the spherical harmonics h € H,, of degree n. Since

1o o 5
+ + oty 1= Age 5.6
Sin? 0, 002, 007, 00, ° (5.6)

is the Laplacian-Beltrami operator on the sphere,

1 0%h 0%h oh
— thy——| = 1)h. .
[sz Boa 007, + o7, + co 266;@72] n(n+1) (5.7)

In Appendix B we find that

h(w)dw  h(0)
/52 ATl —w|  2n+ 17 (5.8)
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Following (5.7) and (5.8) one deduces that

nn+1)—2 v 1 1

El’k(h) = 91"% %(271 +1

This proves the lemma.
The second part of £ is minor.

Lemma 5.2 There exists C' > 0 in dependent of &, r, p, and v such that
C
[£2(u)][Lr < EIIUHM

for all u € Y. A similar estimate holds if the two p’s above are replaced by 2.

Proof. Let L2}, be the k-th component of £5. Then

Log(u)(6r) = %/S un(wi) (R(Ek + Tk, €k + Trwr) — R(Ek, &) dwn
+W9’€7(fk) VR(&k + ik, y) - Ok dy
Tk By,

+ Z % / w (wi)(G(& + i, & + riwr) — G(&, &) dw

£k /52

0

+ ZZ: Wgr(ik) B VG(&k + 7x0k,y) - O dy

#k '
+l2(u)

where l5(u) is real valued and independent of k. It is included so that L£o(u) is in Y.
Because

R(&k + 1k, § + Tewr) — Rk, &k) = O(p),
G(&k +ribe, & +rwr) — Gk, &) = O(p),

we obtain that

H%/S2 wn(wi) (R(Ex + 160, € + Thwn) — R(Ery €8)) dwillr < Cypllull e

||g/ w (W) (G(& + i, & +riwr) = G(&r, &) dwil|lr - < Cypllu]| Lo
S2

Since the volume of By, is 47{372,
Yyug(Ox)
| 3 VR + 160k, y) - O dyllzr < Cyplluglze
9T/€ By
Yug ()
I 3 VG( & +1:0k,y) - Ok dyllLr < Cypllugl/ze-
97"]C B

14
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The condition
Z Lo x(u)(6;) =0

implies that
l2(w)] < Cypllulle-
The lemma then follows, with the help of (2.10).

Lemma 5.3 1. Foru e X,
[ullw2r < Cp*TLul| L.

2. The operator ILL is invertible from Xy to Y.
3. If (2.8) holds,

il < Cpt (L, u).
Proof. From Lemma 5.1 we have

|)\k,n|_n—1|n+2 2yrd |>n—1|n+2 2vp>
2 9rin' n 32n+1)n' ~ 18rin' n 3(2n+ 1)n

n
if 42 in the definition (3.1) of Us is small enough. Then (2.6) implies that

‘)\k,n| (ni 1) 2en > g n=273,...
n? 18rfn 3(2n+1) = p¥’

If we expand uy, by spherical harmonics

oo 2n+1

up =Y Y cnihng

n=2 [=1

where hy;, { =1,...,2n + 1, form an orthonormal basis in H,,, then

co 2n+1 oo 2n+1
—Agzuy, = E 5 n(n+ 1)cpihng, L1 pur = E E AkenCnihn
n=2 I=1 n=2 I=1

Our estimate on |\g,,,| shows that

o0 2n+1 co 2n+1
ol = 3 3 w017 <0 3 3 M= Ol
n=2 [=1 n=2 =1

The standard elliptic theory implies that
||’LLHW2,2 < C”ASZUHLZ < Cp4||H£1(u)||L2. (5.10)

To prove Part 1. we divide II£; into

1
Hﬁl,k = *WAsz + M. (5.11)
k

15



where Ag: is defined in (5.6), and M is defined by (5.11). The standard elliptic estimate asserts
that

lurllw2» < CllAs2ur|Lr,
which by (5.11) is turned to

C||9rEMyu — 9riTILy gul Lo
Cp*(IMyull e + [TIL1 gul o).

[urllw=»

IAIA

One observes that

C C
IMuller < Fllullee < 7 lullwe

where the last inequality comes from the Sobolev Embedding W%2(S5?) — WP (S2) C LP(5?) for
any p > 1. Hence when p > 2, by (5.10) we deduce that

< Cp*(p~ullwz + [TTL1 gul £r)
< Cp* (UL kul pz + 1Ly gl r)
< Cp4HH£1,k’LL||Lp.

[urllwa»

Lemma 5.2 implies that

C C C
IHLull e = [TL1ulle — [HMLoullr = —|lullwzr — < lulle = —llullw2r
p p P

for small p. This proves Part 1.
Part 2 follows from the Fredholm Alternative.
When (2.8) holds,

Akn n—1n+2 2'yr2 n—1 2en

n? 9rin ( n 3(2n + l)n) ” 18rin 3(2n+ 1)

> —, n=23,..,

=lQ

if 42 in (3.1) is small. This implies that, with the help of expansion by spherical harmonics,

oo 2n+1

oo 2n+1
M) = S5 Mency > S5°3 nn+ 1)é
’ ’ n,l — 4 n,l
n=2 [=1 P n=2 [=1
C C C
= p7<—As2uk,uk> = E<vuk7vuk> > EHUH%/VIJ.

Using the estimate of Lemma 5.2 with p replaced by 2, we find that
C C C
(IL(u), u) = 1Ly (u),u) — (I1Lo(u),u) > ;HUH%,z - ;IIUH%z > p7||U||%v1,z-

This proves Part 3.
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6 The Second Fréchet derivative

Lemma 6.1 Suppose that ||¢||w=r < cp® where c is sufficiently small. The following estimates hold.

C
1. [ (6n) (g ve) | e < 7 lllwee ok w2
" C
2 ARG Cns viller < 7 llunllwr o llollw-
1/ C
9 1Bi(@r) (ks vn)ller < Zgllweliwollowfwso-
1 C
4 11Cx (@, @) (ks ) (ks vl < 5 (lunllwre + llullwse)loellws + flodlwe.e)-
" C
5 W) )l = Zllullws |[vllwz.r.

Proof. Note that by taking ¢ small, we keep p® + ¢ positive, so OE, is a perturbed sphere.
The mean curvature operator Hj is elliptic and quasilinear. Its second Fréchet derivative is
calculated from (4.28):

H (b1, Dbiey D) (u, vie)

0*Hy, ~ OPHi 2 0*H,
—— ULV + ———— (URVk; + Uk, V) (s sV + ko O
a3 ; 3¢k5¢k,z'( : ’ Z Obri0py ;- 70kt
2 2
82Hk aQHk
+ ———— (URVk 1m + Uk Im V) Uk iUk 1+ Uk I Uk i )
1;1 aqbka‘%/)k,lm( o o . z; | 09%,i0¢k, lm( e Amhi)

It is important to note that because Hj, is quasilinear, i.e. it is linear in D?¢y, the term

DAL ST
a¢k 1Ja¢k i k,ijVk,Im k,ImUk,ij

i,7,l,m=1

is 0 and hence absent in H}. The Sobolev embedding WP — L° and | ¢k |lw2» < cp? for a small
c imply that |¢x| < Cp® and |D¢yi| < Cp®. From the definition (4.12) of Hj, we have the pointwise
estimate

|1} (¢1, Db, D> i) (uk, v

C  D? ¢k qs 2¢k
(I | [ug| [ve| + | | lug| [Dvg| + | |\Duk||vk|+|

P7 k k k k
+|u| | D*vi| + [D*ug| [vr] + [Dug| [ D?vx| 4 | D*up| | Dug|),

\ | Duy| | Dvg|

when 6y, is some distance away from the two poles (where 02 = 0 or ) of S%. Near the two poles
one can use a different parametrization of S? so that the same pointwise estimate holds. The same
Sobolev embedding implies that

C
Mk (6) (ks vr) | e < o7 luwllwzelfogllwz.r. (6.1)
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This proves Part 1.
We now turn to Part 2.

quantities. The second Fréchet derivative of Ay is calculated from (4.29):

A () (u, v

where
Ay(6)(u,v) =
A(6) (u,v)
A3(6)(u,v) =
Au(6)(u,v) =
A5(6)(u,v) =

The kernel K is

1087 (3 + ¢(0))23 g

108w

= A1(¢) (u7 U) + A2(¢) (u7 ’U) + 43 ((b) (u’ U) + A4(¢) (u’ U) + As (d)) (u7 ’U)

~v ()0

K0, w)u(w) dw

UL / K(0,w)o(w) d

1087 (1 + ¢(0))?/3

2 K(Q,w)- u(w

)
5+ o)
( Jv

0-y)?

(
1087r(r3 + ¢(0))4/3 (73 + ¢(6))1/30 — y|°

(
2yu(f)v(9)
)

(r* + ¢(0)"/%0 —y) - 0
1087 (r3 + ¢(6))5/3 / dy.

103+ 6(0))1/30 — y?

(° + 6(6) /%0 — (1 + $(w)) /0

K,w)= (3 _|_¢(0))1/39 —(r® —|—¢>(w))1/3w|3'

Here we encounter a singular integral operator

K(u)(9) = . K(0, w)u(w) dw.

9) / (% +¢(0))"/50 — y|* = 3((r® + ¢(9))"/* —
Eg,

A variant of the Calderon-Zygmund estimate [32, Theorem 1] is applicable to this operator:

for any ¢ € (1,

x,y € OFy, .

c
Gl < Zlhulles

r—

For ||¢||w2» < cp® with a small ¢, we consider

| AY () (u, v)|| e <Z|\A (u, v)]| L

For sufficiently large ¢

C C C
A1 (#)(u, v)||Lr < ?HkaLqH’C(Uk)HLq < ﬁ”kaL‘ZHUkHL‘Z < ﬁ||uk||ww\|ﬂk||w1vp-

Similarly

c
[ A42(6) (u, v)|[rr < ?nuuwl,pnvkuwl,p.

18

In our estimation of A} and B} we drop the subscript k& in most

(6.2)

dy

00). In [32] the kernel takes the form K(z —y). To meet this requirement, we can

transform (6.4) to an integral on the perturbed sphere 0Ey,, then K(6,w) becomes % where



Regarding A3 we have, using the Calderon-Zygmund estimate in LP and the Sobolev Embedding
theory,

C c
143(9) (w, 0)ler < ZFlluvler < ZZllullwre follws.

For Ay, the integral

[Py 3 o) 0 o,
Eg,

(8 + 6(0))1/30 — yI>

is a convergent improper integral defined by its principal part. It is of order 1 and uniformly bounded
with respect to 8. In the case of ® equal to 0, it may be explicitly computed. (See Appendix C.)
Therefore

c c
144(0)(w, )l2r < ZFlluvller < Zlullwivllofwas.

For As, because of the mild singularity, we easily find that

C
145(0)(w, 0)llr < ZZlfullwref[vllwe.e.

Now we have

C
(| A% (6) (ur, o) | r < ?||uk||vvlvp|\vk||ww-

This proves Part 2.
The kernel R in By, is a smooth function. Calculations from (4.30) show that

B(6)(w. )0
— s [ DR+ 07+ 60) 0.6+ 07+ ) ) D
27<T3Yf<)a>>2/3/ ,VODIREF(* + 6(0)!7°0.6 + (r° 4 9(w)) w) - 0

o % ) DaRIE+ (7 + 90 0, (7 + 0 ) 0
27( 7,3 + ¢ (99)))4/3 / S+ o(0 ))1/3979)9 -0dy
o [, PREE 4 00)'0.0)- 0y

where Dy and D, refer to the derivatives of R with respect to its first and second arguments
respectively. D?R is the second derivative matrix of R with respect to the first argument of R. Part
3 is now proved easily.

The function G is also smooth in C. We restore subscripts in the rest of this section. Similar to
Bj, we find from (4.31) that

Cra(Pr, d1) (ur, ur) (vr, vi)(Ok)
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27(7’37—;}];55(]21@))2/3 /S wi (W) D1G (& + (7} + (00)) 20k, & + (r + dr(wi))Pwy) - Oy dey
k 2

27(7‘3&12(5(2)16))2/3 /5 vi(wW) D1G (& + (rf + dr(01)) 0k, & + (v} + di(wn))/Pwr) - O duy
k 2

+2l7 52 WDQG(@ + (7 + 0k(00)) 200, & + (1 + du(wi)Pwi) - wi duy
Vg (Or)vr (k)

27(r + ¢ (00))*? U,
2yuk (k) v (Or)

_ 3 1/3 _
27(rF + 0 (00)°"2 U, D1G (& + (ri + .(0k)) 0k, y) - Ok dy.

Part 4 then follows.
Part 5 follows from Parts 1-4 and the fact that

0 = > Sl (u,v)

k

= > HL(00) (s vk) + 3 AL(Gk) (s vk) + Y By (6n) (e, vr)
k k

DIG(& + (ri + ¢ (01) 01, )0k - O dy

k
+Cl(9)(u) + KA () (u,0). o
k

7 Reduction to 4K — 1 dimensions

We view S as a nonlinear operator from X to ). In this section it will be proved that, for each
(&) eU, ap(,&r) exists such that ¢(-,&,7) € X, and

Sk(9)(0k) = Ag,1co80k 18005 0 + Aposinfysinby o + ApscosOp o + Ax, k=1,2,..., K (7.1)

for some numbers Ay 1, Ak 2, Ak 3, Ar. Note that ¢ is sought in X,. Each ¢ € X, satisfies

., op(00)d0y = 0, k=1,2,...K (7.2)

/52 ¢r(0k) cosO18inb,2dl, = 0, k=1,2,.... K (7.3)
/S2 ¢Gr(0k)sinby 1 sinfi2df, = 0, k=1,2,..,K (7.4)
. or(0k) cosbp2d0, = 0, E=1,2,.. K. (7.5)

The condition (7.2) means that ¢y L Hy, the space of spherical harmonics of degree 0, and the
conditions (7.3-7.5) state that ¢, L Hj.
Write the equation (7.1) as
IIS(¢) =0 (7.6)

where II is the orthogonal projection operator from ) to ),. In the next section we will find a
particular (€,7), say (¢, s) at which Ag1 = Ago = Ags = Ar =0, i.e. S(p(-,(,s)) =0. This means
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that by finding ¢ we reduce the original problem (1.1) to a problem of finding a (¢, s) in a 4K — 1
dimensional set U.
Recall L, the linearized operator of S at ¢ = 0. Expand S(¢) as

S(¢) = S(0) + L(¢) + N(¢) (7.7)
where N is a higher order term defined by (7.7). Turn (7.6) to a fixed point form:
¢ = —(I1L) " HTIS(0) + N (¢)). (7.8)

Lemma 7.1 There exists ¢ = p(0,&,r) such that for every (§,7) € U, o(-,&, 1) € Xi solves (1.8)
and ||¢|lw2» < cp® where c is a sufficiently large constant independent of €, v, p and 7.

Proof. To use the Contraction Mapping Principle, let
T(¢) = —(I1L) " (IIS(0) + IV (¢)) (7.9)

be an operator defined on
D(T) = {6 € X, : |[¢llwar < cp} (7.10)

where the constant c is sufficiently large and will be determined shortly.
Lemma 3.1 shows that

7 G )] + Op).

1 vy 7“,% 471'7“%
Sk(0)(60) — M0) = 5 — + 2 + TER(G )+ 3

3, 373 o

Each Si(0) is sum of a number independent of 8 and a quantity of order O(p). After we apply the
projection operator II the number vanishes and

TS (0)[lzr = O(p)- (7.11)

By Lemma 5.3 we find
[(T1L) M IS (0|20 < Cp°. (7.12)

For N (¢) we decompose it into three parts. The first is N7 whose k-th component is

N1 k(dr) = Hi(or) — Hi(0) — Hy(0) (o) (7.13)

which is Hj(¢) minus its linear approximation at 0. Lemma 6.1, Part 1, shows that

C
N1 (D)l < F\Wllﬁva,p. (7.14)

The second part of N, denoted by N, is A(¢p) + B($) + C(¢) minus its linear approximation, i.e.
Na(¢) = A(¢) — A(0) — A'(0)(¢) + B(¢) — B(0) — B'(0)(¢) +C(¢) — C(0) —C'(0)(¢).  (7.15)

Lemma 6.1, Parts 2, 3, and 4, implies that

C
IN2(0)l| e < FWH%VLP- (7.16)
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The third part of A/, which is denoted by N3, merely gives a constant so that
D Nk(@) =D Nik(d) + D Nok(e) + KNs(¢) = 0.
k k 2

It follows that
C

W3(9)| < ?Héf’H%Vz,p- (7.17)
Therefore we deduce, from (7.14), (7.16), (7.17) and with the help of Lemma 5.3, that
C
IV(@)Lr < ?lwllﬁzz,p (7.18)
—1 C. 2
IIL) " TN (@) lw=» < Il (7.19)

HT((b)”W?’p < C’p5 + CCzp7 < CP5

if ¢ is sufficiently large and p sufficiently small. Therefore 7 is a map from D(7) into itself.
Next we show that 7 is a contraction. For A/; we note that

Ni(¢1) = Ni(d2) = H(¢1) — H(g2) — H'(0)(d1 — ¢2)
Therefore using Lemma 6.1, Part 1, we obtain
[H(1) — H(g2) — H'(0)(¢1 — ¢2)llLe
C
< [[H'(¢2)(1 — ¢2) — H'(0)(¢1 — ¢2)|2r + ?H% — Galyan

C C
< ?nqszuwmnm — gallwar + ﬁum — ¢oll2am
C

< Srlellwar + ldallwz)liér = o2 flwer.

This shows that o
[Ni(¢1) — Na(d2)l|rr < ?Hﬁfh — P2llwzr. (7.20)

For N5 we note that

Na(p1) = Na(p2) = Aldr) — A(d2) — A'(0)(¢1 — ¢2) + B(p1) — B(g2) — B'(0)(¢1 — b2)
+C(p1) — Cd2) = C'(0)(¢1 — b2)- (7.21)

Therefore using Lemma 6.1, Part 2, we obtain
[ A(¢1) — A(d2) — A'(0) (61 — p2)l| L
C
< [ A(d2)(d1 — ¢2) — A(0) (1 — b2)lrr + ?Hﬁbl — $2llfyiw

C C
< ﬁ||¢2||wlvp||¢1 — ¢p2|lwrr + ?||¢1 — dal3

Q

< =lrllwrr + ll@2llwrr)lidr — dollwrr.

hs)
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Similarly using Lemma 6.1, Parts 3 and 4, we deduce

1B(¢1) — B(d2) — B'(0)(¢1 — b2)|Lr

IN

(H¢1||w1 v+ [[d2llwre)l61 = d2llwrr

A

IC(¢1) = Cle2) = C'(0)(d1 — P2)llr < —(llPrllwrr + ld2llwrr)llér = d2llwrs.

RQARQ

From (7.21) we conclude that

[N2(¢1) — Na(h2)||zr <

| Q

C
(o1llwre + |@2llwrr)ll@1r — ollwrr < ﬁ”d’l — ¢2llwrw-

We also have

C
(N3(h1) = N3(o2)|[zr < ?”(bl — P2llwer.
Hence, following (7.20), (7.22), and (7.23), we find that

17 (61) = T (¢2)llw=r = [(TLL) T TIN (¢1) — (TLL) T TIN (62)llw2r < Cp[lp1 — G2llw,

i.e. that 7 is a contraction map if p is sufficiently small. A fixed point ¢ exists.

(7.22)

(7.23)

(7.24)

Since ¢ satisfies ||¢||w2.» < cp®, by taking p small we see that 3 4 ¢ remains positive. dE,, is

a perturbed sphere. ~
Denote S8’(¢) by L. We derive a lemma for £ similar to Lemma 5.3.

Lemma 7.2 Let I be the same projection operator from X to X,.
1. There exists C > 0 such that for all u € X,

lullwr < Cp*|TL(w)|| o

2. If (2.8) holds, R
[ullfyr2 < Cp*(ILL(u), u).

Proof. By Lemma 5.3, Part 1, Lemma 6.1 and the fact ||¢|y2., = O(p°), we deduce

IIL(w)||r > |TL(W)| e — |T(L — L)(w)]|2r
C C
> EHUHWM - FHQPHWZPHUHW?’P
C C C
>

EHUHW’M - p7\|u||w2>p > EHUHW%P

when p is small. This proves part 1.
Write £ =H () + A'(¢) + B'(¢) + C'(p) + N (¢). Then, according to (4.7),

PLi o 2y

2
/ 0°L
(M, (o) (g ), k) = /52[ 062 up + 22 3¢k3¢>k A A UkUki T Z 3¢k Za(bk Uk, Uk, ;] A0

and a similar expression holds if we replace ¢ and ¢y ; by 0 in the last formula.
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With |||z, = O(p®) calculations show that
(1 (or) = H3(0))un, ur)|

asz<ka) 82Lk ) 8Lk <pk) 82Lk(0)
= /32( 52 967 de’“'“z' ordon: ~ 90r0ns

Yk ; Ay

O*Li(pr) 0Ly (0)
i iUk, dO
Z /2 O, i0dy j a(bk,ia(bk)j)uk’ ug,; dOy|

2] 1
C C
< pﬁHUII%z + p*QHUIILQIIDUIILz + p*QHDUH%z < ijUII%/m (7.25)

Next we estimate [|(A},(pr) — A} (0))ug|| 2. We re-visit A}, Argue as in the proof of Lemma 6.1,
Part 2, we deduce that

C
1A% () (e, ve) |22 < FHUICI\Wllelvkllww-
This implies that in this lemma
/ l ¢ 5 c
(A (9) = A (0)ur > < ?Cp ukl[w2 < ;Ilwcllww-

Simpler arguments show that

/ / C / 7 C

[(By.(¢) — By,(0))ur||> < ?HukHWsz 1€ () = C(0)ull> < EIIUHWL%
We obtain that
C
I(A'(0) + B'() + C'(p) = A/(0) = B'(0) = C'(0)ull 2 < p*QHUIlww- (7.26)

If (2.8) holds, we combine Lemma 5.3, Part 3, (7.25), and (7.26) to deduce that

< C C c
(IL(w),u) = (ILL(u), u) + (IL(L — L)u,u) > p4||uHW12 _EHUH%/VLQ = EHUH%/VL%

proving the second part.
One consequence of Lemma 7.2, Part 1, is an estimate of G‘Z,—W

0
Lemma 7.3 The fized point o satisfies ”8590‘ lwer =0(pY), 1=1,2,..,K, j=1,2,3.

L,j
Proof. We prove this lemma by the Implicit Function Theorem. Fix{ € {1,2,..., K} and j € {1,2,3}.
Differentiating I1S, (¢) with respect to & ; finds that, for k = 1,2,..., K, if k = [, then
IS () dp )
0815 081,

+Hl/ [aR(ﬁl + (r} + @i(6)) /201, y) n IR(& + (7“?+<Pl(91))1/3917y)]dy
3 E 0m]— 8yj

= N2

Pl

7 OG(& + (1} + @i(0))30,, )

m#l Eop
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and if k # [,

OI1S, () (%
04,5 04,5

Here R = R(z,y) and G = G(z,y). It is clear that

/ [8R(§l + (rl?) —g;@‘l(al))l/galvy) + aR(Sl + (rl3 'g%oll(gl))l/?)gl»y)] dy”LP _ O(,YPB)’
E J Yj

1L (

7/ G (& + (r} + 0r(01)) /30, y) dy.
E

1=
)+ dy;

®l

12
3

Pl

IG(& + (3 + w1(0))1/30,,
H%/E (gl ( l a;pl( l)) l y) dyHLl’ ZO(’yp?’),
J

Ym

3 1/3
”1/ G (& + (ry + wu(0k)) "0k, y) dyl|r = O(’Yp?))'

Oy
Therefore SIIS 5
() = TI1L( L )+ W, where |[W/| > = O(vp®) = O(1).
0814 08,5
On the other hand STLS
(¥) =0, since IIS(p) =
08,5

By Lemma 7.2 we deduce that
0

¥ 4 4
s 2,p < C O 1 < C .
Igelhwer < Cot0) < ot o
8 Solving the reduced problem
We now turn to solve S(¢) = 0.
Lemma 8.1 J(E,) = J(B) + O(p°®). More explicitly

K K

Z47rrk + = {Z 87Trk 47T V2 R(&k, &) + Z Z Vit Gk, &)} + O(p

k=11=1,l

Here J(E,) = J(Ey(.¢,r)) can be considered as a function of (&,r).

Proof. Expanding J(E,,) yields

J(E,) =J(B) + zk:/sz Sk(0)pr dx, + ;zk:/sz Li(@)pr dOx + O(p®).

The error term O(p®) in (8.1) is obtained in the same way that (7.18) is derived.
On the other hand IIS(¢) = 0 implies that

I(Sk(0) + Lk () + Ni(p)) =

25
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where N is given in (7.7) and estimated in (7.18). We multiply the last equation by ¢y, and integrate
to derive

/ 5:(0)pp db, + / Llon)or b = O(P).
S2 S2

We can now rewrite (8.1) as
1
J(E,) = J(B) + 5 Z /52 Sk (0 diy, + O(p%).
k

Note that S;(0) is the sum of a number independent of 6 and a quantity of order p by Lemma
3.1. Since ¢y, satisfies (7.2), the inner product of the number and ¢y, is zero and hence

Sk(0)r dd = O(p°).
SQ

Therefore
J(E,) = J(B) + 0(s").

Lemma 3.2 implies that

4 & 4
IE,) = Z4m+ {Z BT (TR g)+ S0 Y (Gt g)
k=11=1,I#k
K K 4 3,.5 5,.3
FY DG gy g +O)
k=11=1
K 9 X 8mry 4, 6
= Z47TTk+§{Z[ 5 +( 3) kR (Eks k)]
k=1 k=1
K K An
+Z Z (& 3 )rirt G (&, &)} + O(p°).
k=11=1,1#k

This proves the lemma.

Lemma 8.2 When p is sufficiently small, J(Ey(.¢,r)) is minimized at some (§,7) = (¢,s) € U. As
p— 0, % — (1,1,...,1), and ¢ — (o along a subsequence where (o € Uy is a global minimum of F.
Proof. Let us re-scale the problem with
roo- 2 ~
R=—, JR) = —=J(Eyen) (§R)€ULxUs
p P
where
~ K G
Up={(Ri.Ra,.., R): 1=02 < R <1+05, Y Rj =K}
k=1
is a scaled version of Us. Note that by (2.5) and Lemma 8.1,

e -7 wzwk o5y [Z(Rk 06+ 3 Y BRG] + 0

= k=1 1#k
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Again by (2.5) we may assume that along a subsequence

8 8w
— o by < ———) 0. 8.2
fyp3_>0—(3+6)7_r as p — ( )
Let (¢, S) be the global minimum of .J on the closure of U; xUs. Here S = 2. Let (¢,5) = (¢o,5)
along a subsequence as p tends to 0. First we claim that Sy = (1,1, ...,1). Suppose that this is false,
ie. Sop#(1,1,...,1). Then as p tends to 0,

7 = 81 T 87w S?2 8w S?
J 5 1,...,1 —J 75 = — + - _ k _ k+0
e R CEIEID DA D S SRR

87‘('58 &

S IUED DL P T ppil
k k k k

Because of (8.2) and the constraint ), SS: . = K, it is easy to show that the last line is negative if
d2 in (3.1) is small enough, depending on €. For, under (8.2), the function

8
bog2/3 5/3
xr — 0Ogx + 1533

is convex when z is near 1. The last assertion then follows from the Jensen’s inequality, when x
takes values Sg,k- This is a contradiction to that (¢, S) is a minimum of .J.

Next we claim that (y minimizes F' in U;. Suppose that this is false. Let n be a minimum of F
in U;. Then F(n) < F({p). Consider

1,3, - . K
;(E)Z(J(%S)*J(Cms)) = Z R0, mi +ZZSkSl (e, 1)
=1 k= 1l7ék
K
_ZSSRCOkvg(Jk ZZSkSl (Co.k, Co) + O(p?)
k=1 k=1 Ik

— F(n)—F(C) < 0, asp—0,

another contradiction to that (¢, S) minimizes J. Note that (¢, S) € Uy x Uy when p is small, since
(€0,50) € Ur x Ua. o

We show that ¢(+,(, s) is an exact solution of (1.1) in the next two lemmas. The first shows that
A =01in (7.1) at ¢ =C and r = s.

Lemma 8.3 At { = ( and r = s, Si(p(-,(,5))(0k) = Ag1cosby18inby o + A osinby 1sinby o +
Ap 3cos0y 2.

Proof. At each (§,r) € U, let
P =T, qr = 5%. (8.3)
Calculations show that
0.J(E,)
Opk

3(pk + k)

df
Opi, ¥

= / [Hk(QOk) + Ak(‘Pk) + Bk SDk + chl
12k
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= [ st -+ 52 o,
S2

Pk
Dk / Ok

= S L+ =) dfp — A 14+ —)db

2 (QD)( apk ) k (L)O) 52( 8pk ) k

0

= / (AkJ Ccos 9]@’1 sin ek’g + Ak’g sin 9]@’1 sin 9]@’2 + Ak73 CcOos 9;@2 + Ak)(]. + %) db;,

S2 k

—47 ()

= AnAy — A7 )(p).
Here we have used the facts that

o . . .
9Pk L cosO,1sinby 2, sinb 1sinfy o, cosby o, 1

Pk

which follow from ¢ € X,.
On the other hand at the minimum p = ¢ and £ = ¢ with respect to p, we must have

0.J(E,)
Opi,

le=¢,p=q = 1t

for all k =1,2,..., K. Here u is a Lagrange multiplier coming from the constraint

i _ 3a|D|
Pr = ar
k=1
Therefore we deduce that
Ay = £ + A
47

which is independent of k. By (4.20) we derive that Zszl Aj, = 0 and then we conclude that each
Ay must be 0.

Next we show that Ay 1, Ak 2 and Ay 3in (7.1) are 0 at £ = ¢ and r = s. The proof uses a tricky
re-parametrization technique.

Lemma 8.4 At{ = andr = s, S(p(-,(,5)) = 0.

Proof. To simplify notations in this proof, we do not explicitly indicate the dependence of ¢ on

r, i.e. we write o(-, &) instead of (-, &, 7). For each & = (€k.1,8k,2,Ek,3) near (; we re-parametrize

OpE,, (.¢)- Let (. be the center of a new polar coordinates, 73 + 1 the new radius cube and 7, the

new angle. A point on dpFE,, (. ¢) is described as (j + (rd + ¥r)Y/3n. Tt is related to the old polar
coordinates via

G+ (r 4+ ) P = & + (r + 1) /200 (8.4)

In the new coordinates E,, becomes Ey, . It is viewed as a perturbation of the ball centered at (j
with radius r;. The perturbation is described by ) which is a function of 7 and &.

The main effect of the new coordinates is to “freeze” the center. The center of the new polar
system is ( which is fixed while the center of the old polar system is £ which varies in D.
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We now consider the derivative of J(E . ¢)) = J(Ey(.¢)) with respect to &. On one hand, at
E=Candr=s,

OJ(Ey(.¢)) OJ(Ep(.g))
7’_—7_—0 ji=1,2,3, 8.5
s le=¢ s le=c (8.5)
since ¢ is a minimum.
On the other hand calculations show that

OJ(Ey(.¢)) Py
d 8.6
0 Z (ﬁl)af "y M- (8.6)

We emphasize that (8.6) is obtained under the re-parametrized coordinates, in which the dependence
of J(Ey(.¢)) on ¢ is only reflected in the dependence of ¢ on {. Had we calculated in the original
coordinates, £ would have appeared also in the nonlocal part of J through R(§ + ...,& + ...) and
G(& + ...,& + ...). The result would have been very different from (8.6). See the proof of Lemma
7.3 which involves differentiation with respect to £ in the original coordinates. In the derivation of
(8.6) we have used the fact that ), [ ¢ dp = 0 which implies that }_, [q. ;E—f’j dn; = 0, so that

S Jgr M) 225 diy = 0 where A(¢)) is part of

O, 5
Si(Y) = Hi(¥) + Ai() + Bi(y) + Ci() + A(),

and we can reach the right side of (8.6).
The expression S(¢) is invariant under re-parametrization, i.e.

Si(0(+,€))(01) = Si(¥(+,€)) (m)- (8.7)

Now we return to the original coordinate system and integrate with respect to 6; in (8.6). Then

0 (Eye) _ 5 o DU m61,€).©) A mz) | sinmiz
s —; y Si(p(-)) (1) e |6(9;,1,91,2)| s de;. (8.8)

There are two cases: | = k and [ # k. We start with the first case. Recall that ¢ and 7 are
defined implicitly as functions of 8 and £ by (8.4). Let us agree that ¢, = ¥ (n, &) is a function
of ng and &. Set Uy (0k, &) = V(e (0, &), £). To simplify notations let us set

9=+ Y)"? g=(r} + )" (8.9)
Implicit differentiation shows that, with the help of Lemmas 7.1 and 7.3,

OMk.1 OMg.1 Ong.1 Ong.1 0Nk, 1
09,1 00k Ok Ok Ofks

OMk.2 Onk.2 N2 k.2 N2
00k,1  00k2 Ok Ofk2  Ofks

OV, OV, oWy OV OV
00k,1  00k2 Ok Ok Ofks

: : €OS Mg, 1 Sin Mg, 2
gsin nk,l Sin 77;@’2 —g CoSs 77]671 COS nk,Q —7392
_ : : sinng 1 sinng 2
—g COS 77k71 Sln?’]k72 —g SIHT]]CJ COS?’]}CQ —7392
_ COSTMk,2
392

0 gsinmg o
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[ cosfp,18inby2 9 ~ . . sin @y, 1sinf, 2 9 ~ . cos .2 O T
557 89?61 — gsinfy 1 sinfy o 357 89?“1 + gcos By 1 sinby o 35 89“:’“1
cos By 1sinfy 2 O ~ sin 0, 18in 0y 2 0 ~ s cosf 2 O ~ .
357 %i’“g + G cos 0,1 cos O o 352 %i’“g + gsin b 1 cos by 2 352 aoii — gsinby o
14 cos Ok,1 5in 0k 2 Dy sin 0,1 8in 0,2 Ay cosbr,2 Dok
352 Ok 1 352 I3 3G2 08k
cos O 18in0r 2 Jpy, 1+ sin Oy,18in Ok 2 Ay cos Ok 2 Oy
357 Ok,2 3572 Ok,2 392 0&k,2
cos Ok 18in0r 2 Ay sin O ,1sin0k 2 dpy 1+ cos Ok 2 py
352 Ok,3 352 Ok,3 3G% O&k3 i
sin ng, 1 _ COSTk,1 0
g g
—1 . . . .2 .
— . _ COSMk,1 COSMNk,2 SIN Nk, 2 _ SInng,1 COSNk,2 SN NE,2 SN~ Nk, 2 Sin Hk 2
SIN Mg 2 g 9 g ’
-3 2 102 -3 2 3 i 02 -3 2 :
g~ COS Tk, 1 SN~ Nk 2 g~ S Mg, 1 S Tk 2 g~ COS Tk,2 SIN T 2
- . 3 g cos 0y 1 cosby o 3 1 2 2 2
—gsinbe1 +0(p°) 5552 +000°) w007 O07) O(p?)
~ 3 gsin 0,1 cos Oy 2 3 2 1 2 2
geosOp1 +0(p°) g2+ 0(p") O(p%) swos TOW0°) O(p7)
0(p*) _ 0(p*) 0(p?) 0(p*) 1 0(p*)
sin O 2 9 sin Oy 2 sin Oy o sin Oy 2 sin 0, 2 sin Oy o
To fill the large matrix above in this page, we have to awkwardly write its transpose. At & = (,

n =0, ¥ = p and the above becomes

Ok Oy Omka Ok Onka
00k,1  O00k2  Ok,1  Ok,2 Ok
ONg,2 k.2 Ong.2 N2 Onk.2 —
00,1 002 Ok Ok Ofks o
00k,1 00k Ok O&k2  O&ks de_c
in @ 0
1+0(p*) O(p?) — sy TO0) vy T O0)
1o} 2 1 0 2 cos 0,1 cos O 2 19 sin 0y 1 cos O, 2 0
(%) +0(p?) ——"2+0(p) — "2+ 0(p)
O(p®) O(p°) 3g% cos Oy 1sin b2 + O(p*) 392 sinby 1 sin b2 + O(p?)
We have found that at £ = (,
oV 0V, 0V

)e=c = 3r¢bk + O(p*).

Ok’ Ok Oks

To compute gg’kkj, we invert n, = 1 (&, k) to express 0 = O (nk, &). Then
Opp  OWy | OV 0Ok, | 0¥y 0O
Oy  Obrj O0k1 Oy — 00r2 Obkj
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O(p)
—Ln;’“ +O(p)

392 cos Ok 2 + O(p?)

(8.10)

(8.11)



At £ = (, since

oy,
= O(p° 8.12
a0, mls ¢=0(p") (8.12)
and
00k,1  00k1 09k ey O 1L Onk,1 Onk,1 0Nk,
PI3 O&k 2 O&k,3 90r,1 00 2 CI3E k2 O&k,3 O(l>
- _ =P , (8.13)
00y o 00y 2 00y 2 Oy, 2 Ok, 2 OMk,2 Ong,2 Ok 2 sin 9k,2
Ok ,1 08k, 2 ks le=¢ 00,1 00k 2 0k,1 Ok Ofks
we deduce that 5 5 5 O .
Vi Ovr Ok 32, +- (p ) (1,1,1). (8.14)

Ok Ok Oks 002

The second case [ # k is similar, for which we omit the details of our computation. At £ = (, we

have (r“)w 8'¢ aw O( 4)
LIV Wy =)
Ok,1 " Ok2” Ok, 3)|£:C s (1,1,1). (8.15)

( sin 0; o
Following (8.14), (8.15) and the fact that | 2L21L2) . = 1 4 O(p?) we find that (8.8) becomes

3(01,1,01,2)
W'H - /. Sk(@)(gricosek,lsin&g—}—m)d@k—l—; S2Sl(so)s?lf’;)2del,
anEEj;))' = = stk( )(37“k0059k2+ O ) 0% +Z Slrf@j)z .

I#k
Now we combine (7.1), (8.5) and the above to derive that at £ = ¢ and r = s,

Aga / cos 0, 1 sin Oy, 2(3rk cos O 1 sin O, o + 0(0 r) ) dOy + A 20(p ) + Akng(p‘l)
52 k,2
—i—ZAHO +2A120 +ZA130 = 0
12k 1k I#k
4
Ak’lO(p"‘) + Akyz/ sin 0y, 1 sin Oy, 2(3rk sin O, 1 sin Oy, o + O(z ) ) dOy + Akng(le)
52 k,2
410" + ) Ai20(p") + Y Aiz0(p*) = 0
14k I#k 14k
4 4 0(104)
Ak 10(p%) + Ak 20(p") + Ak73/ cos 0y, 2(37“k cos Oy.2 + ) dB,
52 sin 0y 2
+D 40" + Y A0(p") + > Ais0(p*) = 0
14k Ik 14k
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Writing the system in matrix form

[ 4nr? 0 0 0 0 0 Ay 0

0 4rr? 0 0 0 0 A 0

0 0 4mr? 0 0 0 Az 0
+0(p*) (8.16)

0 0 0 0 4mr2. 0 Ag 0

| 0 0 0 0 0 Arry | | Ak | 0

we deduce, since (8.16) is non-singular when p is small, Ay 1 = A2 = A3 =0. o

The existence part of Theorem 2.1 follows from Lemma 8.4. The centers (; and radii s; of the
spheres are found in Lemma 8.2. In Lemma 7.1 we see that ||¢|/y2» < ¢p®, which implies that the
radius of a sphere is approximately

O(lr(0r)])

(s} + k(0" = 51 + 02 = sk + O(p°).

By Lemma 8.2, ¢ is close to a minimum of F' and sy, is close to p. The formula in Lemma 8.1 gives
the free energy of our solution.
In Theorem 2.2, a solution is termed stable if it is a local minimizer of J in the space

3
Ux{p=(d1,.05): |0+ on| > %, dp € WY2(S?), ¢4 L1, ¢p L Hy, k=1,2,..,K}. (8.17)

The condition |p® + ¢r| > % ensures that J is well defined in this space. Under the condition (2.8)
Lemma 7.2, Part 2, shows that each ¢(-, &, r) we found in Lemma 7.1 locally minimizes J, with fixed

(& r)yeU,in{o: |p*+ ¢r| > ‘;—3, o € WH2(S?), ¢ L 1, ¢ L Hy}. On the other hand (-, (, s)
minimizes J(E,. ¢,y) with respect to £ and r. Hence ¢(-,(,s) is a local minimizer of J in (8.17).

If (2.9) holds, then we can find one eigenvalue Ay, of £1, Lemma 5.1, for some n € {2,3,...}
such that

C
Akn < i (L1(ern), ern) < —EH@k,nH%vw

where ey, ,, is an eigenvector corresponding to Ay ,. By Lemma 5.2, the last inequality implies that

C
(L(ek,n); ern) < —g”@k,nuaﬂv%
Then by Lemma 6.1, Parts 2, 3 and 4, and (7.25) in the proof of Lemma 7.2

5 C
(L(enn)sern) < *gllek,n\lﬁvw

Therefore the solution is unstable.
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9 Discussion

The functional (1.2) was derived as a I'-limit from the Ohta-Kawasaki theory of diblock copolymers
n [22]. One uses a function u on D to describe the density of A-monomers and 1 — u to describe
the density of B-monomers. The free energy of a diblock copolymer is

52 g
1) = [ [GIDUF + W + F1(-8) (- a)]do (91)

where w is in

{ue H'(D):w=a}. (9.2)

The £ in (9.1) is not to be confused with the € that has appeared in this paper. The function W is
a balanced double well potential such as W (u) = +u?(1 — u)?. There are three positive parameters
n (9.1): e, 0, and a, where ¢ is small and « is in (0, 1).

If we take o to be of order ¢, i.e. by setting

o=c¢ey (9.3)

for some v independent of €. As ¢ tends to 0, the limiting problem of =!I turns out to be
J(E) = 7|Dxg|(D / [(—=A)"Y2(xg — a)* da (9.4)

which is the same as the J in (1.2) except for the additional constant 7 here. This constant is known
as the surface tension and is given by

T:/O V2W (q) dg. (9.5)

The functional (9.4) is defined on the same admissible set X, (1.3). In this paper we have taken
7 = 1 without the loss of generality.

The theory of I'-convergence was developed by De Giorgi [7], Modica and Mortola [14], Modica
[13], and Kohn and Sternberg [11]. It was proved that e =!I T-converges to J in the following sense.

Proposition 9.1 (Ren and Wei [22]) 1. For every family {u.} of functions in (9.2) satisfying
lim. o u. = xg in L?(D),
liren infe 1I(ue) > J(E);
2. For every E in X, there exists a family {u.} of functions in (9.2) such that lim._ou: = XE
in L*(D), and
limsupe I (u.) < J(E).

e—0

The relationship between I and J becomes more clear when a result of Kohn and Sternberg [11]
was used to show the following.

Proposition 9.2 (Ren and Wei [22]) Let 6 > 0 and E € ¥ be such that J(E) < J(F) for all
XF € Bs(xg) with F # E, where Bs(xg) is the open ball of radius & centered at xg in L*>(D). Then
there exists g > 0 such that for all € < eq there exists u. € Bjsjo(xg) with I(us) < I(u) for all
u € Bsjo(xg). In addition lim. o |[ue — xEllz2(p) = 0.
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The existence of a stable solution E,. ) to (1.1) in the sense of Theorem 2.1 does not quite
imply the existence of a local minimizer, close to xg,,. ., in L?(D), of I. One must show that Eg,.0)
is a strict local minimizer in the sense of Proposition 9.2. This issue requires more study.

A Appendix

We drop the subscript k in this appendix. The derivative of A at 0 has two terms according to
(4.29). The first is
o[ _ulw)
Oy Jg2 4m|0 — w|

yu(f) (0—y)-0
_ . dy
97‘k B1(0) 47T|9 — y|

for which we calculate the integral. Here B;(0) is the unit ball. This integral is independent of
6 € S? so without the loss of generality we assume that § = (0,0,1). Write y = (r cosp, 7 sinp, y3)
in the cylindrical coordinates. Then the integral becomes

/ 6 -y) / /2“/ S (L-ys)rdrdpdys 1
B (0) 470 — y|2 T ar [(1—ys)2 47232 3

B Appendix

dw.

The second is

The integral operator

h(0) — /S M (B.1)

acts on spherical harmonics h € H,, in a simple way. Here H,, is the space of spherical harmonics of
degree n on S2. In general one has

/ D0 - w)h(w) dw = ay, (P)h(0) (B.2)
5'2
where .
o (®) = 27 / B(t) P (t) dt. (B.3)
-1
See for instance [10, Theorem 3.4.1]. Here P, is the n-th Legendre polynomial. In our case
1 1
0—wl V2-20-w’
so we take L
D(t) = (B.4)

V2 =2t
The classical representations of Legendre polynomials in terms of generating functions ([10,
Formula 3.3.39])

P,(t)r™, rte(—1,1 B.5
(1+T2—2Tt1/2 Z " ( ) (B.5)
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shows that

1 1
Po(t) dt / , 2pm

=" Pi(t)dt =
/_1 (1472 —2rt)1/2 " _1 n(®) 2n+1

where the orthogonality of the Legendre polynomials is used ([10, Formula 3.3.16]):

/ 1 P,(t)P,,(t)dt = 2nm
. n m - 2n+ 1
By sending r — 1 we find that
47
n(P) = . B.

an(®) =377 (B-6)
C Appendix
Here we calculate the improper integral

0—yl>—3(1—-06-y)?

/ 10 —y|* —3( - Y) dy. (1)
B1(0) 10—yl

where Bj(0) is the unit ball centered at 0. This integral is independent of § € S%. We take
6 =(0,0,1). Let 2= (0,0,1) — y and set z = (r cosp,rsinp, z3) in cylindrical coordinates. Then

0 —y2—3(1—0.y)?
/ 10—yl (5 Y) dy
B1(0) 60—yl

8
rdpdrdzs = o

|2[° 0 0 (r2 + 23)5/2 3

B / A =348, _ /2/“—“—23)2 /2” (r2 + 23) — 323
B1(0,0,1) 0
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